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T  O 


JOHN  BACON, 

Of  Newtoncap,  Efq;  F.  R.  S. 


S  I  R,  .  I 

jgpPPII  HEN  Gentlemen  of  your 
fcfeg  Station  and  Figure  become 
flc|§l§li  the  Patrons  of  Science  it  is  a 
Benefit  to  the  Publick,  their  Expecta¬ 
tions  of  farther  Improvements  having 
then  the  beft  Foundation.  And  All  who 
have  the  Pleafure  of  your  Acquaint¬ 
ance,  and  know  your  Attachment  to 
polite  and  ufcful  Learning,  in  which 
a  K  nov/ledge  of  the  Mathematicks 
may  be  jufily  included,  will  be  fen- 
.  fible  of  my  Plappinefs  in  being  thus 
permitted  to  addrefs  You. 

■  Believe 

I  •  • 


1 


I. 


Believe  me,  Sir,  whatever  may  be 
the  Fate  of  thefe  Sheets,  I  lhall,  at 
all  Times,  con  fid  er  this  Ufe  of  your 
Name  as  a  lingular  Honour  to, 


Sir, 


,  » 


Your  moji  obedient ,  and  mojl 


Humble  Servant , 


T.  Simpson. 


Woolwich 9  May  i> 
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THE 


P  R  E  FAC  E. 


H  E  enfuing  Work ,  cr  <2/  leajl  the 
^rJP  greatejl  Fart  of  it,  was  originally 

^  -'X  COmpQJe(l  J0r  my  Gwn  JJJe  jn 

Royal  Academy:  And  it  is  upon 
a  Prefumption  that  It  may  alfo  be  of  Service 
to  Others ,  efpecially  Fhofe  employed  in  a  like 
Publick  Way  of  Peaching,  that  It  now  appears 
in  the  World. 

j the  Work  itfelf  confifls  of  fx  difinB  Parts, 
or  Frails ;  each  of  which  I  fljall  here  give  fome 
Account  of.  . 

Fhe  firft  Part  contains  a  Number  of  Alge¬ 
braical  Problems,  with  their  Solutions  de- 
fign'd  as  proper  Exercifes  for  Toung  Beginners. 
In  the  Courfe  of  thefe  Problems  and  Solutions 
( whereof  the  greater  Part  will  appear  to  be 
new )  the  Art  of  managing  Equations,  a?id 
the  various  Methods  of  Subjlitution  are  taught 
a?id  ilhijlrated. 

a  Fhe 
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ii  The  PREFACE. 

"The  fecond  Fart  comprehends  a  Variety  oj 
Geometrical  Problems  with  their  Solutions , 
both  by  Algebra  and  aljo  independent  of  it , 
from  Principles  purely  Geometrical .  In  this 

Part  the  Learner  will  find  a  large  Field  to 
exercife  his  Indujlry  in  :  He  will  moreover 
have  the  Opportunity  of  comparing  the  two 
Methods  of  Solution  together ,  and  jrom  thence 
cbferving ,  that  fometimes  the  One  has  the  Ad- 
v  ant  age  y  and  fometimes  the  Others  that ,  in 
fo?ne  Cafes  They  both  proceed  upon  the  very 
fame  Properties ,  and  in  others ,  upon  quite 
.different  Ones:  And  it  may  be  further  re- 
,  marked  from  hence  ( which  will  be  of  fome 
Ufe  to  know )  that ,  when  Quantities  are  given 
in  Magnitude  only,  the  Algebraic  Method 
generally  claims  the  Preference ,  in  Point  of 
Eafc  and  Expedition,  at  leaf  •  whereas  the 
Advantage  is  almoft  always  on  the  Side  of  the 
Geometrical  Effedlion,  when  the  P  oft  ions  of 
Points  and  Lines ,  and  the  Quantities  oj  A?igles 
are  given . 

Fhere  is,  however ,  one  Particular ,  or  Two, 
in  this  Party  that  may  be  thought  to  fiand  in 
need  of  fome  Apology . 

In  the  ftrfl  Place ,  ike  frequent  Ufe  of  Sym¬ 
bols,  common  to  the  Algebraic  Notation ,  may, 
perhaps ,  be  look'd  'upon  as  repugnant  to  the 

Rigour 
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Rigour  and  Stridlnefs  of  Geometry .  But  it  is 
not  the  Ufe  of  Symbols  ( which  Some,  more  f cra¬ 
pulous  than  difeerning ,  have  condemned)  but 
the  Ideas  annexed  to  them ,  that  render  the  Con - 
fideration  Geometrical,  or  Ungeometrical.  In 
pure  Geometry  regard  is  always  had  to  the 
abfolute  Quantity  of  fame  One  of  the  three  Kinds 
of  Extenfon ,  abflradledly  confidered and , 
whatever  Symbols  are  ufed  Here ,  are  to  be 
confidered  as  exprefive  of  the  Quantities  them - 
f elves,  and  not  as  any  Meafures,  or  numerical 
Values  of  them .  'Thus  by  AxB,  taken  in  a 
geometrical  Senfe,  we  have  an  Idea ,  not  of  the 
Product  of  two  Numbers  ( as  in  the  Algebraic 
Notation),  but  of  a  real,  reffangular.  Space 
comprehended  wider  two  Right -lines ,  repre- 
fented  by  A  and  B,  and  two  Others  equal  to 

them .  So,  like  wife,  is  not  to  be  under - 

flood  here  in  the  Light  of  an  Algebraic 
Fra&ion,  but  as  a  Right-line,  which  is  Fourth 
Proportional  to  three  other  Right ’-lines,  repre- 
fented  by  A,  B,  and  C . — Thefa  Difti nclions 
are  abfalutely  necejjdry  to  Thofe  who  would 
have  an  accurate  Idea  of  the  Subject . 

The  facond  Particular,  above  hinted  at,  re¬ 
lates  to  the  Quotations  j  wherein  I  have  re¬ 
ferred  to  my  own  Elements  of  Geometry,  ana 

not 
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not  to  thofe  of  Euclid fo  univerfally  known 
and  eftablifhed.  But  for  this  there  were  two 
Reafons  :  Firjl ,  thofe  Perfons,  for  whofe  In - 
fir  uB  ion  thefe  Sheets  are,  in  a  more  particular 
mariner ,  defigned ,  are  taught  the  Firf  Prin¬ 
ciples  of  Geometry  from  other  Elements  than 
thofe  of  Euclid -y  and ,  fecondly,  a  Number  of 
Propoftions  are  ufed  Here  that  are  only  to  be 
met  with  in  modern  Authors . 

In  the  third  Part  the  Theory  of  Gunnery , 
or  the  Motion  of  Projectiles,  is  confidered ,  ex- 
clufive  of  the  Conic  Sections ;  and  the  practical 
Solutions  of  the  fever al  Cafes  depending  on  the 
Theory  ( as  well  Thofe  where  the  ObjeCi  is  ele¬ 
vated  or  deprefed  as  where  it  is  jituate  in  the 
Plain  of  the  Horizon )  are  given ,  at  large,  by 
Plane  Trigonometry . 

The  fourth  Part  exhibits  a  new ,  and  very 
comprehenfive  Method  for  extracting  the  Roots 
of  algebraical  Equations  $  whereby  the  Num¬ 
ber  fought  may  be  determined,  to  any  propofed 
Degree  of  ExaBnefs,  without  the  Trouble  of 
repeating  the  Operation,  as  in  the  common  Way , 
by  Converging  Series's . 

The  fifth  Part  gives  Jome  Account  of  the 
Nature  of  Fluxions,  together  with  the  Invefii- 
gation  of  the  Fundamental  Rides  ;  and,  may 
be  of  Uje,  not  only  to  Beginners,  but  alfo  to 

Such , 


i 


V 


The  PREFACE. 

Such ,  who ,  though  tolerably  well  verfed  in  the 
Practice  and  Application  of  Fluxions ,  have 
never thelefs  but  an  imperfect  Idea  of  the  Fuji 
Principles  of'  this  difficult  Branch  of  Science . 

Fhe  fexth,  and  laf ,  A  co?7cerned 

about  the  Valuation  oj  Annuities ,  on  fngle, 
and  joint  Lives ;  wherein ,  befdes  a  new  Set 
of  Fables ,  y^r  won?  comprehenjve  than  any 
yet  publiffed ,  are  given  the  Solutions  of  up¬ 
wards  of  Forty  different  Problems ,  on  the  mo(l 
important  and  intricate  Cafes  of  the  SubjeB  : 
Many  of  which  are  quite  newt,  and  are ,  be- 
(ides,  fuch  as  actually  occur  in  <  Bufnefs,  being , 
mofl  of'  them,  taken  from  real  Cafes,  propofed 
to  the  Author's  Confderation ,  by  Gentlemen  in 
the  Law,  and  Others. 

Fhis,  fixth.  Part,  which  the  Reader  will 
perceive  is  upon  a  different  Plan  from  the  jive 
precedmg  Ones,  was  dejigned  as  a  Supple?nent 
to  my  Dodtrine  of  Annuities  and  Reverfions, 
printed  in  1742;  but ,  being  thought  too  fmall 
to  publifh  alone,  it  is  infer  ted  Here.  F’his,  if 
a  Fault,  will  not,  perhaps,  be  look'd  upon  as 
inexcufable :  Fhough,  as  to  the  Performance 
it f elf,  1  do  not  in  the  leaf  doubt  but  that  it  will 
be  depreciated  by  Some,  on  Account  of  the  Ob - 
fervations  whereon  the  Calculations  are  ground¬ 
ed.  I  am  fenfble  that  there  neither  is,  nor 

can 
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can  be,  a  ‘Table  of  Obfer  vat  ions  on  the  De¬ 
grees  of  Mortality  oj  Mankind ,  but  what  may 
be  objected  to ;  aiid  that  thofe  Perfons  who 
make  a  very  defpicable  Figure ,  when  They 
come  to  Calculations,  feldom  fail  of  Dis¬ 
playing  their  Talents ,  and  being  illujirious 
Here ;  where ,  gratifying  themfelves  in  the 
Liberty  which  the  Nature  of  the  Subject  allows 
them,  They  can  boldly  lanch  out ,  without  ha - 
ving  to  do  with  Science  and  Demonf  ration . 
But,  though  the  London  Bills  of  Mortality , 
whereon  I  build,  appear  to  me  to  be  the  heft 
Foundation,  at  leaf ,  for  this  Place ;  yet  I 
have  no  Inclination  to  enter  the  Lifs  with 
any  of  thefe  Gentlemen .  The  Examples,  given 
hereafter,  are  indeed  wrought  according  to  the 
London  Bills ;  but  the  Solutions  themfelves 
are  general,  and  may  be  apply' d,  with  equal 
Facility  and  Advantage,  to  any  Table  of  Ob - 
fer vat  ions. 


•i 


PART 


PART  I. 

CONTAINING 


A  feleEl  Number  c/-  Algebraical 
Problems,  with  their  Solutions. 


DESIG  N’D 


As  proper  Exercifes  for  young  Beginnen. 


Q_U  E  S  T  I  O  N  I. 

7/7  HAT  Number  is  thaty  which  being  doubled  and 

'  1 6  added  to  the  Produff,  the  Sum  Jba'll  be  188  ? 

•  .  ■  .  \  . 

Let  a-  rep  refen  t  the  required  Number; 
then  2x  will  denote  the  Double  thereof; 
and  fo  2#-}- 1 6:=  1 88,  by  the  Queftion, 

Therefore  2#— 188-161=172,  by  Tranfpofition . 

And  A'i=-^2=:86,  by  Divifion . 

Q^U  E  S  T  I  O  N  II. 

To  find  that  Number ,  which  being  added  to  56,  the  Treble 
cf  the  required  Number  Jhall  be  produced. 

If  x  be  put  for  the  Number  fought, 
then  3* *  will  be  the  Treble  thereof: 

And  therefore  3^—  .vt56,  by  the  Quejlion, 

Hence  2#=.  5  6,  by  Tranfpofition . 


And  A” — -1=285  by  Divifion, 
<2 

B 


QUESTION 


2  -  Algebraical  Problems, 

,  **  * 

Q^U  E  S  T  I  O  N  III. 

The  Sum  of  155  /.  was  raifed  (for  a  certain  Purpofe)  by 
three  different  Perfons ,  A,  B,  and  C ;  whereof  B  ad¬ 
vanced  15  /.  more  than  A  ;  and  C,  20/.  more  than  B  : 
How  much  did  each  contribute  ? 

Let  *  be  the  Number  of  Pounds  advanced  by  A:  - 
Then  .v-f-15,  is  the  Number  of  Pounds  advanced  by  B, 
and  ^+35  the  Number  of  Pounds  advanced  by  C. 
Therefore  3^+50^155,  by  the  ^uejlion. 

Whence  3^=105, 
and  x=z  35. 

From  which  it  alfo  appears  that  B  contributed  50  /.  and 
C  70  /. 

Q_U  ESTION  IV. 

A  Gentleman  (by  Will)  left  550  /.  to  be  divided  among 
four  Servants  A,  B,  C,  and  D ;  whereof  B  was  to 
have  twice  as  much  as  A ;  C  as  much  as  A  and  B  ; 
and  D  as  much  as  C  and  B.  How  much  had  Each  ? 

Let  *  be  the  Number  of  A’s  Pounds. 

Then  2x  is  the  Number  of  B’s  Pounds, 
alfo  3#  is  the  Number  of  C’s  Pounds, 
and  $x  the  Number  of  D’s  Pounds  : 

Therefore  11#— 550,  by  'ueftion , 

And,  confequently,  #  —  £52^0. 

From  which  the  reft  of  the  Shares  are  eafily  determined. 
Q_U  ESTION  V. 

3Tis  required  to  divide  the  Humber  92  into  four  fuch  P art  sy 
that  the-FirJl  may  exceed  the  Second  by  10,  the  Third 
by  1 8,  and  the  Fourth  by  24. 

Let  x  be  the  firft  Part. 
i  *  10 

Then  ^  *-18  >*  will  be  the  other  Parts. 

(  *-24  3 


And 


with  their  Solutions.  3 

t 

And  4^-52—92,  by  the  Quejlion. 

Hence  4^—144; 

and  x  =.  =  36. 

4 

Q_U  E  S  T  I  O  N  VI. 

A  certain  Sum  of  Money  was  Jharcd  among  five  Perfions , 
A,  B,  C,  D,  and.  E;  whereof  B  received  10  /. 
lefs  than  A  ;  C  1 6  /.  more  than  B  ;  D  5  /.  lefs  than 
C  ;  and  E  15  /.  more  than  D  :  Moreover  it  appeared 
that  E  received  as  much  as  both  A  and  B.  What  was 
the  whole  Sum  Jhared ,  and  how  much  did  Each  receive  f 

Let  *  be  the  Share  of  A. 

r*-io]  rB, 

Lx-\-i6j  L  E: 

Therefore  ^+16—2^— io>  by  the  Quejlion, 

Whence  26— x. 

From  which  it  appears  that  26,  16,  32,  27,  and 

(Pounds)  were  the  refpe&ive  Shares  j  and  that  the  whole 

Sum  was  143/. 

* 

Q^U  E  S  T  I  O  N  VII. 

*To  find  that  Number ,  whereof  the  Double  increafed  by 
24,  Jhall  as  much  exceed  80,  as  the  Number  itfelf  is 
below  100. 

Let  x  be  the  required  Number. 

Then  2*4-24 — 80— 100 — *,  by  the  \uefion . 

Whence  2x+x—iqo — 24+80, 
that  is  3*=  156  ; 


and  therefore  *  = 


52. 


B  2 
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Q_U  E  S  T  I  O  N  VIII. 

What  two  Numbers  are  thoje ,  whereof  the  Difference  is 
7  and  the  Sum  33. 

Let  *  be  the  leffer  Number, 
then  x  +  7  will  be  the  greater, 
and  2*  +  7  =  33. 

Therefore  2^—33 — 7—26, 

26 

and  .y  —  —  ~i 3—  the  Leffer, 

2  . 

Whence  ^-[-7—20—  the  Greater. 

Q_U  E  S  T  I  O  N  IX. 

divide  the  Number  75  fuch  Parts ,  that  3 

greater  may  exceed  7  times  the  leffer  by  15. 

If  be  the  greater  Part, 

then  7  c  —  *  will  be  the  Leffer  1  ,  .  _ 

/:>  -  £  by  the  ^ueftion. 

and  3^  —  75  —  ^  x  7  +  15  J 

that  is,  3^  =  525-7^4-15; 

therefore  1 0^^540,  and  a*— 54. 

From  whence  the  leffer  Part  (75-*)  is  found— 21. 

Q^U  E  S  T  I  O  N  X. 

A,  after  winning  1  o  Guineas  of  B,  had  as  much  Money 
as  B  and  6  Guineas  more ;  and  betwixt  them  both  they 
had  forty  Guineas  :  What  Money  had  Each  at  firjl  ? 

Let  x  be  the  Guineas  that  A  began  with  ; 
then  40-^,  are  the  Guineas  that  B  began  with : 
Therefore,  after  Play, 

A  had,  Guineas  ; 

and  B,  30 — x>  Guineas. 

Whence  a*4-iO— 3Q-.Y4  6  (h  ^e  hieflion .) 

Therefore  2^—26. 

And  .y— 13. 
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with  their  Solutions. 

\ 

Q^U  E  S  T  I  O  N  XI. 

The  Sum  of  500  /.  was  divided  among  four  Perfons ,  fa 
that  the  Firjl  and  Second ,  between  themy  had  280  /; 
the  Firjl  and  Third  260  / ;  Firjl  and  Fourth 

220  /.  iAzu  many  Pounds  had  Each  f 

If  x  be  the  Number  of  Pounds  the  Firft  had, 
c  2d  1  r  280-^ 

then  the  )  3d  >had  <  260-*' 
l  4th  3  L  220-x 

The  Sum  of  all  which, 
being  760  —  2x,  is  —  500,  by  the  gueflion. 

Whence  x  — ^——130: 

Therefore  the  four  Shares  were  130,  150,  130,  and  90 
Pound's,  refpe£tively. 

QUESTION  XII. 

\  1 

s  ,  /  <  * 

3Tis  propofed  to  divide  60  into  two  fuch  Parts ,  that  the 
Difference  between  the  Greater  and  64,  may  be  equal  to 
twice  the  Difference  between  the  Leffer  and  38. 

If  x  be  the  greater  Part ; 
then  6o-a*  will  be  the  leffer  : 

Alfo  64-tf,  will  be  the  firft  mentioned  Difference, 
and  38— or  x-22,  will  be  the  Second. 

Therefore  64-^1^ 2  x  x-22,  by  the  guejlion. 
that  is,  b\-x=.2x-\\* 

Whence  108=3^,  and  36=^. 

Q_U  E  S  T  I  O  N  XIII. 

4ft  er  34  Gallons  had  been  drawn  out  of  one  of  two9  equal 9 
Caffs ,  and  80  Gallons  out  of  the  Other ,  there  remained 
jufl  twice  as  much  Liquor  in  the  One  as  in  the  Other  : 
What  did  each  Caff  contain  when  full  ? 

Let  x  be  the  Number  of  Gallons  fought ; 
then  #-34  will  be  what  remained  in  the  firft  Cafk, 

B  3  and 


6  Algebraical  Problems, 

and  x~$o,  what  remained  in  the  Second. 

J  i 

—  *•-  •  » 

Hence  ^•-34~2XA'-8o,  by  the  Qucjlion, 

Or,  tf-34  2^-160. 

Therefore  126  ~x. 

Q_U  E  S  T  I  O  N  XIV. 

A  Son,  a/king  his  Father  how  old  he  was,  received  the 
following  Anfwer  :  Tour  Age  four  Tears  ago ,  fays  the 
Father ,  was  only  of  mine ,  at  that  Time  ;  but  now 
your  Age  is  jufl  of  mine  :  What  was  the  Age  of  Each ? 

A  .  *  '  •  A  ‘ 

.  Let  *  be  the  Age  of  the  Son, 
then  3*  will  be  that  of  the  Father  : 

Alfo  x-a.  will  be  the  Age  of  the  Son,  four  Years  be¬ 
fore  the  Time  in  Queftion  ;  and  3^-4  will  be  the  cor- 
refponding  Age  of  the  Father:  which,  by  the  §)ueftion% 
is  equal  to  4  times  x-\ :  Hence  we  have  this  Equatiort 
4Ar-i6^3^-'4. 

Therefore  x:~\i,  and  3^—36;  which  are  the  two 
Ages  required. 

<iU  E  S  T  I  O  N  XV. 

What  Number  is  that ,  whofe  4  exceeds  its  £  Part  by  16? 

'  if  *  *  •  f 

Let  x  be  the  required  Number  9  Then,  its  1  Part 

!  ..  »  • .  •  *  •  .  t .  *  >  ,*  •  .  ■»  ** '  « . !  .  .  * .  - 

being  — ,  and  its  4  Part  , 

3  '  ■  ^  4  * 

we  have - mi  6,  by  the  Queftion* 

3  4  #  *•' 

Hence  4^-3^m(  92,  by  Reduction  ; 
that  is,  x~igz. 


QUESTION  ' 


•with  their  Solutions. 
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Q^U  E  S  T  I  O  N  XVI. 

In  a  Mixture  of  Wine  and  Cyder,  one  half  of  the  whole 
-f  25  Gallons  was  Wine  ;  and ,  \  Part  —  5  Gallons , 
Cyder .  Hoiv  many  Gallons  were  there  of  Each  ? 

If  x  be  put  for  the  Number  of  Gallons  in  the  whole 
Mixture,  the  Gallons  of  Wine  will  be  exprefled  by 

and  thofe  of  Cyder  by-~  — 5:  Which  to¬ 
gether  being  equal  to  the  ivhole ,  we 

therefore  have  - — \-  25  + — —  5  =  x ; 

2  3 

^  x  x 
2  3 

Hence  120  =  6x-  y)x-2x  ; 

Or  1 20  —  x.  From  which  it  appears  that  the  Mix¬ 
ture  confided  of  85  Gallons  of  Wine,  and  35  of  Cyder. 

Q.U  E  S  T  I  O  N  XVII. 

In  a  Lottery ,  conf fling  of  100000  Tickets ,  J>alf  the 
Number  of  Prizes  added  to  i  of  the  Number  of  Blanks , 
was  35000.  How  many  prizes  were  there  in  the 
Lottery  ? 

If  x  be  the  Number  of  Prizes ; 
then  iooooq-x,  will  be  the  Number  of  Blanks. 

And  fo,  — —  - =35000. 

Hence  3*  -j-  2 00000  —  2x  =  2 1 0000 : 

And  x  =10000=  the  Number  fought. 
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Algebraical  Problems, 
QUESTION  XVIII. 


To  the  Compofition  of  a  certain  Quantity  of  Gunpowder , 
\  of  the  whole  Weight -\-  6  lb.  of  Saltpetre  was  necefary', 
the  Sulphur  ufed  was  \  of  the  whole — 5  lb.  and  the 
Charcoal  £  of  the  whole —  3  lb.  How  many  Pounds  of 

each  of  the  three  Ingredients  were  there  taken  ? 

Let  x  be  the  Number  of  Pounds  in  the  Whole:  Then 
f  x 

: - (-6,  Pounds  of  Saltpetre. 

I  2 

Were  ^  ~ - 5’  Poun(3s  Sulphur. 

3  •  • 

x 

- - 2,  Pounds  of  Charcoal. 

L  4  * 

X  X  X 

And  therefore  '  -  — -  H - — 2~x ,  by  the  Queflion . 

234  v 
Whence  1 2#  4“  S*  -f-  6*  —  48  rr  24* : 

48 

And  confequently  x  ——24. 

Therefore  there  were  taken  18  lb.  of  Saltpetre,  3  lb.  of 
Sulphur,  and  3  lb.  of  Charcoal. 

Q  U  E  S  T  I  O  N  XIX. 

A  General ,  after  having  loft  a  Battle ,  found  that  he  had 
only  \  of  his  Army  3600  left,  ft  for  Alt  ion  ;  \  of 
his  Men  -j-  600  being  wounded ,  and  the  Reft ,  which 
were  4  of  the  whole  Army ,  either  fain ,  taken  Pr  if  oners, 
or  miffing.  What  was  the  whole  Number  of  the  Army  ? 

The  Number  fought  being  denoted  by  x ,  the  Num- 

X 

her  of  Men  left  unhurt  will  be - 1-  360a. 

X 

And  the  Number  of  the  Wounded  -+  600 : 

O 

To  which  adding,  — ,  the  Number  of  the  Slain  and  Pri- 

ly 

Toners,  we  have  the  Number  of, the  whole  Army  $ 


Or 


with  their  Solutions.  g 

Or  3600  ~  +  600  + 

TT  (  X  X  X  \  ?X  X 

Hence  420o(  =  *-  — j— -  J=-% j 

Therefore  1 68000  (=15^  —  8*)  —jx  : 

And  24000 

Q^U  E  S  T  I  O  N  XX. 

1 

A  Prize  of  2000  /.  was  divided  between  two  Perfons ,  A 
and  B ;  whofe  Shares  therein  were  in  proportion  as  7  to 
9  :  What  was  the  Share  of  Each  ? 

Let  x  denote  the  Share  bf  A ; 
then  2000-x,  will  be  That  of  B. 

But  .*•  :  2000-x  1:7:9,  by  the  Queftion. 

From  whence  (as  the  Re&anglp  of  the  two  Extremes, 
of  any  four  proportional  Numbers,  is  equal  to  the  Rec¬ 
tangle  of  the  two  Means)  we  get  this  Equation, 

9  x  *  “  2000  -  a*  x  7  ; 
that  is,  gx  =  14000-7*. 

Hence  16#  =  140005 
and  x  =  875. 

Therefore  the  Share  of  A  was  875  /.  and  that  of  B, 
1125/. 

Q_U  E  S  T  I  O  N  XXI. 

*To  divide  44  into  two  fueh  Parity  that  the  Greater  in- 
creafed  by  5,  may  be  to  the  Leffer  increafed  by  7,  as  4 
is  to  3. 

If  x  be  the  greater  Part, 

44—*,  will  be  the  Lefler, 

and  #-f-  5  :  51  —x  : :  4:3,  by  the  ^uejiion. 

Therefore  (by  multiplying  Extremes  and  Means)  we  have 
3*+  i5  =  204-4*: 

Whence  *=^l=i5=il9  =  27 

7  7 
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Q_U  E  S  T  I  O  N  XXII. 

T i  find  two  Numbers  in  the  proportion  of  i  to  2  ;  fo  thatr 
12  being  added  to  Each ,  the  Sums  fioall  be  in  proportion 
as  5  is  to  7. 

Let  a*  be  the  lefTer  Number  ; 
then  2xy  will  be  the  Greater : 

Hence  x-[  12  :  2  a- -j-  12  : :  5  :  7,  by  the  Quejlion, 

Therefore  2A*-i-  12x5  :=;r-f.i2X75 
that  is  iox  -f  60  —  jx  -\-  84. 

From  which  3#—  24  ;  and  8. 

So  that  the  two  Numbers  are  8  and  16. 


Q_U  E  S  T  I  O  N  XXIII. 

A  ,  at  Play ,  firjl  won  5  Guineas  of  B,  and  had  then 
as  much  Money  as  B ;  but  B,  upon  winning  back  his  own 
Money  and  5  Guineas  more,  had  5  times  as  much  Money 
as  A :  What  Money  had  Each ,  at  firjl  ? 

If  x  be  the  Number  of  A’s  Guineas,  at  firft;  then  it 
is  plain,  from  the  Queftion,  thatA'-f-io  will  be  the 
Number  of  B  s  Guineas  :  • 

Whence  a*  f-  10-f  5  (:~  a-  -  5x5)  —5^-25, 
that  is,  40  ~^.x : 

Therefore  a*  =  10  —  the  Number  of  A’s  Guineas  ; 
and  x  4-  10  =.  20  =1  the  Number  of  B’s  Guineas. 

Ct  ♦  »  v  '  '  >■  . 

Q_U  E  S  T  I  O  N  XXIV. 


A  Grocer ,  with  56  lb.  of  fine  Pea,  at  20  Shillings  a 
Pound ,  would  mix  a  coarfer  fort ,  of  14  Shillings , 
fo  as  to  afford  the  wh  le,  together ,  18  Shillings , 

Pound :  What  Quantity  of  the  latter  Sort  mujl  he 
take  ? 


Let  A’  be  the  Number  of  Pounds  required  ; 
then  1120  is  the  value  of  fineftSort, 
and  14a*  that  of  the  Coarfeft. 

Moreover, 


with  their  Solutions.  ii 

Moreover,  the  Number  of  Pounds  of  both  Sorts  together 
being  56  4  x ,  it  is  evident 

that  56 4-*  xi8,  or  1008+  i&v,  is  the  Value  of  the 
whole  Mixture.  And  therefore 
1 120  4  14*:=:  1008+ 18*:  ' 

Whence  112  =  4^: 

And  confequently  28  = 

QUESTION  XXV. 

A  Farmer  would  mix  Wheat ,  at  4  Shillings  a  Bufhel ,  with 
Rye,  at  2  s.  6  d.  a  Bujhel  5  fo  that  the  whole  Mixiure 
may  conjijl  of  90  Bu/hels ,  and  be  afforded  at  3  s.  4  d. 
a  Bufhel :  ’ Tis  required  to  find  how  many  Bu/hels  of 
each  Sort  mujl  be  taken . 

If  the  Number  of  Bufhels  of  Wheat  be  x , 

Thofe  of  Rye  will  be  go-x. 

Moreover,  the  Value  of  the  Wheat  will  be  48**,  Pence, 

and  the  Value  of  the  Rye  90 — x  x  30,  Pence : 

Whence  48**  4  90 — x  X  30  =  90x38  f/y  the  Quejlion.) 
that  is,  48*4  2700 — 30^  —  3420: 

Therefore  18*  =  720 : 

And  confequently  x  =  -^§-=40 

Io 

Q^U  E  S  T  I  O  N  XXVI. 

A  Workman  was  hired  for  40  Days,  at  3  s.  4  d.  per  Day, 
for  every  Day  he  worked ;  but  with  this  Condition ,  that , 
for  every  Day  he  played ,  he  was  to  forfeit  is.  4 d : 
And  it  fo  happened ,  that ,  upon  the  whole  f he  had  3/.  3  s. 
4  d.  to  receive .  The  ffuejlion  is,  to  find  how  many 
Days ,  of  the  40,  he  work'd,  and  how  many  he  play'd. 

Let  x  be  the  Number  of  Days  he  work’d  ; 
then  40-#  will  be  the  Number  of  Days  he  play’d  : 
Moreover,  as  he  was  to  receive  40  Pence,  for  every 
Day  he  work’d,  and  to  forfeit  16  Pence  for  every  Day 
he  play’d, 

we 

r‘\  v 


» 
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we  have  40*=  the  Number  of  Pence  earn’d  by  Work, 

and  40-tf  x  16=  the  Number  of  Pence  forfeited  by  Play : 

Whence  40*  —  40-tf  x  16  1=  760,  by  the  ^uejlion  \ 
that  is,  40*  —  640  +  i6.v  =  760 : 

Therefore  56*=  1400; 
and  confequently  x  25* 

From  which  it  is  evident  that  he  work’d  25  Days,  and 
play’d  15. 


Q^U  E  S  T  I  O  N  XXVII, 


A  Bill  of  120/.  was  paid  in  Guineas  and  Moidores ,  and 
the  Number  of  Pieces  ufed  of  both  Sorts  was  juft  100: 
How  many  were  there  of  Each  ? 

If  ^  be  put  for  the  Number  of  Guineas  ; 
then  100-tf  will  be  the  Number  of  Moidores  : 


And  fo,  21^+100  —  xx  27  =  120X20$  by  the 
Or,  2 1#  +  2700  —  27#  =  2400  \  ^uejlion. 

Hence  300  =  27*— 21*  =  6x. 


And  confequently 


Q_U  E  S  T  I  O  N  XXVIII. 

One  bought  30  Pounds  of  Sugar,  of  two  different  Sorts , 
and  paid  for  the  whole  19  Shillings ;  the  bejl  Sort  coji 
10  d.  per  Pound ,  and  the  worjl  7  d .  How  many  Pounds 
were  there  of  Each  f 

Let  x  ftand  for  the  Number  of  Pounds  of  the  belt  Sort, 
and  then  30-*  will  exprefs  the  Pounds  of  the  other  Sort  5 

Therefore  xx  10  +  30—*  x  7  =  19  X  t2,  by  the  ffuejlion  ; 
that  is,  2l°—  yx  z=z  228  : 

Whence  3*  228-210  =  18, 

and  x  —  6.  Therefore  there  were  6  Pounds  of  the  beft 
Sort,  and  24  of  the  Worfh 


QUESTION 


with  their  Solutions. 


Q_U  E  S  T  I  O  N  XXIX. 


A  Lady  gave  a  Guinea ,  in  Charity ,  among  a  Number  of 
Poor ,  confijiing  of  Men ,  Women ,  and  Children  ;  Each 
Man  had  12  d.  each  Woman  6  d.  and  each  Child  3  d. 
Moreover  there  were  twice  as  many  Women  as  Men , 
wanting  2  }  and  3  times  as  many  Children  as  Women> 
wanting  4  :  How  many  Perfons  were  there  relieved  ? 

Let  *  be  the  Number  of  the  Men  ; 
then  2*— 2,  will  be  the  Number  of  Women, 

and  6x— 10,  the  Number  of  Children. 

\  ■  *  _  _ 

Hence  *x  12  +  2* — 2x6-\-6x — 10x3  =  21 X 125 
that  is,  \2x  +  12*— 12  +  18* — 30=252,- 
or,  42.V  =  294 : 

Whence  *=7. 

Therefore  there  were  7  Men,  12  Women,  and  32 
Children ;  in  all  5 1  Perfons. 


Q^U  E  S  T  I  O  N  XXX. 

Po  find  that  Number ,  which  being  divided ,  either  into 
three ,  or  four ,  equal  Parts ,  the  continual  Product  of  all 
the  Parts ,  in  both  Cafes ,  Jhall  be  exactly  the  fame . 

Let  x  be  the  required  Number ; 
fo  (hall  the  continual  Product  of  the  three  equal  Parts 

be— x  x  — }  and  that  of  the  four  equal 

3  3  3  27 

_  X  X  x  X  X4 

Parts  —  x  —  x  —  x  — =— 7. 

.  4  4  4  4  256 

Whence  by  the  Queflion. 

256  27,  ' 

1 3 

Therefore  27*  =  2  56  j  and *=9 — 

27. 
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Q_U  E  S  T  I  O  N  XXXI. 

4  * 

To  find  two  Numbers ,  in  the  Proportion  of  3  to  4,  whofi 
Sum  is  to  the  Sum  of  their  Squares ,  as  7  /a  50. 

Let  3*  denote  the  lefTer  Number : 

Then  4*  will  exprefs  the  greater. 

And  we  (hall  have  3*4*  4*  :  9*2  -f  i6*a  1:7:  50, 
or,  7X  :  25X2  :  :  7  :  50,  by  the  ^uefiion. 

Therefore  25^x7  ^7^x50, 
or,  25.x2  =  50* ; 

whence  .x  =  2 :  So  that  6  and  8  are  the  two  Num- 

25 

bers  that  anfwer  the  Queftion. 

Q_U  E  S  T  I  O  N  XXXII. 

* 

To  find  two  Numbers  in  the  Proportion  of  9  to  7  ;  fo  that 
the  Square  of  their  Sum ,  and  the  Cube  of  their  D  iffer  ence^ 
Jhall  be  equal. 

If  gx  be  put  for  the  greater  Number  j 
then  yx  will  be  the  leffer ; 

And  fo  16 xT  =  2*|35  by  the  £>ueJlion> 
that  is,  256.x2,  r=8x3. 

jr  256 

Hence  x  zz  — g  —  32 : 

/ 

Therefore  288  and  224,  are  the  two  Numbers  fought. 
Q_U  E  S  T  I  O  N  XXXIII. 

V 

To  find  two  Numbers  whofe  Difference  is  4  and  the  Dif¬ 
ference  of  their  Squares  120. 

Let  x  be  the  leffer  Number ; 
then  *  +  4*  will  be  the  greater  : 

Alfo  xx  will  be  the  Square  of  the  lefler, 
and  a*  -}-  8*  -{-  16  that  of  the  greater : 

Whence  8*  +  16=  120,  by  the  Queftion: 

Therefore  8*  =  1045  and  a  —  13: 

So  that  13  and  17  are  the  two  Numbers  that  were  to 
be  found,  QUESTION 


with  their  Solutions. 


Q_U  E  S  T  I  O  N  XXXIV. 


To  divide  ioo  into  two  fuch  Parts ,  that  the  Difference  of 
their  Squares  may  be  IOOO. 

If  *  be  the  greater  Part, 

1 00-*,  will  be  the  lelTer : 


~P\zz=i  iooo ; 


Therefore  **  — •  ioo 
that  is,  *2  —  i  oooo  +  200*  —  x%  = 
Whence  200*  =  1  iooo  5 

and  confequently  *  =  ^  55* 


iooo : 


Q^U  E  S  T  I  O  N  XXXV. 

To  divide  100  into  two  Parts ,  fo  that  the  Square  of  their 
Difference  may  exceed  the  Square  of  twice  the  leffer  Part 
by  2000. 

The  letter  Part  being  denoted  by  *, 
the  greater  will  be  exprefled  by  1 00—*, 
and  the  Difference  by  100-2*. 

Therefore,  by  the  Problem,  100— 2* f  —  2*)4  +  2000, 
that  is,  1 0000 — 400*  +  4**  =  4**  -j-  2000, 
or,  1  oooo  —  2000  =  400*. 

Hence  *  =  — 00  =  20  s  and  100-^  =  80. 

400 


Q_U  E  S  T  I  O  N  XXXVI. 

A  and  B  make  a  joint  Stock  of  500  A  by  which  they  gain 
160  A  whereof  A)  for  his  Share ,  had  32  A  more  than 
B :  What  did  each  Perfon  bring  into  Stock  ? 

If  *  be  the  Number  of  Pounds  advanced  by  A ; 
then  it  will  be,  as  500  (the  v/hole  Stock)  is  to  160  (the 

whole  Gain)  fo  is  *  (the  Stock  of  A)  to 


160* 


500, 


the 


Gain  of  A:  Whence  the  Gain  of  B  being  160  — • 


16*. 


50 

we 


I 
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we  have  — ~  =  160  — +  32>  h  &€  iP« eflion  : 
50  50  ^ 

Therefore-^?*  —  192,  or  —  6  j 
50  50 

and  confequently  ^^50x6=  300. 


Q^U  E  S  T  I  O  N  XXXVII. 

A  Sum  of  Money  was  divided  betweerl  two  Perfons ,  A 
B,  fo  that  the  Share  of  A  was  to  That  of  B,  as  5 
to  3.  and  exceeded  J-  0/*  the  whole  Sum  by  50  /.  What 
was  the  Share  of  each  Perfon  ? 

s  \ 

Let  5*  exprefs  the  Share  of  A, 
and  3#  the  Share  of  B  \ 
then  8*  will  be  the  whole  Sum, 

and  ^2^  will  be  ~  thereof : 

9  9 

Therefore  5^— 50,  the  Quejlion  \ 

that  is,  —=50,  or  ^=190. 

Hence  450  /.  and  270  /.  are  the  two  Shares  required. 


Q^U  E  S  T  I  O  N  XXXVIII. 

A  and  B  began  to  play  together  with  equal  Sums  of  Money  5 
A  firft  won  20  Guineas ,  but  afterwards  lojl  back  the 
Half  of  all  he  then  had ;  and  thereupon  had  only  half 
as  much  Money  as  B.  What  Money  did  each  begin  with  ? 

Let  x  be  the  Number  of  Guineas  required  : 

Then  A,  after  winning  20  Guineas,  had  a-  -{-  20 ;  the 

Half  of  which,  or  -  +  10,  is  therefore  what  he  had  at 

2 

laft :  And  this  deducted  from  2x  (the  whole  Sum  betwixt 

Both)  leaves  2.x - -  —  io  =  what  B  had  at  laft. 

2 


\ 


Therefore 


I7 


with  their  Solutions. 

Therefore  2x  — —  -  io— *  +  20 ; 

2 

whence  3^ — 20  —  2x  +  40, 
and  confequently  *  ==  60. 

QUESTION  XXXIX. 


A  Gentleman  left  his  whole  EJlate  among  his  four  Sons 
whereof  the  Eldeft  had  \  wanting  800  /.  the  Second 
and  1 20 1,  over ;  the  Third  had  half  as  much  as  the 
Eldejl  •,  and  the  Toungejl  -§■  of  what  the  Second  had. 
What  was  the  whole  EJlate  ?  and  how  much  had  Each? 

Let  x  be  the  whole  Eftate  5  then 

The  Firft  had*^~8oo. 

2 


The  Second-^-  +  1 2  o. 
4 

The  Third  ——400. 


The  Fourth  J- go. 

12 

The  Sum  of  all  which  is,  confequently,  equal  to  the  Whole, 

XXX  X 

Or, - L  —-L' — 4.  - 1000  =  a. 

2  4  4  ‘  '  6 

But  it  is  plain  (without  Reduction) 


f  x  x  ,  x 

that - f- —  -4 - =  x  1 

2*4*4 

Hence  our  Equation  becomes 


_JL  — ioooiro,  or~=  1000. 

6  6 

Therefore  the  whole  Eftate  was  6000  l.  whereof  the 
eldeft  Son  had  2200  /.  the  Second  1620 /.  the  Third 
1100/.  and  the  Youngeft  1080  /. 


C 


.  QUESTION 


■Mm 


'■"i  *  n  v  *  vr 
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QU  E  S  T  I  O  N  XL. 

^  t 

One  being  ajk'd  his  Age ,  reply  d ;  If  \  of  my  Tears  be 
multiply' d  by  3,  and  ~  of  them  be  added  to  the  Product, 
the  Amount  will  be  115.  What  was  his  Age ? 

If  x  be  the  required  Number  of  Years, 


then 


2x 


*v  • 

x  3  -j-  ~=  1 15,  by  the  Q uejlion ; 

56x  .  x  3 


that  is,  -  4-— =  nc. 

5  3 

Therefore  i8*-{- 5*=  15X 115, 
or  23*1=15x115  : 

Confequently  *  =  1521115  =  15x5  =  75. 

23 

QUESTION  XLI. 

A  Perfon  being  afk'd  the  Hour  of  the  Day ,  anfwered  thus  ; 
If  ±  of  the  Number  of  Hours  remaining  till  Midnight 
be  multiply' d  by  4,  the  Product  will  as  much  exceed  1 2 
Hours ,  as  Half  the  prefent  Hour  from  Noon  is  below 
4 :  What  was  the  Hour  after  Noon  ? 

Let  *  be  the  required  Hour ; 
then  12—*,  will  be  the  Hours  till  Midnight, 


and 


36—2*  * 

“ — q  x4-  12=4 — 
o  2 

That  is,  3-_ 3! — 12—4-  - , 
2  2 

whence  36-3*  —  24  =  8  — *5 
and  confequently  *  =  2. 


by  the  ^uejlion. 


QUESTION 


with  their  Solutions. 


*9 


Q_U  E  S  T  I  O  N  XLII* 

A  Market-woman  bought  in  a  certain  Number  of  Eggs% 
at  the  Rate  of  5  for  two  Pence  ;  one  half  of  which  Jhe 
fold  out  again  at  2  a  Penny ,  and  the  remaining  Half 
at  3  a  Penny ;  and  cleared  4  Pence ,  by  fo  doing  :  JVhat 
Number  of  Eggs  had  Jhe  ? 

Let  2*  be  the  Number  fought  $ 
then,  by  the  dejlion , 

the  Number  of  Pence  the  Eggs  coft: 


5:2 


2x  : 


But  the  Number  of  Pence  They  were  fold  for,  again, 

X  X 

is  —4-—  :  Therefore  we  have  this  Equation, 

2  3 

.  XX  A.X 

viz.  — - —  —  4  : 

2  3  5 

From  whence  15*+  io* — 24*1=  120,  or  *=  120. 
Q^U  E  S  T  I  O  N  XLIII. 

A  certain  Sum  of  Money ,  put  out  at  Interejl ,  amounts ,  in 
8  Months,  to  297  /.  12  s.  And ,  in  15  Months  its 
Amount  ( computed  according  to  fimple  Interejl )  is  306  /. 
PETo at  is  that  S  um  ?  And  what  the  Rate  of  Interejl  ? 

Let  x  be  the  Number  of  Pounds  in  the  required  Sum: 
Then,  the  Intereft  thereof  for  8  Months  being  297,  6-*, 
and  for  1 5  Months  306— *,  we  have, 
as  8  :  15  : :  297,6-*:  306  —  *: 

Whence,  by  multiplying  Extremes  and  Means, 
we  get  2448 -8* =4464  — 15*. 

Therefore  7*— 20 16, 

and  confequently  *  =  288  /.  the  Sum  required. 

For  the  Rate  of  Intereft,  it  will  be, 
as  288/.  x  15  :  100/.  x  12  :  :  18/.  (the  Intereft  of  288/. 
for  15  Months)  to  5/.  the  required  Intereft  of  100/.  for 
12  Months. 


C  2 


QUESTION 
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Q_U  E  S  T  I  O  N  XLIV. 

A  Waterman  finds  by  Experience,  that  he  can,  with  the 
Advantage  of  a  common  Tide ,  row  from  London  to 
Greenwich ,  which  is  5  Miles,  in  3  Quarters  of 
an  Hour  5  and  that,  to  return  to  London,  againft  an 
equal  Tide,  though  he  rows  back  along-Jhore ,  where  the 
Stream  is  only  half  as  ftrong  as  in  the  Middle,  takes  him 
a  full  Hour  and  Half  >cIis  required  to  find,  from 
hence ,  at  what  Rate,  per  Hour ,  the  Tide  runs  in  the 
Middle  where  it  is  Jirongefi. 

In  the  firft  Place,  it  will  be 


qr .  qr.  ni  n\ 

3:4::  5:6}  =  Dift.  row’d  per  Hour  with  the  Tide, 
6:4::  5  :  3t  =  Dift.  row’d  per  Hour  againft  Tide. 

If  now  the  former  of  thefe  two  Diftances  (6-J)  be  put— a, 
and  the  latter  (3  -3-)  =  ^;  and  *  be  aflumed  to  exprefs 
the  required  Diftance  run,  per  Hour,  by  the  Stream  in  the 
Middle  of  the  River  ;  then  a  —  x  will  be  the  real  Effedt: 
of  his  Rowing,  per  Hour,  in  going  from  London,  the 

Motion  of  the  Tide  being  deducted  ;  and  bf—  will  be 

2 

the  like  EfFedt  in  his  Return  : 

And  fo,  thefe  two  Quantities  being  equal  to  each  other. 


x 


we  have  bA —  =  a-x  : 

2 

Whence  2 b-\-x~ia  —  2x; 

la -2b  m 


and  confequently  a  — • 


’  —  2 


Q^U  E  S  T  I  O  N  XLV. 


To  divide  36  (a)  into  3  fuch  Parts ,  that  i  of  the  Firjl, 
4  of  the  Second,  and  |  of  the  Third ,  may  be  equal  to 
each  other . 

If  *  be  put  for  the  firft  Part, 

X 

then  is— of  the  fecond  Part,  (by  the  S^jtfiion.) 

And 


1 


with  their  Solutions. 


2  I 


And  fo  =  fecond  Part. 

2 

Moreover  — being  =  I  of  the  third  Part, 
2 

therefore  —for  2x)  —  third  Part. 

2  v 

*  ■  i  /  • 

Hence  .*•  +  —  -f-  2x—  a. 


and  2x  4-  3*  +  \x  —  2a. 

2 a _ 2X  36  _ 

9  ~  9 


Confequently  * 


2x4=  8. 


From  which  the  fecond  Part  (  -3—  j 
appears  to  be  =1 12,  and  the  Third  ( 2x )  =  16. 

Q_U  E  S  T  I  O  N  XLVI. 

To  divide  the  Number  90  into  4  fuch  Parts,  that ,  if 
the  firji  be  increafed  by  5,  the  fecond  dimini [hed  by  4, 
the  third  multiply1  d  by  3,  and  the  fourth  divided  by  2, 
the  Refult ,  in  each  Cafe>  Jhall  be  exactly  the  fame . 

Let  x  be  the  fourth,  or  laft,  Part : 

Then,  three  times  the  third  Part  being == — 


the  third  Part  will  be 


6. 


Moreover,  the  fecond  Part — 4  being,  alfo,  ==■ 


x 


x 


the  fecond  Part  will  be  —  +  4: 
And,  the  firfl  Part  +  5  being  =-* 


2* 


AT 

the  firfl  Part,  alone,  will  be - 5* 

2 

And,  by  adding  all  the  Parts  thus  found  together, 

we  have  *+-g-+  ~+4  +~—S  =  9°» 

C  3 


that 
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that  is,  2x 


.v 

6 


Whence  13*— qi  x6 ;  and  *=42. 
Therefore  the  four  required  Parts  are 
24,  refpe&ively. 


1 

16,  25,  7,  and 


Q_U  E  S  T  I  O  N  XLVII. 

\ 

Two  Workmen  A  and  B  were  employed  together  for  50 
Days,  at  5  J, hillings  per  Day,  Each ;  during  which 
Time  A,  by  J pending  only  Sixpence  a  Day  lefs  than 
B,  had  faved  twice  as  much  as  B,  befides  the  expence  of 
2  Days  over  :  What  did  each  P  erf  on  expend  a  Day  P 

Let  x  be  the  Pence  A  fpent  per  Day ; 
then  60-x,  will  be  what  he  faved  per  Day, 
and  54— x,  what  B  faved. 

Therefore  3000— 50*  are  A’s  whole  favings, 
and  2700-50*  thofe  of  B. 

Hence  3000-50^  =  2x2700—50^  +  2^; 

Or,  3000-50*=  5400- 98*; 

From  which  48*  =  2400,  and  *  =  50. 

Q_U  E  S  T  I  O  N  XL VIII. 


Two  Perfcns ,  A  and  B,  have  both  the  fame  Income ; 
A  lays  by  of  his  ;  but  B,  by  fpending  60/.  per  Ann. 
more  than  A,  at  the  End  of  three  Tears  finds  himfelf 
1 00  /.  in  debt .  What  did  Each  receive ,  and  expend, 
per  Annum  ? 


Let  *  be  the  yearly  Income  of  Each  ; 
then  is  the  Sum  expended  by  A,  per  Ann . 

and  -~--f6o,  That  expended  by  B. 


Therefore 


4^+60 

s 


is  what  B  runs  in  Debt. 


Confequently 


^-+6o-*X3  =  100, 


or 


with  their  Solutions. 


23 


1 2  v 

or - {-  180-  3*  =  100  ; 

5 

that  is,  180 - ^-=100. 

Whence  900 — 3v=500, 

and  ^=-^^-=133/.  6  s.  8  d. 

3 

Therefore  A  expended  106/.  13*.  4 d.  and  B  166/, 

13.?.  4  d.  per  Annum . 

QU  E  S  T  I  O  N  XLIX. 

A  Grazier  bought  in  as  many  Sheeps  of  different  Sorts , 
tfr  coft  h  ‘m  33/.  7  r.  6^.  i^r  fir fl  Sort ,  which 
were  y  0/”  ^  whole ,  £0  91.  6^.  a-piece  ;  for  the 

fecond  Sort ,  which  were  £  0/"  /£<?  whole ,  £0  /wzW  1 1 
^70^  ;  y^r  the  reft ,  1 2  r.  6  d.  each  :  JVhat  Num¬ 
ber  of  Sheep  did  he  buy  in  all  ? 

If  *  be  the  whole  Number  of  Sheep ; 

then,  the  Number  of  the  firft  Sort  being—,  and  of  the 
>v 

fecond  Sort—,  the  Number  of  the  remaining  Sort  (at  I2r. 

6 d.  each)  muft  be *- *  =  IHz^-.g=g: 

.34  12  12 

Whence,  by  the  conditions  of  the  Problem,  we  have 

#  ,  x  .  c.v 

- X  JO  4 - X  22  +  — — X  25  =  1335; 

3  4  1  12  J 

.  1  A  ,  IOAT  .  22V  .  I2<^ 

that  is,  H - 4- — - — =1335. 

3  '  4  12 

Let  each  Term  of  this  Equation  be  now  multiply ’d  by  1 2, 

and  it  will  become 

76*  -\-66x-\-  125*  =  16020* 
or,  267^=:  16020. 

Therefore  *  =:  60. 


C  4  QUESTION 


£4  Algebraical  Problems, 


Q_U  E  S  T  I  O  N  L. 


A  Draper ,  of  a  Piece  of  Cloth ,  Jlanding  him  in  3  r.  2  */. 
per  fold  j  Part,  at  4  r.  per  Yard ;  f  at  3  r.  8 
per  Yard ;  -J-  at  3*.  6d.  per  Yard  ;  the  Remnant 
at  31.  4  */.  ;  And  his  Gain  upon  the  Whole , 

w<uj  15  j.  2  </.  How  many  yards  did  the  Piece  contain  ? 


If  the  Number  fought  be  denoted  by  x\ 
then  the  Number  of  yards  in  the  Remnant 


x 


x 


x _ 60^—  20X —  1 5*-—  12x _ 13^ 


will  be  a* — —  __ 

3  4  5  6° 

Therefore,  by  the  Queftion,  we  have 

x  n  x  ,  x  .  I o 

•  X48-{ - X  44  -) - X42+  X  40-38*: 

3  4  5'  60 

Or,  1 6x  1  ix  -  38*  =  182, 

that  —  1 1  x zcz.  182  : 

5  3 

Whence  126^-1-130^—  165  V™  2730: 

And  therefore  x  = — * ^L=  30. 

91 


60 

182, 


Q^U  E  S  T  I  O  N  LI. 

J  Di ft  tiler  propofes  to  mix  Foreign  Brandy,  Jlanding  him 
in  8  Shillings  a  Gallon,  with  Briti/h  Spirits  of  3 
Shillings  per  Gallon ,  in  fuch  Proportion  that  he  may 
gain  30  per  Cent  by  felling  out  the  Compound  at  gs. 
a  Gallon .  IVhat  is  that  Proportion  f 

Suppofe,  that,  with  a  Gallons  of  Brandy,  he  mixes 
x  Gallons  of  Spirits  5  then,  the  Brandy,  ftanding  him 
in  8 a  (Shillings)  and  the  Spirits  in  3*  (Shillings),  the 
true  value  of  the  whole  Mixture  will  be  %a-\-%x  : 

But  the  Value  of  u-f-  x  Gallons,  at  9  Shillings  per 
Gallon,  isgtf-ftyv*  Therefore,  by  laying  out  8^+3^, 
he  gains  a  -f  6x  :  And  fo 

we  have  8tf-f-3  v  *•  * +6;v  : :  100  :  30,  by  the  Quejlion. 

Copfequently 


25 


i with  their  Solutions. 
Confequently  100*74-660*— 240#  90* ; 

r  r  *»  — -  r  4  r\n 


whence  510*=  140#, 
and,=-14" 


_  51 

From  which  it  appears  that,  to  every  51  Gallons  of 
Brandy,  there  muft  be  taken  14  Gallons  of  Spirits. 


Q_U  E  S  T  I  O  N  LIT. 


To  find  two  Numbers  in  the  Proportion  of  4  to  5,  from 
which  two  other  ( required )  Num!ers,  in  the  proportion 
of  6  to  7  beings  refpeflively ,  deducted,  the  Remainders 
Jhall  be  in  the  proportion  of  2  to  3,  and  their  Sum  equal 
to  20. 


Let  4*  and  5*  be  the  2  firft  Numbers, 
and  6 y  and  7 y,  the  other  2  Numbers. 

Then  4*-6jp  :  5x-7,  :  :  2  :  3  J  ^  ^ 

And  9*— 137  —  20  }  y  ^  y 

From  which  Proportion,  by  multiplying  Extremes  and 
Means,  we  have  12*— 187  —  10*- 147,  and 
therefore  *  —  27 ;  which  fubftituted  in  the  above 
Equation  gives  1 87  —  1 37  =  20  j 
20 

whence 7  = — -—4;  and  *  (—27)—  8. 

Therefore  the  2  firft  Numbers  are  32  and  40;  and  the 
ether  Two,  24  and  28. 


C^U  E  S  T  I  O  N  LIII. 

A  Farmer  fold ,  at  one  times  30  Bufhels  of  Wheat  and 
40  of  B  dr  ley,  and  for  the  whole  received  13/.  ior; 
ands  at  another  times  he  fold  50  Bufhels  of  Wheat  and 
30  of  Barley^  ai  the  fame  Prices  as  before ,  and  for  the 
whole  received  17/.  The  Quejlion  is ,  to  find  what 
each  Sort  of  Grain  was  fold  at  per  Bufhel. 

Let  *  and  7  exprefs  the  Numbers  of  Shillings,  re- 
fpe&ively,  that  the  Wheat  and  Barley  were  fold  at  per 
Bufhel ;  and  then,  from  the  Conditions  of  the  Queftion, 
we  ftall  have  the  two  following  Equations,  viz. 

30* 


t 
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30* +40^=1270, 

50Jr  + 30^=340. 

From  4  times  the  Second  of  which  Equations  let  3 
times  the  Firft  be  fubtra&ed,  and  there  will  remain 
110^=550. 

Therefore  x  zz  5  : 

11  J 

And  j— 3. 

\ 

Q_U  E  S  T  I  O  N  LIV. 

A  Farmer^  u nth  28  Bujhels  of  Barley ,  at  2  s.  4  A  per 
Bujhely  would  mix  Rye ,  at  3  s.  per  Bujhel,  and  Wheat , 
at  4  s.  per  Bujhel ;  fo  that  the  whole  Mixture  may  con - 
ftjl  of  100  Bujhels ,  be  worth  3X.  4^.  #  Bujhel : 
How  many  Bujhels  of  Rye ,  how  many  of  Wheat 
mujl  he  mingle  with  the  Barley  ? 

Let  *  be  the  Number  of  Bufhels  of  Rye,  and  y 
thofe  of  the  Wheat :  Then,  the  value  of  the  Barley 
being  784  (Pence),  of  the  Rye  36*  (Pence),  and  of  the 
Wheat  48 y  (PenceJ,  we  have 

784+36^+48^=4000  I  ,  ,  S)ue/non 

and  28+*+J'=ioo  J  by  e  <?eJuon- 
From  the  firft  of  which  Equations,  take  36  times  the 
fecond,  and  there  refults, 

784-36x28+  127=400, 
that  is,  -2244-  12.7  =  400. 

Therefore  I2y  =  624, 

and  confequently  y  =  — 52. 

Whence  *  (=ico-28-y)  =  2Q. 


/ 


1 


QUESTION 


2? 


with  their  Solutions. 


Q.U  E  S  T  I  O  N  LV. 


A  and  B,  working  together  oh  the  fame  Work ,  can  earn 
40  Shillings  in  6  Days ;  A  and  C  together  can  earn 


54  Shillings  in  9  Days  ;  and  B  and  C,  80  Shillings  in 
15  Days  :  9Tis  required  to  find  what  each  Perfon , 


alone,  can  earn  per  Day . 

Let  x,  y  and  z  exprefs  the  Numbers  of  Shillings  in 
the  three  required  Values,  refpe&ively. 


Hence  y — z  —  by  fubtraFting  the  2  d  Equation  from  if. 

And  2y  —  6,  by  adding  the  two  laft. 

Confequently  y  —  3  :  From  which 

we  have  *  (—6\—  y)  —3!  ;=  31.  8  d.  andz(=5y-yj 

===2^—2 s.  4 d. 


QUESTION  LVI. 


To  find  three  Numbers,  fo  that  \  the  Firjl ,  \  of  the  Second , 
and  |  of  the  Third,  Jhall  together  be  equal  to  62  ;  alfo  y 
of  the  Fir  ft,  \  of  the  Second,  and  \  of  the  Third, 
equal  to  47  ;  and,  lajlly,  \  of  the  Firjl ,  \  of  the  Second, 
and  |  of  the  Third,  equal  to  38. 

Put  a—  62,  £—47,  and  c=r. 38;  and  let  the  three  re¬ 
quired  Numbers  be  denoted  by  x,  y  and  z,  refpe£tively  ; 
then  the  Conditions  of  the  Problem  will  be  exprefled 
in  the  three  following  Equations,  viz. 


Which, 


l 


28  Algebraical  Problems, 

Which,  clear’d  of  Fra&ions,  become 
8y+  62  —  24^7 
2cx  -f  1 57  +  1 2z  —  60 b 
30* -f  24y+  20Z  rr  1 20C. 

Now  (in  order  to  exterminate  z)  let  the  Second  of  thefe 
Equations  be  taken  from  the  Double  of  the  Firft,  and 
alfo  the  Treble  of  the  Third  from  the  Quintuple  of  the 
Second  ;  and  there  refults 
4x-\y~/fia-6ob-,  and 
10#  ~f  300b  -360 c  : 

Whence,  by  deducing  the  fecond  of  Thefe  from  the 
Treble  of  the  Former,  and  dividing  by  2,  there  comes  out 
x~']2a  —  2/\.ob-\~  1  8o£  rrr.  24. 

From  which  y  (— 48*7 - 60b  - 4.x)  is  alfo  founds  60, 

and  z  (zz.a-Zx-  l  yx  4)  ==  120. 


Q_U  E  S  T  I  O  N  LVIL 

' To  divide  the  Number  g o  (a)  into  three  Parts ,  fo  that , 
the  Double  of  the  firjl  Pari  40  (b) ;  the  Treble  of 
the  Second  -f-  20  (c)  ;  and  the  Quadruple  of  the  Third 
+  io(d),  may  be  all  equal  to  one  another. 

Let  x9  y,  and  z  reprefent  the  three  required  Parts, 
refpe&ively  ;  then,  from  the  Conditions  of  the  Problem, 
wefhall  have 
*  +  y+  z=a> 

2x  -f-  b  ==  ^y  +  c9 
2x  -f-  b  ~  42  -j-  d. 

Now,  in  order  to  exterminate  y  and  z,  let  12  times  the 
firft  Equation,  4  times  the  Second,  and  3  times  the 
Third,  be  added  all  together  ;  and  you  will  have 

26x  4-  i2y-{-  i2z-f  7 b  ==  12a i2y+  12Z  +  4 c+  3^« 

Therefore  26*  =  12a  -f-  A-c  +  3^—  7&> 

and  x  -J2£±M±3LlL 

26 


35* 


Whence  y^ 


__2 x  +  b-c  \ 


)z=z  30,  and  z  (—  a-x-y)  "2$. 


QUESTION 


29 


with  their  Solutions. 

•  \ 

Q_U  ESTION  LVIII. 


To  find  three  Numbers ,  fo  that  the  Firjl  with  half  the  other 
Two ,  the  Second  with  4  of  the  other  Two ,  and  the 
Third  with  £  of  the  other  Tivo,  may  be  the  fame ,  and 
amount  to  51  in  each  Cafe . 


Put  a  =  51,  and  let  .*•,  7  and  z  denote  the  three  re¬ 
quired  Numbers  ;  then,  by  the  Queftion, 

1  y+ z 

x  +  2-—=a. 


I  x  z  __ 

y  +  ------  a, 

3 

z  +  =  <7 : 

4 

Which,  cleared  of  Fra&ions,  become 

2x  -\~y  +  z  = 

■*■  +  3J’  +  z=3l7> 

#  Hh  y  ~t"  4Z  *  4*  • 

From  whence,  by  taking  the  Second  from  the  Third, 
and  the  Firft  from  the  Double  of  the  Second,  there  re- 
fults  -  2y  +  32  =  a , 
and  5y  -j-  z  ==  4^. 

And,  by  deducing  the  former  of  Thefe,  from  the  Treble 
of  the  latter,  we  have  17 y  z=.  11a . 


Therefore  y  =-^-=33, 

J  17 

z  (=  4<7  —  =-fr  =  39. 

and  a?  (=  3a  -  -  z)  -=  1 5. 


% 


QUESTION 


3° 


Algebraical  Problems, 


Q_U  E  S  T  I  O  N  LIX. 


A  certain  Sum  of  Money  was  divided  between  three  Per - 
fonsy  A,  B  and  C  ;  fo  thaty  A ’s  Share  exceeded  %  of 
the  Shares  of  B  and  C  by  30  /  ;  alfo  the  Share  of  B 
exceeded  -§-  of  the  Shares  of  A  and  C  by  30/  5  and  the 
Share  of  C  likewife  exceeded  f  of  the  Shares  of  A  and 
B,  by  30  /.  The  QueJUon  is ,  to  find  the  Share  of  each 
Perfon . 

Let  az=z  30;  and  let  Xy  y ,  and  z  be  affumed  to  exprefs 
the  three  required  Numbers ;  then  by  the  Conditions  of 
the  Problem, 

X-M± ll  =  a, 

7 

7x4-  7Z 

V  -  - —  Oy 

*  -  8 


Whence,  by  Reduction, 

7X — 4y — 4Z  =7*  > 

— 3*+8>r— 3Z  — 

• — 2x — 2y-f  9Z  ~ga. 

Now,  to  get  rid  ofy  (which,  becaufe  of  the  even  Coef¬ 
ficients,  is  the  eafieft  to  be  exterminated)  let  the  Double 
of  the  firft  Equation  and  the  Quadruple  of  the  Third 
be,  fucceffively,  added  to  the  Second  j  by  means  where¬ 
of  we  have 

iix — iiz  "2ia, 

— 1  i*v-f-33x  =44 a- 

Moreover,  by  adding  thefe  two  laft  Equations  together, 
we  have  222  ~  66 a. 

Therefore  z  —  yi  z=.  90  ; 
whence  x  (—2 a-j-z)  —  $a—  150, 

-2.x  x 4~z  120. 

8  T  J  *  , 


and 


(=«+ 


QUESTION 


3 1 


i with  their  Solutions. 


Q_U  E  S  T  I  O  N  LX. 

If  A  and  B  together  can  perform  a  Piece  of  IVork  in  8 
Days  ;  A  and  C  together  in  9  Days  ;  and  B  and  C  in 
10  Days  :  How  many  Days  will  it  take  each  Perfon , 
alone,  to  perform  the  fame  IVork  ? 

Let  the  whole  Work  be  reprefented  by  a ,  and  let  xy 
y ,  and  z  ftand  for  the  Parts  thereof  performed  by  A,  B, 
and  C  in  one  Day,  refpectively. 

The, >5  8x+8>  =*  ?. 
will  )  9*+9z  —a  \b  the 

C  loy+iox—a  3 

^  x-{ *y  — 

7  8 


And  {  x\-zz=.--~ ■  )  hy  Divifon. 
a 

y+z=- 


10 


Whence  y — 2  ^  z=z~ 


And  2 y 


a 

iO 


a 


a  A  a 

9  72  ’ 

82  a 


72  720 


Confequently  y  From  which  x  j  is 


1 


la 


found  —  ’ 

720 

and  zf — ~ —  y  ): 

V  10  ;  720 

Now,  the  Part  of  the  Work  (-a)  performed  by  each  Per¬ 
fon  in  one  fingle  Day  being  thus  afiigned,  the  Number 
of  Days  it  will  take  any  one  of  them  to  do  the  Whole, 
will  be  found  by  dividing  the  Whole  by  the  affigned  Part. 

Thus, is  the  Number 
720  >  41  a  41  41 

of  Days  in  which  B,  alone,  can  do  the  Whole.  And,  in 

like 
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like  manner,  the  Number  of  Days  in  which  A,  orC,  can 
do  the  Whole,  appears  to  be 

or  23-?-,  refpe&ively. 

49  31 


Q_U  E  S  T  I  O  N  LXI. 


If  A,  B  and  C  can,  together ,  finijh  a  Piece  of  Work  in  9 
Days  ;  A,  B  D  together ,  in  10  Dayr  $  A,  C 
D  together ,  /»  1 1  -D^yj  ;  B,  C  D  /«  12  -D*yj  .* 
In  how  long  Time  can  they  all  Four ,  together ,  finijh  It  ? 

Here,  denoting  the  given  Numbers  by  a ,  £,  r,  and  */, 
and  putting  «,  *,  y,  and  z,  for  the  Parts  of  the  whole 
Work  (g)  done  by  Each  in  one  Day,  refpe&ively,  we 
(hall,  by  the  Queftion,  have  thefe  Equations, 

I  ax  u-\-  x-\- y  zzzg 

y;zAh*ufp=Z  > 

cx  «-f-y-t-  %—S 
dx  x y  %  zz:  g 


u  +  x +y  = 


g 

a 

g 


or  ^ 


u  -J-  X  Z  — — - 


u  -f-y  +  z 


’  c 
£ 


)  by  Divifiott. 


x+y  +  zz=.d 
The  Sum  of  all  which,  divided  by  3, 


gives  u-\-  x-\- y-\-  z  =—  x  L^.3  . 

7  a  0  c  a 

Therefore,  feeing  the  Work  done  by  all  the  Four,  in 

one  Day,  is  exprefled  by—  x— -1>— +— the 

3  a  '  b  c  1  d 

whole  Work  g ,  divided  hereby,  will  confequently 

give 
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give  - - — _ _ — 

%J. ’  »  i  .  S  *  g 
a  i““T+T+  d 

9}abcd  . _ 

of  Days  required. 


—  7  i  for  the  Number 
'  2289 


Q_U  E  S  T  I  O  N  LXII. 

71?  find  that  Number  whofe  fiquare  Root  is  to  its  Cube  Root 9 
in  the  Proportion  of  5  to  2. 

Let  *6  exprefs  the  required  Number  : 

Then  x3  will  be  its  fquare  Root, 
and  x2  its  Cube  Root. 

Now  x3 :  xz :  :  5  :  2,  by  the  ^uejiicn. 

Therefore  2x3~$xz,  or  2*=5  ; 

or,  laftly,  x— -$-=^2.5, 

2 

Whence  tf6  —  244.140625=  the  Number  fought. 


Q_U  ESTION  LXIII. 


To  find  two  Numbers  in  the  Proportion  of  3  to  5  ;  where* 
of  the  fifth  Power  of  the  Firf  Jhallbe  to  the  third  Power 
of  the  Second %  as  972  to  125. 

If  3*  be  put  for  the  firft  Number, 
then  5*  will  exprefs  the  Second  j  and  we  fhall 

have  3I)5  :  5*|3 :  :  972  :  125,  by  the  ^y,eJiiony 
that  is,  243# 5  :  125*3  :  :  972:  125: 

Hence  243#s  x  125  =  125*3  x  972 * 

Or,  243^=972. 

Therefore  xr  — -2ZL  —  4  ; 

__  243 

and  *  =  ^4  —  2  :  So  that  6  and  id  are  the  two 
Numbers  that  were  to  be  found. 


QUESTION 
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QUESTION  LXIV. 


To  find  three  Numbers  in  the  Ratio  of  f ,  and  \  % 

whereof  the  Sum  of  all  the  Squares  J hall  be  549. 

Let  at  denote  the  firft  Number, 


then  it  will  be  f  :  ±  :  :  x  : 


2X 


the  fecond  Number. 


And  \  :  | :  x  :  —z=:  the  third  Number. 


Hence  xz  -4 


2X f 


+-r  =549>  b  the  £>ueftion> 

Xi 


that  is,  *l  +  J£~| f  * 


549i 


9  4 

or,  36^+1  6a-1  +  qxz  =  36  X  549  : 
From  which  a*  —  __ 


and  a  =  6x3  =  i8.  Therefore  18,  12  and  9,  are  the 
three  required  Numbers. 

Otherwife , 

By  reducing  the  given  Fractions  f,  4,  and  |,  to  the 
fame  Denomination,  they  will  appear  to  be  in  the  Pro¬ 
portion  of  6,  4  and  3.  If,  therefore,  the  firft  of  the 
three  Numbers  fought  be  denoted  by  6a,  the  other 
Two  will  be  exprefled  by  4*,  and  3#,  refpe&ively  : 
And  fo  we  fhall  have 
36a1  -4 1 6a1  g*1  —  549. 

Whence  a  zz  3,  and  the  Numbers  fought,  as  before • 


Q_U  E  S  T  I  O  N  LXV. 

Having  given  the  Difference  of  two  Numbers  —  6,  and 
their  Preduff  —  720  ;  /a  find  the  Numbers . 

Let  the  Lefier  of  them  be  denoted  by  x ;  then  the 
Greater  will  be  a  +  6 ;  and  fo,  by  the  Queftion, 
we  fhall  have  aa+  6a  —  720. 

But  in  order  to  the  Resolution  of  this  Equation  (in 
which  both  the  firft  and  fecond  Powers  of  x  are  in¬ 
volved) 
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volved)  let  Half  the  Coefficient  of  x ,  which  (in  this 
Cafe)  is  3,  be  taken  and  fquared,  and  let  that  Square  be 
added  to  both  Sides  of  the  Equation  :  By  which  Means 
it  becomes  xx  +  6*+9  =  72c>. 

Whereof  the  former  Part  being  now  a  compleat 
Square,  its  Root  may,  therefore,  be  extra£fed  ;  and 
will  be  exprefled  by  the  faid  Half  Coefficient  joined 
to  x  with  its  proper  Sign ;  that  is,  by  a*  +  3  (as 
may  be  very  eafily  proved  by  the  Multiplication  of 
x  +  3  into  itfelf ;  whence  xx  -f-  6x  -f-  9,  the  very 
Quantity  above,  is  produced).  Hence  it  is  evident, 

that  a--}- 3  =  ^729  =  27  (f°r  equal  Quantities  have 
equal  fquare  Roots) ;  and  confequently  a*  =  24. 

Q_U  E  S  T  I  O  N  LXVI. 

The  Sum  of  two  Numbers  being  given  =  60,  and  the  Sum 
of  their  Squares  =  1872 ;  to  find  the  Numbers . 

Let  x  be  the  Greater  of  them  \ 
then  6o-a*  will  be  the  Lefler  : 

And  therefore  x 2  +  60 — x\*  =  1872  ; 

Or*1 -+3600 — 120#  + a*2  =  1872  : 

Whence  2a*2 — i20x  =—1728, 
and  xz — box  ——864  : 

From  which,  by  compleating  the  Square  (as  in  the  lafi 
Problem)  we  get  at2-—  box  4*  900  (=-864+900)  =36  : 

And  confequently,  by  taking  the  Root,  a*-  30=^/361=6. 
Therefore  a,  =  6+30=36}  and  6o-at  =  24  :  Which 
ane  the  two  Numbers  that  were  to  be  found. 

But,  to  folve  the  Problem  in  a  more  general  manner 
(by  Letters)  put  the  Sum  of  the  two  Numbers  =#,  the 
Sum  of  their  Squares  =£,  and  the  greater  Number  =#, 
as  before . 

Then  will  a,1+  a7,-2ax4- *’*=£,  by  the  Queflion, 
Hence2*x-2  axz=b-a\ 

and  x* — ax  =— — — . 

2  2 

Dz  Where*, 
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a 


Where,  Half  the  Coefficient  of  the  fecondTerm  being— 5 
the  compleated  Square  will  therefore  be 


x1  —  ax  - f 


fir. 


ax  a%  \ b 

4  V  2  2  4  /  2 

Prom  which,  by  extra&ing  the  Root, 


a 


we 


.  a  /baa 

have  x - — .  / - 

2  V  2  4 


And  therefore  *  Which,  if  <7  be 

v'  2  4  2 

taken  =  60,  and  b  =11872,  will  come  out  =36,  the 

very  fame  as  before . 

#  \ 

Q,U  E  S  T  I  O  N  LXVII. 

To  divide  the  Number  60  (a)  into  two  fuch  Parts ,  that 
their  Produff  may  be  864  (b). 

If  #  be  put  for  the  greater  Part,  the  Lefler  will  be  de¬ 
noted  by  a-x ;  and  we  fhall  therefore  have 
ax—xxz=.b ;  by  the  Conditions  of  the  Queftion. 

This  Equation,  by  changing  the  Signs  of  all  its  Terms 
(in  order  to  have  the  higheft  Power  of  *  affirmative)  be^ 
comes  xx  —  ax  =—  b. 

Whence,  by  compleating  the  Square, 

we  have  xx—ax  — —-b-\ - ; 

4  4 

and  confequently  — b » 

2 

Therefore  — b  -| — ^=36,  the  greater  Part ; 

and  24,  theLelTer. 


(QUESTION 
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0 

Q_U  E  S  T  I  O  N  LXVIII. 


To  divide  the  Number  60  (a)  into  two  Parts ,  fo  that  the 
Square  of  the  Greater  multiply  d  by  the  Lejfer ,  added  to 
the  Square  of  the  Lejfer  multiply' d  by  the  Greater ,  may 
amount  to  51840  (b). 

If  x  be  the  greater  Part ;  then  a-x  will  be  the  Letter  5 

and  xz  x  a  —  x  a — x\z xx~b, 

that  is,  axz  —  x3-\ -az  x  —  2 axz  •* 3  =  b, 

or,  azx-axz=zb: 

b 

Whence  xz  —  ax  — - ; 

a 


and 


,  confequently,  - - ^ 


Q_U  E  S  T  I  O  N  LXIX. 

^  %  ■*  —  - 

The  Sum  of  two  Numbers  being  given  —  20  (a),  and 
the  Sum  of  their  Cubes  '=  2240  (b)  ;  to  determine  the 
Numbers, 


Let  x  be  the  Greater  ;  then  a-x  will  be  the  Letter ; 

and  therefore  x3  a — x  3  — 

that  is,  x3 a3  - 'gaz x -\- yjaxz  —  x3^z.b  ; 

Whence  yixz  -3 azx  —  b-a3y 

and  xz-ax—Ji~ _ -L , 

3a  3 

Therefore,  by  compleating  the  Square, 

j>-a*+lL  (=~-.fl  +  £-\=±-OL: 

4  V  3a  3  4/  3a  12 


aa 

12 


And,  by  extrading  the  Root,  a-—  —  — 

JJ___3a 

Confequently  x  —  SL — f-  /  — - —  —  —  _L 

_____  2  V"  3^  12  2 

vX37t-33t=i2- 

D  3 


QUESTION 


I 
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Q_U  E  S  T  I  O  N  LXX. 

To  divide  the  Number  240  (a)  into  two  fuch  Parts ,  that 
the  greater  Part  divided  by  the  Lejfer ,  may  be  to  the 
lejfer  Part  divided  by  the  Greater ,  in  the  Proportion  of 
147  to  7 5  (or  of  m  to  n). 

If  the  greater  Part  be  denoted  by  x,  the  LefTer  will  be 
exprefled  by  a-x  $  and  we  fhall  have 
x  a — x 

— -  :  - ■;  :  m  :  n. 

a-x  x 


Hence  -*^= 

a—x  x 

nxz - - 

and  - 

m  ' 


From  which,  by  extra&ing  the  fquare  Root,  on  both 

Sides,  x.  /  a-x, 

>  V  m 

Whence,  putting  /  , 

v  m  c 

we  have  bxz=.ca-cx ;  and  confequently  x'=z^j^'c  * 

But,  in  the  Cafe  above  propofed,  v/i  being 

/ JLl  x  SS  =  i.,  we  have  bzz 5,  czzi ;  and 

V  H7  V  49  7 

therefore  x  —  7x24°-~  7  x  20  =  140. 

12  ' 


.-v  i 


QUESTION 
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Q_U  E  S  T  I  O  N  LXXI, 


Two  Workmen  A  and  B  were  employ  d^  by  the  Day ,  at 
different  Rates ;  A,  at  the  End  of  a  certain  Number  of 
Days ,  had  96  Shillings  to  receive  ;  but  B,  who  play'd 
6  of  thofe  Days ,  received \  072/y,  54  Shillings  :  Buty 
had  B  worked  the  whole  Time ,  #77^  A  play'd  6  Days , 
They  would  have  received  exactly  alike .  'Tis  propojed  to 
find  the  Number  of  Days  They  were  employ'd  j  and 
what  Each  had  a  Day . 

Let  *  be  the  Number  of  Days  that  A  work'd  5 
then  *-6  will  be  the  Days  that  B  work’d. 

Moreover-2^-,  will  be  the  Wages  of  A  Day ; 


a: 


Therefore.-!^-,  x  x,  is  what  B  would  have  earn'd,  had 


x — 6 

he  work’d  the  whole  Time : 


6  Days.  Which  two  Values  being  equal,  by  the  Queftion, 


»  o6x.v-6 

we  have  - - 


*-6  ^ 


Whence,  by  Redu&ion,  54^*=  96  x  6]% 


4 


From  which  it  is  evident,  that  A  had  4  Shillings,  and  B. 
3  Shillings,  a  Day.( 


P4 


QUESTION  ' 
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Q^U  E  S  T  I  O  N  LXXII. 

From  two  Places ,  at  the  Dijlance  of  320  (a)  Miles , 
Perfons ,  A  B,  at  the  fame  Time,  in  order 

to  meet  each  other ;  A  travelled  8  (b)  Miles  a  Day 
more  than  B  ;  and  the  Number  of  Days  in  which  They 
met  was  equal  to  Half  the  Number  of  Miles  B  went  in 
a  Day  :  ’Tis  required  to  find  how  far  Each  travelled  to 
meet  the  Other . 

Let  be  the  Number  of  Days  in  which  They  met  5 

‘h<^ueffion'{  Tx+b  | wil!  be  the  Number  ofMlles  i  A  } 
went  a  Day. 

Therefore,  by  multiplying  each  of  Thefe  by  ( x)  the 
Number  of  Days,  we  have  2xx ,  and  2 xxfbx,  for 
the  whole  Number  of  Miles  travelled  by  B  and  A^ 
refpe&ively  : 

And  confequently  ^xxfbx—a. 

rr  .  bx  ,  bb  a  ,  bb 

Hence  xx  -\ - +  =• - h  7-  > 

4  64  4  64 

and  x  8. 

^  4  64  8 

Therefore  2xxz=z  128  =  the  Miles  travelled  by  B  $  and 
2xx-\-lx  —  i92  =  Thofe  travelled  by  A. 


Q_U  E  S  T  I  O  N  LXXIII. 

\  '  .  .  y 

'I  I 

Two  Mejfengers ,  A  and  B,  were  difpatched  at  the  fame 
Time ,  to  a  Place ,  at  the  Dijlance  of  90  (a)  Miles  ; 
the  Former  of  whom ,  by  riding  one  Mile  an  Hour 
more  than  the  Other ,  arrived  at  the  End  of  his  Journey 
one  Hour  before  him  ;  The  ffuejlion  isy  to  find  at  what 
Rate  Each  travelled  per  Hour . 


If  x  be  the  Miles  that  A  rode  per  Hour  ; 
then  x—i  will  be  the  Miles  which  B  iodc  per  Hour : 

Moreover-^- will  be  the  Number  of  Hours  in  which  A 

x 


performed 
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performed  the  whole  Journey >  and 


— ^ — will  be  the  Num~ 

i 


ber  of  Hours  wherein  B  performed  it. 

And  therefore — I,  by  the  'ueftion , 

X  x  I 

whence,  by  Reduction  ax—azz.ax—x7'  +  % 3 
Or  xz  —  x  : 

Therefore  xz-x  +  \  a  +  J  (by  compleating  the  Square) 

and  confequently  x  a J  +  §  =  9I+  §  =  io, 


Q.U  ESTION  LXXIV. 

To  find  two  Numbers ,  fo  that  their  Sum  multiply7 d  by  the 
Greater  may  produce  100  times  the  Lejficr ,  and  being 
multiply7 d  by  the  Lejfier  may  produce  64  times  the 
Greater . 

Let  x  denote  the  greater  Number,  and  y  the  Lefler. 
Then  ,*•-}- y  x  y  —  iooy. 

And  x-\-y  x  y  zz  64#. 

Now,  the  firft  of  thefe  Equations  being  multiply’d  by  yy 
and  the  Second  by  xy  they  become  both  alike  s 
and  fo  we  have  iooyz  =  64V1 : 

Therefore,  by  taking  the  fquare  Root,  ioy  =  Sx9 

and  confequently  y  =— — :  Which  Value  fubflituted  in 
the  fecond 

Or,  -2Lx-±=  64. 

5  5 

Whence  x  =  2 5— — =1:44  andy  =35—* 

9  9  9 


Equation,  gives  #  -|- 


4*  \x 


=  64* 


QUESTION 
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Q_U  E  S  T  I  O  N  LXXV. 

To  find  three  Numbers,  Jo  that  their  continual  Produft 
divided ,  by  the  Sum  of  each  two  of  them%  may  quote 
given  Numbers  ;  or  ( which  is  the  fame  Thing )  to  deter¬ 
mine  the  Values  of  x,  y  and  z,  in  the  underwritten 
Equations . 


xyz  xyz 

—4— =200,  — =1503 

*-| -y  x-\-z  J 


xyz  


y+* 


120, 


Firft,  by  Multiplication, 
xyz-=z 200*  + 2oqy=i50Ar-f-  i5oz=ri2oy+  noz: 
Therefore,  by  Reduction, 

$ox  20oy  ==  %$oz  )  or  5  *  +  4.V  =  3z> 

20Qx  +  Soy  =  1202:  J  l  $x  +  2y  =  32. 

Hence  x  -f-  4y  =  5*  +  2y,  and  therefore  yzz  2x : 

Which,  fubftituted  in  32  =  * -J- 47*  gives  32=9*;, 
and  2  =r  %x. 

And,  by  fubftituting  for  both  y  and  2,  in  the  Equation 


^=200, 

x+y 


we  get 


X  X  2X  X  3*  _ 

X-\-2X 


200; 


that  is,  2**  =200. 

Confequently  •*•=:  10,  y  =  20,  and  z  ==  30. 


Q^U  E  S  T  I  O  N  LXXVI. 

To  find  the  Ratio  of  two  Numbers ,  whofe  Reft  angle  is 
equal  to  the  Square  of  their  Difference ♦ 

Let  the  lefTer  Number  be  to  the  Greater  as  1  is  to  x ; 
then,  if  the  faid  leffer  Number  be  denoted  by  z,  the 
Greater  will  be  exprefled  by  xz,  and  we  (hall  have 

xzxz  =  *z—z|2.,  or  xzz~xz  zs—  2xz*-\-z2  (by  th / 
Quejlion ).  Whence,  dividing  the  whole  by  zz3  there  re- 
fults  xz=zx7’—2x  1 : 

Therefore  xz— 3*  =-15 

and  confequently  x  =-3'tV  ^..—  2*  618  &V. 


Hence 
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IJence  the  Ratio  of  any  two  Numbers,  whofe  Re&angle 
is  equal  to  the  Square  of  their  Difference,  muff  be  that 
of  2.  618  &c.  to  Unity. 


QUESTION  LXXVII. 


To  find  two  Numbers ,  whofe  ProduSi  is  300  (a)  ;  fo  thaty 
if  10  (b)  be  added  to  the  Leffery  and  8  (c)  fubtratted 
from  the  Greater ,  the  Product  of  the  Sum  and  Re¬ 
mainder  Jhally  alfy  be  equal  to  300  (a). 

Let  the  greater  Number  be  denoted  by  x?  and  the 
Letter  by  y ; 

then  will  i  -^—T  X  by  the  Problem . 

I  x-c  X  y+b—a  \  f  a 

By  the  laft  of  which  xy  +  bx-cy-cb  —  a. 

From  whence,  the  firffc  Equation  being  fubtra&ed ,  there 

refts  b  x  —  cy  —  cb  —  o: 

Therefore  bx^cb-\-cyy  and  Which  fub- 


ftituted  in  the  firfl  Equation,  gives  — —  z=.a. 


From  which  we  have  yz  -}-  by* 


ab 


And,  by  compleating  the  Square,  yl-\‘by-\- 


TITI  /  ab  bb  -  b 

Whence  y=v/r  — — — ==  15  5 

and  x  ^==-y-)=  20. 


bf_J2_b  M 
4  *  ‘  4 " 

r 


CLU  E  S  T  I  O  N  LXXVIII. 

To  divide  100  into  two  fuch  Partsy  that  their  Different* 
may  be  to  their  Sum ,  as  their  RcElangle  to  the  Dif¬ 
ference  of  their  Squares. 

Let  a  represent  half  the  given  Number,  and  .*•  half 
the  Difference  of  its  two  Parts  j  then,  the  Greater  of 

them 


I 
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them  being  exprefled  by  a~\-x,  and  the  Lefler  by  a — x, 

it  will  be  7.x  :  2 a  :  ;  a-j-x  x  a — x  :  afxf — a—x\z  j 
that  is,  by  Redu£tion,  x  :  a  :  :  aa-xx  :  4 ax : 

Hence  4 axz  =  ax  aa—xx. 

Or  4^2  =  az  —  xz, 

and  therefore  .*•  -—-=22,36. 

So  that,  the  greater  Part  is  72,365  and  the  Lefler  27,64, 

Q_U  E  S  T  I  O  N  LXXIX. 


fo  divide  the  Number  60  (a)  into  two  fuch  Parts ,  that 
their  Product-  may  be  to  the  Sum  of  their  Squares ,  in 
the  Ratio  of  2  ( m)  to  5  (n). 

Let  x  be  the  greater  Part : 

Then,  the  lefler  Part  will  be  a—x, 
the  Product  ax—xx, 

and  the  Sum  of  the  Squares  a2— 2ax~\~  2xz. 

Therefore  m  :  n  :  :  ax—xx  :  az—2ax-\-2xz  5 
and  fo,  2mxz—2?nax-\-jnaz=nax—nx't. 

Whence,  2mxz-\-nxz—2max—nax=—maz ; 


that  is,  2m  fn  X  xz  —  2m-\-n  x  ax  ~-maz  ; 

maa 


Or,  xz-ax  —  . 

2m-\-n 

Therefore  xz  -  ax ( — 

4-  \  A. 

and  a* 


ma2 


4  2  m-\-n 


^ _ aa  n — 2  m 

'  a.  X  n\2m  a 


n-\-2m 


4  =40. 


Q^U  E  S  T  I  O  N  LXXX. 

,  * 

To  find  two  Numbers  whofe  ProduSi  Jhall  be  32 0  (a),  and 
the  Difference  of  their  Cubes  to  the  Cube  of  their  Dif¬ 
ference,  as  61  (n)  is  to  Unity . 

Let  x  be  the  greater  Number,  and  y  the  Lefler  j 
then  will  xy  =  a, 

and  xz-yz :  x—y\3 :  :  n  ;  1,  by  the  ^uejiion  : 


Which 
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Which,  by  actually  involving  x—y , 
becomes  xz—yz  :  x3  —  yPy  -f-  %xyz  —  y*  :  :  «  :  t. 

From  whence  (by  fubtra&ing  the  Confequents  from 
their  Antecedents) 

we  get  3 x2y  —  ^xy7,  :  x 3  —  3 x7y  -f-  3 xyz  — y 2  :  :  n—  1  :  1  ; 

Or,  which  is  the  fame,  3*yx  x-y  :  x—y\3  :  :  n—  1  :  1. 
Whence,  dividing  by  x-y , 

we  have  3 xy  :  .*•— y|2  :  :  1  :  1  ; 

Or,  3^  :~x-y\z :  :  72-1  :  1  (becaufe  xyz=.a). 

From  whence  x—y\2  zr  5 


and  confequently  tf-y  which  put  ~  £  : 

Then  from  the  Equations  xy~a^  and  x—y—b ,  the 

Value  of  *  will  be  found  —  ^  ^  =2o;  and 


That  of  y  =  ^  ^  — -  =16,  Vid .  P^£.  65, 


The  fame  otherwife . 


Let  z  denote  the  Half  Sum,  and  *  the  Half  Difference, 
of  the  two  Numbers;  then  the  Greater  will  be  exprefied 
by  z and  the  Lefler  by  z—x  ;  and  we  fhall  therefore 


have 


z-\-x  x  z — *  ~a  ^ 

z-j-A'j3—  z — *|3  n  x  2^|3  ^ 


the  ^uejiion. 


5  z2— 

that  is  ^z2  2xz  __  v3^ 

The  laft  of  which,  divided  by  2r, 
gives  3Z2  -f-  xz  “  4«.v2. 

From  whence,  the  Treble  of  the  firft  being  deduced, 
we  have  4.x2  =  4 nxz  —  3^  ;  and  confequently  *  = 


2. 


Hence  %  (  zzi^a+xx)  ^ 


therefore  z  +  *  ==  20, 

and 
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and  z-x=z  16 ;  which  are  the  two  Numbers  that  were 
to  be  found. 

Q_U  E  S  T  I  O  N  LXXXI. 

A  Farmer  received  7/.  4  s.  for  a  certain  Quantity  of 
Wheat ,  and  an  equal  Sum ,  a  Price  lefs  by  1  s.  6  d. 

a  Bujhel ,  for  a  Quantity  of  Barley ,  which  exceeded 
That  of  the  Wheat  by  16  Bujhels  :  i&w  many  Bujhels 
were  there  of  Each  ? 


Put  =  the  total  Value  of  each  Sort  of  Grain, 
b  =  the  Difference  of  the  Quantities, 
c  =  the  Difference  of  the  Prices  per  Buihel, 
and  x  =  the  Number  of  Bufhels  of  the  Wheat : 

Then,  dividing  the  whole  Price  by  the  Number  of 

Bufhels,  we  have  —  for  the  Price  of  the  Wheat  per 

Bufhel :  And,  in  the  fame  manner,  the  Price  of  the 

Barley  per  Bufhel  will  appear  to  be — -  . 

i'  «  * 

Therefore— - h  tke 

x  x-\-b 

Whence  (by  Reduction)  ax  ab  —  ax  —  cxz  -f-  hex  ; 
Or,  — =  **  +  i*. 


Confequently x  —— +— ■  —  —  —  32,  the Num- 

ber  of  Bufhels  of  Wheat ;  and  x  -f*  1 6  =  48*  the  Num* 
her  of  Bufhels  of  Barley. 


n 


QUESTION 


with  their  Solutions, 
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Q_U  E  S  T  I  O  N  LXXXII. 

One  bought  two  Pieces  of  Cloth  of  different  Sorts ,  whereof 
the  Finer  coft  4  Shillings  a  Yard  more  than  the  Other  ; 
fo  that ,  for  the  Finejl ,  he  paid  360  Shillings ;  whereas 
the  Coarfejl ,  which  exceeded  the  Finejl  by  10  Yards , 
cojl  him,  only ,  320  Shillings :  How  many  Yards  were 
t  here  of  each  Piece  f 

Let  *  be  the  Number  of  Yards  of  the  Fineft, 
and  y,  the  Number  of  Shillings  a  Yard  : 

Then  will  be  the  Length  of  the  coarfeft  Piece, 

and  y- 4,  its  Price  per  Yard. 

Hence  — fiL  TL — 1  by  the  Quejlion . 

t*-f-ioxy — 4=1320* 

By  the  laft  Equation  xy  -f-  ioy  —  4*=  360 ; 
from  whence  deducting  xy  360, 
we  have  toy  —  4.x  =  o. 

Therefore  icy  =4*3  and — .  Which,  being  fub- 

ftituted  in  the  firft  Equation,  we  get— =36° :  Whence 
x  comes  out  —Jgoo  =  30. 


Q.U  ESTION  LXXXIII. 

/ 

There  are  two  Numbers ,  Rectangle  is  equal  to  the 

Difference  of  their  Squares ;  and  the  Su?n  of  their 
Squares  is  alfo  equal  to  the  Difference  of  their  Cubes  : 
TVhat  are  thofe  Numbers  ? 


Let  *  denote  the  leffer  Number,  and  let  the  Greater  be 
in  Proportion  thereto  as  y  is  to  Unity  ;  Or,  which  is  the 
fame  Thing,  let  the  greater  Number  be  denoted  by  xy. 


Then 


(  xxxy  =xzy*-xz 
X  xzyz-]rxz  —  x3y2- 


Therefore 


y  — y2  —  1 

yz  i  =  xy 3 


x 


x2 1  by  the  Problem . 
\^hy  Divifon . 


From 
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From  the  firft  of  which  Equations,  y1  —y  —  1; 
whence  yz  -  y  4*  |  =  and  confequently  y  — 

A 

But,  by  the  fecond  Equation  x  zz.  JLLlti-  ( be- 

,  yyy-i  -  2y 

caufe  >7  ^y+i)  —  ~“+  — I — t=r-r — -  =— — F 

_  '  2  y  2  V5  +  1  2 

2^  ^  ~  2-(By  multiplying  both  the  Numerator  and  De- 
4  '  _ 

nominator  by  ^  5  —  1)  — AL-S- .  Therefore  the  two' 

2 

Quantities  fought  are  \  $->  and-Li-^-S. 


Q_U  E  S  T  I  O  N  LXXXIV. 

A  fets  out  from  London  for  York ,  at  the  fame  time  as  B 
fets  out  from  York  for  London  and  the  Rate  at  which 

They  travel  is  fuch ,  that  A,  9  Hours  after  their  meet¬ 
ing  arrives  at  York ,  and  B  at  London ,  1 6  Hours 

after.  The  Quejlion  is ,  to  find  in  what  Time  each 
Traveller  performs  his  Journey . 

Let  *  denote  the  Number  of  Hours  travelled  by  Each 
before  the  Time  of  their  Meeting  on  the  Road. 

Then,  fmce  A  (by  the  former  Part  of  the  Quefiion) 
goes  over  the  very  fame  Ground  in  9  (a)  Hours,  as  B 
travelled  in  .v  Hours,  we  have,  therefore,  as  a  :  x  :  :  x  : 

— ,  the  Time  wherein  B  travels  a  Diftance  equal  to 

a 

That  gone  over  by  A,  in  x  Hours :  But  ( by  the  latter 
Part  of  .the  Quejlion)  B,  in  16  (b)  Hours,  travels  the 
very  fame  Diftance  as  A  in  *  Hours.  Hence  it  is  evi- 

dent  that  - and  b  are  equal  to  each  Other: 

a 

And  confequently  that  x  =V  ab  12. 


Therefore 


with  their  Solutions.  49 

Therefore  A  performs  the  Journey  in  21  Hours,  and  B 
ift  28  Hours. 

Q_  U  ESTtON  LXXXV.  « 


7 he  Sum  of  190  /.  was  divided  between  three  Perfcns ; 
whofe  Shares  were,  in  Geometrical  Proportion ,  and  the 
greatejl  of  them  exceeded  the  leaf  by  50/.  IVhat  were 
all  the  fever al  Shares  ? 


If  *  be  put  for  the  Leaft  of  them,  then  the  Greateft 
will  be  •*■-}- 5°  >  the  Sum  of  which  two,  fubtra6ted  from 
(190)  the  Whole,  leaves  140-2.V  for  the  Mean  Share  : 
Therefore,  a-  :  140— 2x  :  :  140-2^  :  *-f-  50,  by  the 
£$uefion. 

And  confequently  140-2  r  ~  x  x  ^-^  50 ; 
that  is,  19600  —  560*4-  \x%  —  xz  -}-  50*. 

Whence  3.V2  — 6io*  =—  19600, 

and  **  -  =-  .»9*22. 

3  .  3 

Hence,  by  compleating  the  Square, 

610*  ,  93025  *96o°  1  93025\—  34^25; 

3  T  9  ^  3  r  9  /  9 


And,  by  extra&ing  the  Root,  at  — 


Therefore  *■  — 


30c;— 185  _ 


=:  40  : 


225—  4-  ll5 

3  ~~  3  ' 

And  fo  the  other  tw# 


Shares  are  60  and  90  Pounds. 


Q^U  E  S  T  I  O  N  LXXXVI. 

Two  Notes ,  One  of  120/.  payable  in  6  Months ,  and  the 
Other  of  150/.  payable  in  9  Months ,  were  dif  counted 
forZl.  ics .  IVhat  Rate  of  Interef  were  They  dif 
counted  at  ? 


Let -v  denote  the  Intereft  of  One  Pound  for  12  Months; 

V 

Then  the  Amount  of  1  /.  in  6  Months  being  i-h— ,  and, 

2 

E  in, 


/ 
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in  9  Months  i  +  -3il  the  Prefent  Value  of  the  Bill,  due 

4 

at  the  End  of  6  Months,  will  therefore  be — ;  and 

i  +  l* 

• '  . 

That  of  the  Bill,  due  at  the  End  of  q  Months,  — • 
5  y  i  +  ix 

Whence,  we  have — — j - 112 — f  =  iio  +  150- 

i+f*  1  i  +  ix  \ 

8.5)  zr  261,5  (h  Qpefiion) 

Which,  by  Reduction,  becomes  120  +  90#  +  150  + 

75*z=  261,5  x  1+ix  +  t*2> _ 

or,  270  +165,-=  ?6«,5x8+io*+3**. 

O 

Therefore2?0* -fell  =  +  I0,  +  8, 

26l,5 

.  ^  .  2l60  ,  I220.V  _  .  .  n 

that  is,  — - j — 1 - —  7x2  +  10*  +  8  : 

261,5  T  261,5 

From  which  we  have 

*+  2-5-9°-  x  ^  —  -1^6 


3x523  3  x  523 

Whence,  by  compleating  the  Square,  &c. 


I295 

1569 


x  is  found  /  !3^  ,  I2Q5 

_ _  1569  1569 

*/T36x  I  s6q-4-  I2QS  X  I2QS  —  1295  ^  1Xr,.  t 

•  . — -■  ■- ■  '.-—0,05093.  Which 

1569 

multiply’d  by  100,  gives  5,093/.  or  /.  5 :  1  :  10*, 
nearly,  for  the  Rate  per'  Cent,  at  which  the  Notes  were 
difcounted. 


*1 


QUESTION 


•with  their  Solutions. 


Q.U  E  S  T  I  O  N  LXXXVII. 

A  and  B  take,  in  Trade ,  5940  per  Annum,  each  ;•  but 

A,  whofe  Profits  are  2  perCent.  greater  than  Thofe  of 

B,  clears  100/.  per  Annum  more  than  B:  What  are 
the  Profits  of  Each,  per  Cent  ?  And  What  do  They 
clear  per  Annum  ? 

Let  c  100  (Pounds ), 

h  (=  5940) the  whole  Sum  taken  by  Each, 
d  (=  ioo/.)r=  the  given  Difference  of  their  Gains, 
*  —  What  A  gains  per  Cent, 
x—a  (znx-2)—  What  B  gains  per  Cent . 

Now,  fince  A,  in  taking  c-\-x  Pounds,  gains  x  Pounds, 

bx 

it  will  be  c4-x  :  x  :  :  b  :  —7—,  the  whole  Gain  of  A  : . 

c+x 

And,  in  the  fame  manner,  we  have, 

c-\-x-a  :  x-a  :  :  b  :  ^  X  x  .a— ,  the  whole  Gain  of  B  : 

•  c-\-x-a 


-r,,  e  bx  b  x x-a 

1  herefore—  - - - - 

cf-x  cf-x-a 


—d,  by  the  hfueflion. 


Hence  abc  —  xz  2 cx  —  ax  —  ac  4-  cc  x  d ; 

-  °^c 

and  confequently  x2-j-2 c-axxz=  — I -ac-cc. 

Whence,  by  compleating  the  Square, 

„  ,  -  .  2 c—a,z  abc  .  aa 

x-  ~p  2  c-a  x  x  -p  . - xr  —7-  -J - ; 

2  1  d  4 


and  therefore  a- 


abc  aa 


2c~a 


10. 


d  '  4  2 

From  which  it  appears  that  A  gained  10  per  Cent,  and 
cleared  540  /.  per  Annum  ;  and  that  B  gained  8  per  Cent. 
and  cleared  440  /.  per  Annum. 


E  2 


QUESTION 


i 


I 


\ 
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QUESTION  LXXXVIII. 

Of  four  Numbers  in  Geometrical  Progreffion ,  there  is 
given  the  Sum  of  the  two  Leaf  =20  (a)  and  the  Sum  of 
the  two  Greatef  =  45  (b)  ;  to  find  the  Numbers . 

Let  *  denote  the  firft  Number,  and  y  the  Third  ; 
then  the  Second  being  exprefled  by  a-x ,  and  the  Fourth 
by  b-y ,  the  four  Terms  of  the  Progrefiion,  placed  in 
Order,  will  ftand  thus,  x,  a-x,  y ,  b-y. 

Whence,  by  the  Nature  of  Proportionals, 

we  have  = 

c.  xy  —  a-x\z. 

From  the  firft  of  which  Equations^  is  —  :  And,  by 

a 

bX%  — , 

fubftituting  in  the  Second,  we  have- - z=.a-x]z  : 

Whence,  by  extracting  the  Square  Root  on  both  Sides, 
/b 

x  ^  /  —  —  a — x  ; 

^  S7 


and  confequently  a*  = 


-=-=  8. 


Therefore  8,  12,  18,  and  27,  are  the  four  Numbers 
that  were  to  be  found. 


Q_U  E  S  T  I  O  N  LXXXIX. 

Tfx  Sum  of  700/.  (a)  was  divided  among  four  Perfons  A, 
B,  C  and  D  ;  whofe  Shares  were  in  Geometrical  Pro - 
greffion ;  and  the  Difference  between  the  Greatef  and 
Leaf},  was  to  the  Difference  between  the  two  Means ,  as 
37  (m)  to  12  (n) :  What  were  all  the  fever a l  Shares  ? 

Let  the  Share  of  A,  or  the  firft  Term  of  the  Progref¬ 
fion,  be  denoted  by  x,  and  let  the  Common  Ratio  be 
That  of  1  to  y : 


Then 


1 
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Then  x  +  xy  +  xy*  +  xy'  =  a  /A, 

From  which  Proportion,  we  have 
y3-  i  ~  y- 1  x  —  •>  or  y2  -f  y  -f-  i  =  (by  dividing  the 

whole  by  y-i). 

Hence  y  is  found 


n 


?n—n  f  mm  -  imn  —  3 


in 


J»S+7 

24 

• )  is  given  zr 

3  v  1+^+^+/ 

27  X  7°Q  — 108.  Therefore  the  four  Shares 


=  -i-:  Whence  .*• 

7  \  I-4-V- 


27+ 36  +  48  +  64 
are  108,  144,  192,  and  256/. 

-  i  ' l-  9 

Q^U  E  S  T  I  O  N  XC. 

Of  four  Numbers  in  Arithmetical  ProgreJJion ,  the  Sum  of 
the  Squares  of  the  two  Means  is  given  —  400  (a)  ;  and 
the  Sum  of  the  Squares  of  the  two  Extremes— 464  (b) : 
To  determine  the  Numbers . 

If  *  be  put  for  the  leffer  Extreme,  and  y  for  the 
Common  Difference ;  then  the  four  Numbers  will  be 
expreffed  by, 

xi  **+y>  x~\~2y>  and  •*,+  3y  refpe&ively  5  and  we 

(hall  therefore  have  \  ~x+^  +  £+fJl2=«  ?  or 

t  x2  +  *  T-  3)r  —b  J 

(  2^+6^  +  5/=f  l  iy  tbe  %uejiim. 

Whence,  by  Subtraction,  4 y2  =:  ^  * 

And  therefore  v  —  =  4* 

2 

But,  by  the  firft  Equation,  +  3*y  — - : 

J*  JL. 

From  which  (looking  upon  y  as  known)  we  get 

x  =  k/±-2L-2L=%. 

V  2  4  2 

e4 


Therefore 
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Therefore  8,  12,  16,  and  20,  are  the  four  Numbers 
that  were  to  be  found. 


Q_U  E  S  T  1  O  N  XCI. 

‘The  Sum  ef  four  Numbers ,  in  Arithmetical  ProgreJJion , 
being  given  =  56  (b)  tf/'  their  Squares  = 

864  (c)  ;  fa  find  the  Numbers. 

If  Half  the  Sum  of  the  two  middle  Numbers  be  de* 
noted  by  a ,  and  Half  their  Difference  by  -v,  the  Num¬ 
bers  thcmfdves  will  be  expreffed  by  a~x ,  and  afx  : 
And  we  fhall  have 

\  a—^x  -{-  a — x  -\-a  -lx  -f-  a  4-  3#  —  b  (by  the  Nature  of 

1 3  the 

Hence,  by  Reduction,  4 a~b^  and.  \aa -j-  20**=:  c. 


b 


Therefore  a  ~  —  —  14  ;  and 
4 


aa 


2. 


c 

20  '  “5 

From  which  the  Numbers  themfelves  are  given ;  bein 
8,  12,  16  and  20. 


§ 


By  the  fame  way  of  proceeding  the  Problem  may  be  re- 
folved,  when  the  Progreflion  is  fuppofed  to  confift  of 
6,  8,  10,  or  any  other,  even.  Number  (n)  of  Terms. 

For  the  Sum  of  the  Squares  of  the  two  Means  (a—x, 

and  a -fix)  being—  2  x  aa  -{-aw  ;  and  the  Sum  of  the 
Squares  of  the  two  Terms  (a- 3*  and  a- j-3#)  next  ad¬ 
jacent  to  them  —  2  X  aa-\-  qxx  ;  alfo  the  Sum  of  the 
Squares  of  the  two  Terms  (a  ~$x  and  a-j-$xj  next  ad¬ 
jacent  to  thefe  lall  being  rr  2  X  aafzjxx,  &c.  &c.  i# 
follows  that 

2  X  aafi-  —f~  2  X  aa  y-qxx  — j—  2  X  aa—j~  2,  ^xx  +  &.=*. 

Which  Equation,  by  putting  1  -j-  9  -j-  25  -f-  36  +  &c. 
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(continued  to---  Terms)  ==/,  is  reduced  to  naa-{-  2 fxx 


c. 


Whence 


•with  their  Solutions. 
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Whence  .v  ;  from  which,  as  a  is  given 

^  2/ 


b 


— — ,  the  Value  of  x  will  alfo  be  known. 
n 

Q.U  ESTION  XCII. 

Having  the  Sum  (b)  and  the  Sum  of  the  Squares  (cj  of 
fve  Numbers ,  in  Arithmetical  Progrejfion  j  to  deter - 
mine  the  Progrejfion. 

Let  a  denote  the  middle  Number,  and  a-  the  Com¬ 
mon  Difference  ;  then  the  five  Terms  of  the  Progrefiion 
will  be,  a-2xy  a- x,  a ,  a-\~x ,  and  a- j-2*  ;  whence  we 
have  $a—by  and  5 aa  ioxx  —  c,  by  the  Conditions  of 

the  Queftion.  From  which  a  is  found  and  *  (= 


/  c  aa  \ _  /  c  bb 

V  To  r)-'/  7T~Jo'  . 

After  the  fame  Manner  the  Problem  may  be  invefligated, 
when  any  odd  Number  (n)  of  Terms  is  propounded: 
For  the  Sum  of  the  Squares  of  the  2  Terms  ( a—x  and 

«+.*•)  adjacent  to  the  middle  One  being  r=  2xaa~j~xx; 
and  That  of  the  two  Terms  (a-2x  and  tf-f"2*)  next 

to  Thefe  —  2  x  aa  4*vr,  &c.  &c.  it  is  evident  there¬ 
fore  that 


aa-\-2xaa-Jrx't-\-  2  x  aaf\*x  2  X  aa-\-qxx  -f-  &c.zrc. 
Which  Equation,  by  putting  1  -f-  4  -f-  9  -f  16  -j- 


(to  — — —Terms'— f  becomes  naa-fifxx  —  c. 


Hence  *  — 
b 


c-naa 


2/ 


;  from  which,  as  a  is  given 


n 


,  all  the  Terms  of  the  Progrefiion  will  be  known. 


By  a  like  Procefs,  if,  infiead  of  the  Sum  of  the  Squares, 
the  Sum  of  the  Cubes,  or  Biquadrates,  be  given,  th* 
Problem  may  be  refolved. 

E  4  QUESTION 
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(iU  E  S  T  I  O  N  XCIII, 

A  Traveller ,  bound  to  a  certain  Place  at  the  Dijlance 
of  140  Miles ,  goes  26  Miles  the  firjl  Day ,  24  Aft*/?# 
the  fecond  Day ,  22  Miles  the  Third ;  tfWd?  fo  on ,  in 
Arithmetical  Progreffton ,  decreaftng  2  Miles  every  Day. 

at  the  End  of  his 


in  now  many  uays  will  ne  arrive 
\ Journey  ? 


Put  3  =  140,  the  whole,  given,  Diftance, 

c  —  26,  the  Part  thereof  travelled  in  the  firft  Day, 
d  —  2,  the  Common  Difference  by  which  each 
Day’s  Journey  decreafes, 

and  x  —  the  Number  of  Days  wherein  the  whole 
Journey  is  perform’d. 

Then,  from  the  Nature  of  the  Queftion,  it  is  evident, 
that,  the  laft  Day’s  Journey  will  fall  fhort  of  the  Firft, 
by  x—i  times  the  Common  Difference  (d)  ;  and  is, 

therefore,  truly  expreffed  by  c  —  x—  1  x  d  : 

But  it  is  well  known  that  the  Sum  of  any  Arithmetical 
Prcgrefiion  is  equal  to  the  Sum  of  the  firft  and  laft  Terms 
multiply’d  by  Half  the  Number  of  the  Terms  : 

Hence  we  have  c-\-c  —  a*—  i  x  d  x —  for  the  whole  Di- 

2 

ftance  travelled  $  and  confequently  this  Equation, 

2 c  -  x-i  x  d  x  ~ 

2 


Whence  2cx-  dxz  +  dx 

j  2  ^  d 

and  xx - - - xx  — 

d 


From  which  lc. __  ~  7, 

^  4 dd  d'  'id  * 


/ 


(QUESTION 


with  their  Solutions. 
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QUESTION  XCIV- 

I 

After  A,  who  travelled  at  the  Rate  of  4  Miles  an  Hour , 
had  been  fet  out  two  Hours  and  three  Quarter s,  B  fet 
out  to  overtake  him ;  and  in  order  thereto  went  4  §  Miles 
the  fir  ft  Houry  4  f  the  Second ,  5  the  Third ;  and  fo  on, 
gaining  a  Quarter  of  a  Mile  every  Hour.  How  many 
Hours  did  it  take  him  to  come  up  with  A  ? 


Put  a  ■=.  4,  the  Diftance  travelled  by  A ,per  Hour . 
b  =.  11,  the  Diftance  gone  by  A  before  B  fet  out, 
c  —  ^{,  the  Miles  travelled  by  B  in  the  firft  Hour, 
d~  \  of  a  Mile,  the  Common  Excefs, 
and  the  Number  of  Hours  required. 

Then  it  is  evident  (from  the  preceding  Problem)  that  the 
Diftance  travelled  by  B,  in  the  laft  Hour,  will  be  f  + 


x 


x-ixd-,  and  that  2c  +  x-i  x  d x—  will  exprefs  the 

it 


whole  Diftance  travelled  by  B  in  ^  Hours. 

But  the  Diftance  of  A  in  .v  Hours  being  ax,  the  whole 
Diftance  travelled  by  A  will  therefore  be  ax-\-b  ;  which 
being  equal  to  That  of  B  (by  the  Queftion)  we  thence 
have. 


2c  4-  x-i  xdx — 

1  2 

and  qonfequently  2 cx  -j -dxz—  dx  =  lax  -|-  %b  5 

,  2c-2a-d  w  2b 

or  xx  -| - 3 - x  x  —  — . 

d  d 

Which  (by  making  2£r  2^~^  =/ )  gives 

d 

x  ==  4-  —  — 8,  the  Number  of  Hours 

^  d  4  2 

required. 


QUESTION 
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QUESTION  XCV. 

To  find  four  Numbers  in  Arithmetical  ProgreJJion ,  which 
being  increafed  by  2,  4,  8  and  15,  rejpe£livelyy  tbe 
Sums  fnail  be  in  Geometrical  ProgreJJion . 

Let  .v  denote  the  leaf!  Number,  and  y  the  Common 
Difference.  Then  the  four  Numbers  will  be  exprelfed 
by  a,  x-\  y,  x-\~iy,  and  A-f  3y  ; 
and  the  four  fpecifted  Sums, 
by  x+2,  xfiy+ 4,  A-|-2y-j-8,  and  A-f  3^15. 
Whence,  by  the  Nature  of  Geometrical  Proportionals, 

we  have  $  EE : X  EEEEL=  _ 

l  x±2\xT3yTl5:=zx^yT4-  x  8, 

,  •  \  yz\\y  =2A  }  by  Multiplication , 

a  1S  l  2yzT"  ioy-f  2—5x  J  andTranfipofition * 

Hence  5y2  -f  2cy  —  4y2  -f  20y  -|-  45 
therefore  y2=4,  and  y  ~  2  : 

From  which  a=6;  and  fo  the  other  three  Numbers  are 
8,  10,  and  12  refpediively : 

For  6,  8,  10  and  12  are  in  Arithmetical  Progrefiion  ; 
and  6T2,  8-j-4>  io-f-8,  and  i2-j~i5»  are  Geome^ 
trical  Progrefiion. 

Q^U  E  S  T  I  O  N  XCVI. 

The  Rectangle  (a)  and  the  Sum  of  the  Cubes  (b)  of  two 
Numbers  being  given ;  to  determine  the  Numbers . 

Let  x  denote  the  greater,  and  y  the  leffer  Number  : 

Then  will  j  ^  |  h  the  .^11  fit  ion. 

Whence,  by  Involution,  A3y3=<23, 
and  a-6  +  2A3y3  -fiy6  —  b'1. 

Let  the  Quadruple  of  the  former  of  thefe  two  Equations 
be  fubtradted  from  the  Latter,  and  you  will  have  a6— 
2  a3  y3  -f  y r>  zz  fa  -  \a  3  j 

and. 
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and,  by  extrafting  the  fquare  Root,  on  both  Sides, 
xz-y2z=LS/b'l-4a'i.  Which,  added  to  the  firft  Equation, 
gives  2x3  —  b  +  j~b*-4a*. 


- — - - 

Confequently  a;  =yX  \  b  -J-f  ^  bb-^  \ 


a 


*  1 


and  -  ‘  ■ 


(=T)=y 


f  b  +  i  bb-^az. 


The  fame  otherwife . 

\ 

Since  xy—a,  we  ljave  y  =:~;  and  therefore 

x 

x3  +-^7-=  by  the  Queftion. 


Whence  a?6  +  * 3  =  £*3, 
or,  *6  —  bx3  ~  —  a3. 

Therefore,  by  compleating  the  Square, 


and,  by  extra&ing  the  Root,  x3-~~^  ^  -42?. 

2  2 

Hence  a?  3  nr  |  f  */  bb—\a3 ; 

and  confequently  the  Values  of  at  and  y,  the  very  fame 
as  before . 

From  either  of  the  above  Solutions,  a  General  Theorem, 
for  the  Refolution  of  Cubic  Equations  (according  to  the 
Manner  of  Cardan)  is  very  eafily  deducible. 

For,  by  putting  %  —  x  4-y,  and  involving  each  Side  to 
the  third  Power,  we  have  zl—xz-{-'$x*y-\-'$xyz-\-y*  = 

x 3  -j->’3  -f-  3  vyx  x-\~y  —  *3  -f-y3  4”  3<*xz  (by  fubftitutiifg  for 
xy  and  x-\-y ,  their  Equals,  #  and  From  whence, 
by  Tranfpofition, 
z3~3 ass  (=Ar3-Fy3)=£. 

But  it  appears,  from  above,  that  %(zzx-{-y) 


« 


\ 
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i  b  +  2  \/  bb-\a> 


+sXi 


b  4“  f  s/  bb—^a}  ,1 


Which  Value,  therefore,  is  the  true  Root  of  the 
Equation  z 3  -  ^az  :=  b. 

From  which  the  Root  of  the  Equation  zl  +  cz  —  b 
(where  the  fecond  Term  is  pofitive)  will  alfo  be  given, 
by  affuming  — 30— and  fubftituting  for  a  :  Whence 
»  is  found 


Q_U  E  S  T  I  O  N  XCVII. 

The  Difference  of  two  Numbers  being  given  =  4,  end  the 
Sum  of  their  Cubes  =  2240  ;  to  determine  the  Numbers ♦ 


Let  x  denote  their  Half  Sum,  and  d  their  Half  Difr 
ference,  then  the  Greater  being  a-  -j-  d%  and  the  Leffer 
x-dy  we  have 

HMI3  +^13  =  2240, 
that  is  2x3  6 d*x  —2240, 


or,  x*  +  3 d*x  —  — 

2 


Put  cz=:%dz  (—12)  and  b  1 1 20) 

•  2 

then  it  will  become  a  3  -f  ex  =  b; 

From  whence  by  the  general  Theorem,  in  the  laft 
Problem,  at  = 


b  .  ffhh  "71 3  — ■---■v  - *3 

^  I+vV3'-^i+v/«3 

2  ±  oh 


=  10. 


Therefore  12  (—x  +  d)  and  8  [pzx^d)  are  the  two 
Numbers  that  were  to  be  found. 


QUESTION 


with  their  Solutions. 


Q_U  E  S  T  I  O  N  XCVIII. 


*Tts  propofed  to  divide  the  Number  24  (2 a)  into  two  finch 
Parts ,  that  the  Difference  of  their  Cubes  may  be 

3584  (2b;. 

Let  a~ \-x  exprefs  the  greater  Part,  and  a -x  the  Lelfer  5 

then  will  a  -\-xY — a — xl3  =  2 b; 
that  is,  6azx  -{-  2x 3  =  2b  ; 
or  x3  ^azx  =*  h. 


Put  f  =  3«»,  and  dfi  ~  f .  /  tL  -Tf  =  r  : 

2  4  3  " 

Then  will  *3  -f-  cx  =  b> 

and  x  =  r  — 2 —  —  4,  by  the  Theorem  in  the  preceding 

fage.  Whence  8  and  16  are  the  two  required  Numbers. 

/ 

Q^U  E  S  T  I  O  N  XCIX. 


The  Sum  of  the  Squares  of  tzvo  Numbers  being  given 
208  (g)  and  the  Sum  of  their  Cubes  =  2240  (h) ;  to 
find  the  Numbers . 


Let  the  greater  Number  be  denoted  by  x-{-y9  and  the 
Lefler  by  x-y  ; 

Then  will  j  f  h  \  by  h‘  %.ue-fllon- 

From  the  firft  of  thefe  Equations,  multiply’d  by  3*,  let 

the  Second  be  fubtra£ted  ; 

whence  you  will  have  4*3  =  zgx  —  h  \ 

and  confequently  x*  — — —  o ; 

4  4 

that  is,  in  Numbers,  at’  —  156  V  -}-  560—0  ; 

The  Roots  of  which  Equation  (by  Se&.  12  of  my 
Treatife  of  Algebra)  will  be  found  to  be  10,  4,  and-14; 
whereof  theFirft,  only,  is  for  our  Purpofe  :  By  Means 

of  which  we  get  y  (*=V  S  —  a*)— 2. 


Therefore 
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Therefore  12  and  8  are  the  two  Numbers  that  fulfil  the 
Conditions  of  the  Problem. 

Note.  The  Refolution  of  the  above  Equation,  by  the 
Theorem  referred  to  in  the  preceding  Examples,  is  im- 
poffible  ;  becaufe  the  fquare  Root  of  a  negative  Quantity 
is  to  be  extra&ed  j  as,  upon  Trial,  will  be  found. 

Q_U  E  S  T  I  O  N  C. 

The  Sum  (a)  and  the  continual  Product  (b )  of  four  Num¬ 
ber  sy  in  Geometrical  ProgrreJJion ,  being  given ;  to  deter¬ 
mine  the  Numbers . 


If  the  lefler  of  the  two  Means  be  reprefented  by  x-y± 
and  the  greater  by  x-\-y,  we  (hall  have 


x — y]z  .  -  ,  t —  .  x-\-yV~  1 

~—L  *  y  -[-  x-yy  -) - XL  =  a  / 

x-\-y  x — y  \by  the  Shtejtion, 

and  x — y\x  x  x-\~y}2—  b  J 

From  the  fecond  of  thefe  Equations,  by  puttings  —\/b, 
and  extrading  the  Square  Root,  there  comes  out 

x — y  x  x-\-y  [—xx- yy)  —  c. 

Moreover,  from  the  Firft,  we  get 

x — yl3  +  2x  x  a- — y  x  x-\-y  +  *-f-y)3  —  ax  x — y  x  x+y  ; 

or,  2cx  +  x— y|3  -f*  *-fy]3  =  oc  (by  Subftitution) 
that  is,  2 cx  +  2*3  -j-  6 xy2  —  ac\ 

or  2 cx  -f*  2 a: 3  -j-  6x  x  xx-c  —  ac  (becaufe  yy  —  xx-c). 
Hence  at3 - =r-—  :  From  which,  by  the  Theorem 

>  2  o 

in  Page  6o?  the  V alue  of  x  may  be  found. 


QUESTION 


with  their  Solutions. 
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Q_U  E  S  T  I  O  N  Cl. 


*Ihe  Compound  Inter  eft  of  a  certain  Sum  of  Money ,  put 
out  for  4  Tears ,  amounted  to  344/.  f-do  5  hut  the  Jfimple 
Inter eji  thereof  for  the;  fame  Tune,  and  at  the  Jafne 
Rate ,  would  have  been  only  320/.  What  vjas  the  Sum 
put  out  ?  and  what  the  Rate  of  Inter ejl  ? 


Put  0=344.  81,  and  b—320 ;  and  let  x  denote  the 
Intereft  of  1  /.  for  one  Year. 

Therefore,  fince  the  Simple  Intereft  of  1  /.  for  4  Years 

is  4#,  and  the  Compound  Intereft  1-j-*]4 —  1,  or  4*  + 
6x2  -f-  4*3 

we  have,  as  4*--}“  6v2-j~4v3  -f-A4:  4 x:\a\b,  by  the 
Nature  of  the  Queftion  : 


and  confequently  6xf4.x~-\-x 


40-4^ 


:0.3I0i  25. 


From  the  Refolution  of  which  Equation,  a*  will  be 
found  =.05  :  Therefore  the  Rate  of  Intereft  was  5  per 
Cent .  and  the  Sum  put  out  1600/. 


Q^U  E  S  T  I  O  N  CII. 


The  Sum  (s)  and  the  Produff  (p )  of  any  two  Numbers  be- 
in?  given ,  to  find  the  Sum  of  the  Squares ,  Cubes ,  Bi- 
quadrates,  &c.  of  th of e  Numbers. 


Let  the  two  Numbers  be  denoted  by  *  andy  : 

Then  xfy  —  s 


and  xy  —  p 


by  the  Queftion. 

The  former  of  which  Equations,  fquared, 
gives  x2  -j—  2.  y  -J-  y2  =  j2  ;  from  whence, 
of  the  Latter  being  fubtraclcd, 
we  get  x2  -j-  y2  =;  s2  —  2 p,  the  fum  of  the  Squares . 

Let  this  Equation  be  multipiy’d  by  xfyzxiSy 
and  there  arifes  x2  xyz  -f  y-*’7'  f  >'3  —  SJ  —  2 sp. 


the  Double  \ 


or,  x*  xy  x  xdfy  -}-  y2  —  s2-2sp, 

that  is,  x2  -j-J pxs  -f- zz  ~2sp  (becaufe  xyzzp,  and 

x+y—s). 

Therefore 
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Therefore  *3-{-y3  —  sl  —  yp,  the  Sum  of  the  Cubes t. 
Again,  multiply  this  laft  Equation  by  x-\-y  —  r, 

and  you  will  have  *44-.vy  x  xz\yz  +  y4=  j4  —  3 

or  x*-Pp  x  sz — 2p  -fy4-— s^-^p  (becaufe  xz-\-yz—  sz~2p). 
Whence  *x,4-f-y4  —  s^—2^szp  -f-  2 />%  the  Sum  of  the  fourth 
Powers . 

Multiply,  again,  by  x-\ -y  =j,  and  you  will  have 
x*-\-xy  X  .v3-f-y3  +  ys  —  s5  —  \s3  p  -f-  2 spz. 


OTy  X5  P  X  S3 - 2SP  +  y5  =  r5 - 4 S3p  +  2 sp1, 

and  therefore  *5-|-y5  ~  ss  —  5 s3p  4-  5 sp*9  the  fum  of  the 
fifth  Powers . 

Erom  whence  the  Law  of  Continuation  is  manifeft ;  be¬ 
ing  fuch,  that  the  Sum  of  the  next  fuperior  Powers  will, 
always ,  be  obtained  by  multiplying  the  Sum  of  the 
Powers  laft  found  by  j,  and  fubtradfing  the  Sum  of  the 
preceding  Ones  drawn  into  />,  from  the  Product. 

So  that  the  Sum  of  the  »th  Powers  (exprefled  in  a  ge¬ 
neral  Manner) 


n  ,  n  ....  n  n—  2,  .  n-'i  n- 4. 2 

or*  -f-y  ,  will  be  —s  — ns  p-fnx — ^  j  7)  — • 

2r 

w-4  n-s  ^-6, 3  ,  n-z.  n- 6  n—n  «-8  4  ^ 
nx — —  x — —  j  p  ~Lnx — ^x - x — Ls  p  -bf. 

2  3  234 

Q_U  E  S  T  I  O  N  CIII. 


The  Sum  ''a)  and  the  Sum  of  the  Squares  (b)  of  four  Num¬ 
bers ,  z/z  Geometrical  Progreffion  being  given ;  to  find 
the  Is! umbers. 


If  *  and  y  be  aftumed  to  reprefent  the  two  middle 
Numbers,  then,  from  the  Nature  of  continued  Pro¬ 
portionals,  the  two  Extremes  will  be  exprefled  by 

—  and  IL:  And  fo 
y  x 

xz  V1 

we  fhal!  have---  -j-*-fy-f-  - — ~ 
y  '  x 

and-fL+*s +  /+-£  =  *. 
y  * 


Put 
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Put  x-\-y  =  #,  and  xy  =  z  : 

j  •  •  sc**  y ^ 

Then,  from  the  firft  Equation, - lZ_—  a-u , 

_2  * 

and  therefore  #3  -(-  ~  xyxa  -u. 

But,  becaufe  the  Sum  of  the  two  Means  (*andjy)  is  ex - 
prelled  by  «,  and  their  Re&angle  by  z,  it  is  evident, 
from  ^ueflion  102,  that  the  Sum  of  their  Squares  (xx-\- 
yr)  will  be  exhibited  by  2z,  and  the  Sum  of  their 
Cubes  (x3  +y3)  by  k3-3«z. 

And,  in  like  manner,  the  Sum  of  the  two  Extremes 
^  — — |_.Z— Jbeing  denoted  by  a-u ,  and  their  Rectangle 

by  z,  the  Sum  of  their  Squares  will  be  —  a-u\  —  2z, 

and  the  Sum  of  their  Cubes  —  a — uV  —  ye— yu  x  z  (but 
this  Laft  is  of  no  Ufe  in  the  prefent  Cafe.) 

Hence,  by  fubftituting  thefe  feveral  Values  in  our 
fecond,  and  laft  Equations, 

we  get  a — u\x  -  2z  -f  «2- 2z  — 
and  u3  —  yuz  ~  z  x  a-u  ; 
that  is,  by  Reduction, 

: lii 2  —  2au  -j-  az-b  —  4Z, 

and  u 3  —  2  it  fa  x  z  : 


And,  confequently,  2u~\~a  X  2uz~2au-'ral-b  zn  \u3 : 
Whence,  by  Redudfion,  uz-\- 


a 


aa-b  .  bb 


1 


and  therefore  u  =i 

2  ‘  j\aa  2 a 

From  which  the  feveral  Values  of  z,  x ,  y  will  alfo  be* 
come  known. 


QUESTION  CIV. 


The  Sum  (a)  and  the  Sum  of  the  Cubes  (c)  cf  four  Nu?n~ 
hers  in  continued  Geometrical  Proportion  being  give?! ; 
to  determine  the  Numbers. 

Let  the  Notation  of  the  preceding  Problem  be  retained  ; 
then  our  two  Equations  (in  this  Cafe) 

F  •  will 


\ 
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will  be  - — —  <7, 
y  x 

and  4-^*3 +^3  + 
yi 

But,  it  appears,  from  Thence ,  that  the  Sum  of  the  Cube* 
(x3~\-yl)  of  the  two  Means  is  =  «3— 3^2;  and  that  the 

Sum  of  the  Cubes  ^  — — f-^L.Jof  the  two  Extremes  is  = 

a — u)2 — 3 a — 3«  x  z  :  Therefore  our  laft  Equation,  by 

fubftituting  thefe  Values,  becomes  ui-\-a-u\3  —  yiz~c* 

And,  it  appears,  by  the  laji  Problem , 

that  the  firft  Equation  (by  a  like  Subftitution) 

is  reduced  to  ul  —  2 u-\-a  x  z. 

Hence,  by  exterminating  2  out  of  the  two  Equations 

thus  derived,  and  putting, - =  d,  we  obtain 

_ _  _  3  3a 

2u-\-a  x  uz-au-\-d—ul ; 

or  u3—auz—  aa-'id  x  u-\-ad  —  0. 

From  whence,  the  Value  of  u  being  found,  the  reft  of 
the  Quantities  will  be  known. 

In  the  fame  Manner  the  Problem  may  be  refolved, 
when  (inftead  of  the  Sum  of  the  Cubes)  the  Sum  of  the 
4th,  5th,  or  6th,  &c.  Powers  is  given. 

For  the  Sum  of  the  nth  Powers  of  the  two  Means  (or 

An4/')  being,  utiiverfally ,  =  un  —  nun~z  z-\~n  x - 

u'^-zzz  &c*  (See  Qiiejllon  102.) 

and  the  Sum  of  the  «th  Powers  of  the  two  Extremes 

~  a-un — n  x  of  iif7,  z-{-n  x  — — «n"4z%  &c,  (fince 

the  Sum  of  the  Roots  is,  here  =  a-u )  ; 

we  therefore  have  un  4  a-u[n—nz  x  2  -\-a— «in~2  + 

—  x  — — 22  x  un~ 4  -f-  —  &c.  —  c  :  Which 

1  2 

u3 

Equation,  by  writing - ■—  inftead  of  its  Equal  z,  be- 

2«4tf 


comes 
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- - .  nuz  - —  nyn—'i 

comes  un  +  xun~*  +  a-u\*-*-\- - ;px 

— 

^ x  «n~4  4-  4  +  &Cm  “  **•  Whence  « 

2«-P32 

may  be  found. 

Q_U  E  S  T  1  O  N  CV. 

Having  given  the  Sum  (a)  and  the  Sum  of  the  Squares 
(b)  of  five  Numbers  in  Geometrical  Progrejfion  5  to  de¬ 
termine  the  Progrejfion . 

Let  z,  andy  denote  the  three  middle  Numbers, 

taken  in  Order :  Then - will  be  the  firft  Number, 

z 


and  £0-  the  Lafl ;  and  we  fhall  have 
z 


4+,  +  2+>  +  lL=fl, 

z  '  J  z 

•~+**+z*+>*+-{r=^ 

Zz  Z2 


by  the  £JueJ}ion% 


Put  uz=zxfy;  then,  from  the  firft  Equation, 

z. 


xx  yy 

-J—  = a-—u ■ 


z 


z 


Therefore,  feeing  the  Sum  of  the  two  Extremes  is  ex - 
preffed  by  a-n-z,  and  their  Re&angle  by  %2  (from  the 
Nature  of  Proportionals)  the  Sum  of  their  Squares  will 

be  a-u-z V  —  2zz  (by  Hjueflion  102J. 

Moreover,  the  Sum  (x-\-y)  of  the  two  Terms  adjacent 
to  the  Middle  one  being  u ,  and  their  Re&angle  =: 
z2,  the  Sum  of  their  Squares  (x7,-\~yz)  will  therefore  be 
zzzux—2zr  (hy  the  Same). 

And  fo,  by  fubftituting  thefe  Values  above, 

we  get  a~u  %P— 2z2  -j-  u2-2zz  fz2az 

uz  —  2zz  - - — 

and - -  — ~  a~u~ z. 


F  2 


z 


Whence 


I 
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Whence  a1  —  'lau  -  2 az  -}-  2 u1  -}-  2 uz  — .  2z2  “  b, 
and  a z  —  u1  —  uz  -f-  z2  —  o. 

The  Double  of  which  laft  Equation,  added  to  the  Former, 

gives  az  —  2 au  —  b  ;  whence  u  — - —  . 

2  2  a 

From  which,  and  the  Equation  az  —  uz  -  wz  -|-  z2  =  o, 
the  value  of  z  will  alfo  become  known. 


Q^U  E  S  T  I  O  N  CVI. 

The  Su?n  (a)  and  the  Sum  of  the  Cubes  (b)  of  five  Num¬ 
bers,  in  continued  Geometrical  Proportion  being  given  j 
to  find  the  Numbers . 


Retaining  the  Notation  of  the  laft  Problem,  and  pro¬ 
ceeding  in  the  fame  Manner,  we  have 

a— a-  zj3 —  3#— 3«~3z  x  z2  -j-  iv—yisP  z3  —  b  j 
and  az  —  ux  —  uz -\-  zz  —  o  ( as  before). 

The  firft  of  which  Equations,  by  Redudlion,  becomes 

a3— 3«2x  u- f-  z  -f-  3<2X  &2-}-2«z  -3«2z~3«z2  -f-  3Z3  —  £  ; 
From  whence  the  other  Equation,  multiply’d  by  3Z,  be¬ 
ing  fubtradted,  there  remains 

a3  —  yP  x  «~}-z  +  3a  x  «z-f-2«z-z2  —  ^  > 

_ _  b  az 

therefore  u 2  -j-  2 uz-z1 — a  x  u  f  z  — 

But,  by  the  fecond  Equation,  uz~j-  2uz-zz  =z  az-}-  uz  ; 

.  .  -  ^ 

whence,  by  Subftitution,  az\-uz  axu - ; 

3  3a  3 

.  b  a2 

that  is,  uz-az— - 

3a  3 

/  .  aa  b  \ 

or  az  -  uz  —d  (by  putting-—  —  -~—d 

3  3 

From  which,  the  fecond  Equation  being  fubtra&ed, 
there  nefults 

u1  —  zz  —  d :  Wherein  let  ^  -Z  j  the  Value  of  u 

(found  from  the  former  Equation)  be  now  fubftituted, 

and 


with  their  Solu 


and  we  (hall  have 


az-d> 

~zz 
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d ,  and  confequently 


z*  —  aa-d  xz2-f-  2 adz  -  dz  —  o. 
Whence  z  will  be  found. 


Q_U  E  S  T  I  O  N  CVII. 

The  Sum  (a),  the  Sum  of  the  Squares  (b),  and  the  Sum  of 
the  Cubes  (c),  of  any  three  Numbers  being  given  j  to 
determine  the  Numbers . 

Let  them  be  denoted  by  x,  y  and  z  ;  then 

we  fhall,  by  Tranfpofition, 
have 

-f~y  —  a-z 
xz+yz  —  h-zz 
x3fy3  —  c-z3. 

Now,  by  multiplying  together  the  two  firft  of  thefe 
Equations, 

we  have  x3  xz  y  x  y3  ~*ry3  —  ab—bz — azz~l~zi. 

And,  by  cubing  of  the  Firft,  we  alfo  have 

-\~^xyz~\-y3  —  a3 —  yizz-\-2>azz—z3  :  Which, 
deduced  from  the  Treble  of  the  Former, 
leaves  2x3  -f-  2 y3  =  3 ab  —a3  - j-  3^?z—  %bz-  6azz-\-  4Z3  : 
And,  This  being  —  ic-2z3  (by  the  third  Equation)  we 
therefore  have 

6z3  —  6azz  3#2— 3b  X  zzzza3  —  ^ab  -f-2 c, 

,  r  ,  ,  ,  ,  an- — b  a3-2ab-\-2c  » 

and  confequently  z3—az-\-~ — - — >x%~ — ■  - - . 

2 1  0 

From  whence  (when  tf,  b  and  c  are  expreffed  in  Num¬ 
bers)  three  different  Roots,  or  Values  of  %,  may  be 
found,  anfwering  all  the  Conditions  of  the  Problem. 

Thus,  for  Example,  let  a—g,  bzz 29,  and  czz  99  5 
then  our  Equation  will  become  z3-gz'tf26z-2Ar—0, 
And  (by  either  of  the  two  firft  Methods  explained 
in  Se£t.  12.  of  my  Treatife  of  Algebra )  the  three 
Roots,  in  this  Cafe,  will  be  found  to  be  2,  3  and  4. 

F  3  '  Which 


Cx+y  +  z  —  a 

lince  s  xz~\-yz-\~zz  —  b 

t  #?-|-y3-Fz3  —  c 
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Which  Numbers  are,  therefore,  the  true  Values  of  jc,  y 
and  z,  in  the  Equations  x-\-yfzzz g,  xz-{-y*fz'lz=.2(), 
and  x'-^y^-fz3—^. 

QUESTION  CVIII. 

*Tbe  Sum  (a),  the  Sum  of  the  Squares  (b),  the  Sum  of  the 
Cubes  (c),  and  the  Sum  of  the  Biquadratcs  (d),  of  any 
four  Numbers  being  given  ;  to  determine  the  Numbers . 

Let  the  four  Numbers  be  denoted  by  x,  y ,  z  and  u  ; 
and  put  A  —  a-u,  B.  b-u 2,  C“<r-«3,  and  D —d-u*. 
From  whence,  by  the  Conditions  of  the  Problem, 

*+y  +  2—  A, 
xz+yZJrzz  —  B, 
x*-\-y3~\~z3  zrz  C, 

t*4-f~y+T  —  D. 

Now,  if  the  Second  of  thefe  Equations,  be  fubtra&ed 
from  the  Square  of  the  Firft, 

\ve  fhall  have  2xy  -j-  2xz  -{-  2yz  '±z  A a-B. 

And  if,  in  like  Manner,  the  fourth  Equation  be  fub- 
tra&ed  from  the  Square  of  the  Second,  we  fhall  have 
2x*  y2-f- 2xz  z2-| -2y2  z2— B2-D. 

Moreover,  if  from  the  Square  of  the  former  of  thefe  laft 
Equations,  the  Double  of  the  Latter  be  deduced,  there 
will  come  out 

8a ,2yz  Syzxz  -j~  8z2A*y  —  A4  —  2  A2B  —  B2  -f-  2D  ; 

or,  8xyz  x  x-f-y  fz  —  A4-2A2B-R2  -|-2D  > 

,  A4-2A2B~B2  4-  2D  ,,  f  , 

whence  xyz  —  - — - — —— - — 1 -  (  becaufe  x  ft-  y 

8A 

ft-  z  A). 

Again,  by  multiplying  the  firft  and,  fifth  Equations, 
into  each  other,  we  get  2x2y4-2xzz-r2yzx-l-2yzz-l-2zzx 
-ft-2z2yft-6.yyz  —  A3 — AB. 

And,  by  multiplying  the  Firft  and  Third  together, 
there  arifes  x'fy3-\-z3~\-x?y-\-xzz-\~y7'xfyzz-{-zzx-\- 
zf  —  AB : 


The 


with  their  S  o  L  u  T  i  o  ns.  7 1 

The  Double  of  which  laft  taken  from  the  Precedent,  leaves 
6xyz— 2a*3— 2yl— 2z3  =  A3— 3AB :  And  this,  added  to, 
2x3-\-  2y*-\-2z'i  =  2C, 
gives  6xyz  z zz  A3 — 3AB4-2C. 

Hence  A^AB^C  ^  ,^-2^-1?-+ ?.D 

6  '  7  1  8A 


(p.  above ) ; 

and  confequently,  by  Redu£lion,  A4-6A2B-f-8AC-f- 
qB2-6D  ==  o. 

In  which  Equation  let  the  feveral  Values  of  A,  B,  C 
and  D,  be  now  fubftitued,  and  then  (dividing  the  Whole 

az—b 

by  24)  we,  at  length,  have  a4  —  au3 - - x«*— 

'  2 


«b+*e  x u  +  *-*£b+Sn±2 ^M_0.  Whofe 
6  24 

four  Roots  (found  by  any  of  the  known  Methods)  an- 
fwer  all  the  Conditions  of  the  Problem. 


Q_U  E  S  T  I  O  N  CIX. 

To  find  the  leaf  Whole  Number ,  which  being  divided  by 
19,  Jh all  produce  a  Remainder  of  7  ;  but ,  being  divid¬ 
ed  by  28,  the  Remainder  Jhall  be  13. 

Let  I9.v-f7  denote  the  Number  fought ;  where  a-, 
according  to  the  Queftion,  muft  be  a  whole  Number. 
And,  by  the  Queftion,  it  likewife  appears  that  19A'-}- 
7—13,  or,  its  Equal,  19^-6,  muft  be  divifible  by  28 
(without  a  Remainder). 

But  it  is  plain  that  2%x  is  divifible  by  28 :  Therefore 
(9A--f  6)  the  Difference  between  iqx-6  and  28a-,  muft 
alfo  be  divifible  by  the  fame  Number  28.  For  it  is  well 
known  that,  whatever  Number,  or  Quantity,  meafures 
the  Whole,  and  one  Part,  of  Another  (without  a  Re¬ 
mainder)  muft  do  the  fame  by  the  remaining  Part. 
Hence  ( 1  8at  -|- 1 2)  the  Double  of  9a,-|-6,  being  divifible 
by  28,  if  the  fame  be  fubtra&ed  from  igx-6  (in  order 
to  get  a’  without  a  Coefficient)  the  Remainder,  at- 18, 
will,  Jlill,  be  divifible  by  the  fame  Number  j  and  con- 

F  4  fequently 
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fequently  #~i8,  either,  equal  to  Nothing,  or  to  Tome 
Multiple  of  28.  But,  as  the  leaft  Value  of  x  is  requir¬ 
ed,  x — 18  muft  be^o:  And  therefore  19# -|-  7  zr 
349,  the  Number  required. 

Q_U  E  S  T  I  O  N  CX. 

A  certain  Perfon  bought  as  many  Geefe  and  Due  fa,  to - 
gether ,  as  coji  him  1 4  Shillings  ;  for  the  Geefe  he  paid 
is.  2d.  a-piece  ;  and  for  the  Ducks  is.  3 d.  What 
Number  had  he  of  Each  ? 

Let  x  denote  the  Number  of  the  Geefe,  and  y  That 
of  the  Ducks  j 

fo  fhall  26x-\-igy  —  168,  by  the  §)uefion\ 

,  ,  r  168-26#  TT  II x-'i 

and  therefore  y  —  - — =  1 1  —  # - ■?. 

*5  lS 

Which  being  a  whole  Number,  by  the  Nature  of  the 
Problem,  1  ix- 3  muft,  therefore,  be  (exactly)  divifible 

by  J5-_ 

But  it  is  plain  that  15#  is  divifible  by  15  ;  and  that  its 
Excefs  above  11#— 3,  which  is  4#-}~3>  muft,  likewife , 
be  divifible  by  the  fame  Number.  Let  the  laft  Expref- 
fion  (4#  I-3)  be  now  multiply ’d  by  3,  and  the  preced¬ 
ing  One  ( 1 1  a* — 3)  fubtra£bed  from  the  Product  (in  order 
to  get  x  without  a  Coefficient)  whence  you  will  have 
#4-12;  which  being,  fill ,  divifible  by  15,  it  is  plain 
that  x  muft  either  be  3,  or  3  added  to  fome  Multiple  of 
15,  as  18,  33,  48,  &c.  But  it  is  apparent,  from  the 
Nature  of  the  Queftion,  that  all  thefe  Numbers,  except 
the  Firft,  are  too  large.  Therefore  there  were  3  Geefe, 
and  6  Ducks;  which  laft  Number  (the  Value  of  #  being 
known)  is  found  dire<ftly  from  the  Equation  exhibited 
above. 


QUESTION 


with  their  Solutions. 
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QU  E  S  T  I  O  N  CXI. 

One  having ,  at  Play ,  won  a  certain  Number  of  Guineas  % 
not  exceeding  ioo,  and  being  ajkcd  to  tell  the  Number , 
made  this  Reply  :  “  If  the  Number  of  Guineas  I  have 
<c  won  be  divided  by  9,  there  will  remain  6  ;  but^  if 
<c  the  Number  of  Shillings  contained  in  them  be  divided 
<c  by  39,  there  will  remain  I'L.”  The  Jhyeftion  is>  to 
find  ivhat  Number  of  Guineas  he  was  a  Winner  of 


Let  9* -(-6  denote  the  Number  fought;  where,  ac¬ 
cording  to  the  Queftion,  a-  muft  be  a  whole  Number. 
Then,  the  Number  of  Shillings  being  1  89^-1-54,  it  alfo 

appears  that  ,  or  its  Equal  4*  -{-  2  + 

n*+i2  39 

■ -  muft  be  a  whole  Number  ;  and  therefore 

iix~\-i2,  divifible  by  13. 

Let  the  Number  12  (for  the  fake  of  Brevity)  be  de¬ 
noted  by  n : 

Then,  13*,  and  nx-\-n  being,  both,  divifible  by  13, 

their  Difference  2 x-n  muft  alfo  be  divifible  by  the  fame 

.  * 

Number ;  and  fo,  likewife,  2 x-n  x  5,  or  its  Equal 
I0x—$n.  And,  if  this  be  fubtra&ed  from  nx-\-n>  the 
Remainder  x-{-6n  (or  x-{-j2)  will,  JIM,  be  divifible  by 

1 3.  But  is  ==  5  4-  ^ ~  •  Therefore  xfn  muft  be 
13  *3  7 

divifible  by  13  ;  and  confequently  the  Value  of  x,  either, 
equal  to  6,  or  6  added  to  fome  Multiple  of  13  :  But, 
as  the  Value  of  qx-\-6  is  not  to  exceed  100  (by  the 
Queftion),  That  of  x  cannot  be  greater  than  6  :  And 
therefore  the  Number  fought  can  be  no  other  than  60. 


QUESTION 
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'  Q_U  E  S  T  I  O  N  CXII. 

A  Perfon ,  in  exchange  for  a  Number  of  Pieces  of  Foreign - 
Gold,  valued  at  17  j.  \d.  each ,  received  a  certain 
Number  of  Guineas  ( not  exceeding  50J  and  one  Shilling 
over .  £  ztw  the  Sum  exchanged  ? 

If  x  be  put  for  the  Number  of  Pieces  of  Foreign- 
Gold,  and  y  for  the  Number  of  Guineas  ;  then  it  is 
plain,  from  the  Queftion,  that  six  ~  6?y-p2  ;  and 
confequently  that 
r==63.H-3  _  r  l  i^+3 
52  52 

Here  11  y+«  (fuppofmg  n~f)  muft  be  divifible  by 
52 ;  as  muft,  alfo,  its  Quintuple  55y+5w*  And,  if 
from  this  laft,  52 y  be  fubtra&ed,  and  the  Remainder  be 
multiply’d  by  4,  we  (hall  have  i2y-j-2on ;  which  muft 
be,  ftill,  divifible  by  the  fame  Number 5  and  fo  like- 

wife  its  Excefs  (y+I9w)  above  11 y-f-tf.  But — — 

=1  -f-  — ;  therefore  y-\- 5  is,  either,  equal  to  52,  or 

to  fome  Multiple  of  it;  and  confequently  y  equal, 
either,  to  47,  99,  151,  &c. 

But,  as  the  Value  of  y,  by  the  Queftion,  is  not  greater 
than  50,  all  the  Numbers,  after  the  Firft,  are  too  large. 
Hence  it  appears  that  he  received  47  Guineas  and  one 
Shilling,  in  exchange  for  57  Foreign-Pieces ;  amount¬ 
ing  in  Value  to  49  l.  8  s.  Sterling. 

Q,U  E  S  T  I  O  N  CXril. 

One  laid  out  10  Shillmgs  in  20  Fowls ,  of  three  different 
Sorts ,  viz.  Chickens ,  Pigeons ,  and  Larks :  The 
Chickens  cojl  him  12  d,  the  Pigeons  4  d,  and  the  Larks 
I  dy  a-piece .  How  many  had  he  of  Each  ? 

Let  a- ,  y ,  and  z  denote  the  Numbers  of  the  three 
feveral  Sorts,  refpe&ively. 


Then 


with  their  Solutions, 


Then  will  \  Zt  20  \by  the  ghtcjlion. 

I  i2x-\-\y-\-z^i 120  S  ^ 

And,  by  fubtra&ing  the  former  of  thefe  Equations  from 

the  Latter,  we  have  i  i#-f-3y:=:iOO  ;  and  therefore  y  — 

IOO-II*  2X-1  XT  i  • 

■ - —  33  ~  3* - .  Now,  2x—  i  being  di- 

3  3  _ 

vifible  by  3,  it  is  evident  that  (x-{- 1 )  its  Difference  from 

3*,  muft  likewife  be  divifible  by  3 ;  and,  confequently, 
that  x  muft  either  be  2,  or  2  increafed  by  fome  Mul¬ 
tiple  of  3  ;  that  is,  equal  to  fome  one  of  the  Numbers  2, 
5,  8,  ii,  14.  &c.  But,  as  neither  y  nor  z  can  be  greater 
than  18  (by  the  Queftion)  fo  all  the  foregoing  Numbers, 
below  and  above  8,  give  the  Value  of  y  either  too  great, 
or  too  fmall. 

But,  when  *  is  taken  8,  y  will  come  out  —  4,  and  z 
=  8  >  which  are  the  three  Numbers  required. 


QU  E  S  T  I  O  N  CXIV. 

To  determine  all  the  feveral  IVays  whereby  it  is  pojjible  to 
pay  60  /.  in  Guineas  and  Moidores ,  only . 

Let  x  denote  the  Number  of  Guineas,  and  y  the 
Number  of  Moidores. 

Then  will  21*4-27^  =:  1200 ;  or  7*4-97  =  400,  by 

the  Problem ;  and  therefore  *  =  —  57  —  y  — 

7 

— - .  From  whence,  as  27-1  is  divifible  by  7,  it  will 

appear,  by  Reafoning  as  in  the  preceding  Examples, 
that  74-3  muft  be  divifible  by  the  fame  Number;  and 
confequently  that  the  leaft  Value  of  7  is  =  4, 

and  the  correfponding  Value  of  *  W52. 

7  J 

Now,  having  found  the  leaft  Value  of  7,  and  the 
Greateft  of  *,  the  reft  of  the  Anfwers  will  be  obtained, 
by  adding  7  ( the  Coefficient  of  *  in  the  above  Equation) 
to  the  laft  Value  of  7,  continually ,  and  fubtra&ing  9 
(the  Coefficient  of  y)  from  the  laft  Value  of  *.  By 

means 
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means  of  which  we  get  the  6  following  Solutions,  being 
all  the  Queftion  admits  of. 

viz  ^X~ 52’  34>  25,  16,  or,  7, 

t  y—  4,  11,  18,  25,  32,  or,  39. 


Q^U  E  S  T  I  O  N  CXV. 

find  how  many  Ways  it  is  pojfible  to  pay  20  /.  in  Half- 
Guineas ,  Half-Crowns ,  without  any  other  Sort 

of  Coin . 

If  x  be  the  Number  of  Half-Guineas,  and  7  the  Num¬ 
ber  of  Half-Crowns  ;  we  (hall  have  21  x  -f •  $y  —  800  ; 

and  therefore  y  —  ■  ■ 2 1  x  —  1 60-4* — — .  Whence  it 

T  .  5  .  .5 

appears,  at  one  View,  that  x  is  a  Multiple  of  5  :  And 
therefore,  the  feveral,  required,  Values  of  *  being  ex- 
prefled  by  5,  10,  15,  20,  25,  30  and  35,  Thofe  ofy, 
anfwering  thereto,  muft  be  139,  118,  97,  76,  55, 
34,  and  13,  refpe£tively.  So  that  there  are  7  Anfwers 
in  this  Cafe. 


Q_U  E  S  T  I  O  N  CXVI. 


A  Reckoning  of  20  Shillings  was  fpent  by  a  Company  of 
twenty  Perfons ,  confifiing  of  Officers^  Sailors ,  and 
Marines  :  Each  Officer  paid  2  s.  6  d.  each  Sailor  12  d. 
and  each  Marine  8  d.  How  many  Perfons  were  there 
of  each  Denomination. 


Let  the  three  required  Numbers  be  denoted  by  x,  y, 
and  z3  refpe£tively ; 

fo  (hall  -j  x  ~  7“  20  ]  by  the  fhueftion. 

L  30x4-12 y  -j-  8z  —  240  \  J  J 

And,  by  fubtra&ing  8  times  the  former  of  thefe 

Equations  from  the  Latter,  we  fliall  have  22x-|~4y—  80; 

I  T  X 

and  therefore  y  —  20  —  — -J— . 

2 

But,  y  being  a  whole  Number,  it  is  plain  that  x  mull: 
be  an  even  Number,  and,  alfo,  lefs  than  4  ;  and  there¬ 
fore 
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fore  can  be  no  other  than  2.  From  whence  y  is  given 
—  9,  and  z  —  9,  likewife. 

Q_U  ESTION  CXVII. 

To  find  a  Number ,  which ,  divided  by  28,  Jhall 

produce  a  Remainder  of  19  ;  but ,  being  divided  by  19, 
the  Remainder  Jhall  be  15  ;  and,  being  divided  by  15, 
the  Remainder  Jhall  be  1 1 . 

Let  28*  +  19  denote  the  Number  fought;  where  x9 
according  to  the  firffc  Condition  of  the  Problem,  muft 
be  a  whole  Number.  And,  by  the  fecond  Condition, 
it  appears  that  28 x 19—  15  muft  be  divifible  by  19. 
Whence  (following  the  Method  obferved  in  the  preced¬ 
ing  Examples)  the  leaft  Value  of  a*  is  found  —  8  :  And 
fo  1 924^  (where  z  denotes  any  whole  Number)  is  a 
general  Value  of  x,  anfwering  the  two  firft  Conditions. 

Let  this  be,  therefore,  fubftituted  inftead  of  #  ;  and 
our  aftumed  Exprefiion  will  become  5322s  +  243. 
From  whence,  as  5322  4  232  is  divifible  by  15,  the 
leaft  Value  of  2s  will  be  found  —  14.  And  i$n  4-  14, 
will  be  a  general  Value  of  2s:  Which,  fubftituted  in 
5322  +  243?  giv-es  7980^47691  for  a  general  An- 
fwer  to  the  Problem ;  where  n  may  be,  either,  equal  to 
Nothing,  or  any  whole  Number. 

Q_U  ESTION  CXVIII. 

To  find  three  Numbers ,  in  the  proportion  of  5,  7,  and  9; 
which  being ,  fever ally ,  divided  by  11,  13,  and  15, 
there  fall  retrain  1,  2,  and  3,  reflectively. 

Let  5X,  7.V,  and  gx  denote  the  three  required  Num¬ 
bers  :  Then,  by  the  Queftion,  5^-1,  7^—2,  and  9^-3, 
rruift  be,  refpe&ively,  divifible  by  11,  13,  and  15 
(without  leaving  any  Remainder). 

But  it  will  be  found  (by  proceeding  as  in  the  foregoing 
Problems)  that  the  leaft  Value  of  *,  to  anfwer  the  firft 
©f  thefe  Conditions,  will  be  —  9:  Therefore  94112 

(where 


1 


78  Algebraical  Problems, 

(where  z  denotes  any  whole  NumberX-will  be  a  general 
Value  of  x9  anfwering  the  fame  Condition. 

Let  this  Value  be,  therefore,  fubftituted  in  the  fecond 
and  third  Expreflions ;  which,  by  that  means,  will  be¬ 
come  772+61,  and  992+78.  And  then,  as ,  the 
former  of  Thefe  is  divifible  by  13,  the  leaft  Value  of  z, 
to  fulfil  this  Condition,  will  (alfo)  be  found  —  9. 

Let,  therefore,  9+ 13a  (which  is  a  general  Value 
for  z)  be  fubftituted  in  the  laft  of  the  three  Expreflions, 

and  it  will  become  13^+9x99+78.  Which  being 

divifible  by  15,  the  j  Part  thereof,  or  13^+9  x  33+26 
(—  429a  +  323)  muft,  confequently,  be  divifible  by  5. 
Whence  u  is  found  =  3 :  Therefore  z  (=13^-!  9)  =: 
48,  and  x  (=112+9)  =  537.  So  that  the  three  leaft 
Numbers,  anfwering  the  Conditions  of  the  Problem, 
are  2685,  .3759,  and  4833. 


QU  E  S  T  I  O  N  CXIX. 


SiJppofing  6x+  7y  +  8z=  100  ;  ’its  required  to  find  all 
the  pofftble  Values  of  x,  y,  and  z,  in  whole  Numbers , 

In  Queftions  of  this  Kind,  where  you  have  three,  or 
more,  indeterminate  Quantities,  and  but  one  Equation, 
it  will  be  proper,  firft  of  all,  to  find  the  Limits  of  thofe 

Quantities.  Thus,  becaufe  a-  = 1 00—^  ■  -ft?  =  1 6-7-2— 


y  +  22-4 
6 


,  it  appears  that  x  cannot  be  greater  than  14. 


And,  in  the  fame  Manner,  it  will  appear  that  y  cannot 
be  greater  than  12  ;  nor  2,  greater  than  10. 

Now,  as  x  is  a  whole  Number,  by  the  Queftion, 
y+22— 4  muft  therefore  be  divifible  by  6  :  And,  as  2Z 
and  4  arc  even  Numbers,  it  is  plain  that  y  muft  alfo  be 
an  even  Number  (fince  an  odd  One  cannot  be  divided 
by  an  even  One,  without  a  Remainder).  Let  y  be, 
therefore,  firft  expounded  by  the  leaft  even  Number 
(2), "  fo  will  y +22-4  become  =  22-2  ;  which,  being 
divifible  by  6,  it  is  plain  that  2-1  (the  Half  Thereof )  is 

divifible 
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divifible  by  3;  and  confequently  that  the  feveral  Values 
of  z  (when  y  — 2)  are  1,  4,  7,  and  10. 

Whence  the  correfponding  Values  of  x ,  by  fubftituting 
above,  will  appear  to  be  13,  9,  5,  and  1. 

Lety  be  now  taken  —  4;  then  y-}~2z— 4  will  be  zn 
2z:  And  fo,  z,  being  divifible  by  3,  the  feveral  Values 
of  z,  in  this  Gafe,  will  be  3,  6,  9.  But  the  two  firft 
ofThefe,  only,  are  for  our  Purpofe,  the  Laft  giving 

a*  zr:  o. 

By  taking  y  =  6,  and  proceding  in  the  fame  Manner, 
we  fhall  get  two  other  Anfwers ;  wherein  z  will  be  2, 
and  5  ;  and  7  and  3.  And,  by  taking  yz=8,  two 
more  Anfwers  will  be  found  (making  io*in  the  whole) 
which  are  all  the  Queftion  admits  of ;  and  which,  being 
placed  in  Order,  will  ftand  as  below. 


J\ 

2 

X 

2 

1 .4.7. 10 

13.9.5. 1 

4 

3.6. 

8.4. 

6 

2.5* 

7-3- 

8 

1 .4. 

6.2. 

Q_U  E  S  T  I  O  N  CXX. 

If  17X+  79y  4*  2iz  —  400  ;  ’tis  propofed  to  find  all 
the  pojfible  Values  of  x,  y  and  z,  in  whole  pofitive 
Numbers . 

When  the  Coefficients  of  the  indeterminate  Quan¬ 
tities  *,  y  and  z  are  nearly  equal,  as  in  this  Example, 
it  will  be  convenient  to  fubftitute  for  the  Sum  of  thofe 
Quantities:  Thus,  let x~\-y-\-z  —m 5  then,  by  fubftracft- 
ing  17  times  this  laft  Equation  from  the  preceding  One, 
we  fhall  have  2y-\-^z~  400  -  17 m;  and  by  fubftradl- 
ing  the  given  Equation  from  2 1  times  the  aftiimed  One 
a*-}- y+z  —  27z,  there  will  remain  4A*-f-2y  ~  21m  —  400. 
Therefore,  fince  y  and  z  can  have  no  Values  lefs  than 
Unity,  it  is  plain,  from  the  firft  of  thefe  two  Equations, 
that  400-1 70*  cannot  be  lefs  than  6,  and  therefore  w 

not 
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not  greater  than-122 — or  23 :  Alfo,  becaufe  by  the 

fecond  of  the  two  laft  Equations,  21W-400  cannot  be 
lefs  than  6,  it  is  obvious  that  m  cannot  be  lefs  than 

122 - .  or  19  :  Therefore  19  and  23  are  the  Limits  of 


21 


m  in  this  Cafe.  Thefe  being  determined,  let  4#  be 
tranfpofed  in  the  laft  Equation,  and  the  Whole  divided 

by  2,  and  we  (hall  have  y  =  10m-  200-  2x-\- 


m 


which  being  a  whole  Number,  by  the  Queftion,  it  is 

evident  that—  muft  likewife  be  a  whole  Number,  and 
2 

confequently  m  equal  to  an  even  Number ;  which,  as 
the  Limits  of  m  are  19  and  23,  can  only  be  20,  or  22  : 

Let,  therefore,  m  be  firft  taken  =220,  theny  will  become 
=  10-2#  and  z(m-x-y)  io-h*  5  wherein  x  being  taken 
equal  to  1,  2,  3  and  4  fucceflively,  we  (hall  have  y 
equal  to  8,  6,  4,  2  and  z  equal  to  11,  12,  13,  14  re- 
(pe&ively ;  which  are  four  of  the  Anfwers  required. 

Again,  let  in  be  takenr=22,  then  willy— 31 -2*  and  zrr 
^-9,  in  which  let  at  be  taken  equal  to  10,  ii,  12,  13, 
14  and  15  fucceflively,  and  y  will  come  out  =  1 1 ,  9, 
7,  5,  3  and  1,  and  z=i,  2,  3,  4,  5  and  6,  refpec- 
tively.  Therefore  we  have  the  ten  following  Anfwers 
in  whole  Numbers ;  which  are  all  the  Queftion  admits 
of* 


15 

1 

6. 


X  “  I 

2 

3 

4 

10 

II 

12 

*3 

14 

y  ~  8 

6 

4 

2 

1 1 

9 

7 

5 

0 

0 

I! 

12 

*3 

14 

• 

I 

2 

3 

4 

5 

QUESTION 


•with  their  Solutions. 
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Q_U  E  S  T  I  O  N  CXXI. 

To  find  two  IVhole  Numbers ,  whereof  the  Difference  of  the 

Squares  Jhall  be  y  y. 

r  1  ’  , 

Let  the  lefler  Number  be  x,  and  the  Greater  x-\-m  j 
and  fuppofe  the  Number  given  to  be  reprefented  by  a  : 

So  {hall  x-\~mY — xr  —  a , 

that  , is,  2mx-\~mm  —  a 

.  ,  .  a-mfn  a  m 

and  Confequently  *  m — - - 

^  '  2m  2m  2 

Whence  we  alfo  have  x-j-m —  f  —  -a~r-mm  ). 

2m  2  \  2m  / 

But,  in  the  Cafe  propofed,  a  being  —  77, 

x  becomes  —J22 — .  .m  ,  and  x-\-m  — r a — ! — : 

2m  2  2  m  2 

Which  being  both  required  in  Whole  Numbers,  it  is 

evident,  in  the  firft  Place,  that  m  muft  be  fome 

Divifor  of  77;  and,  fecondly,  that -22.  muft  be  greater 

than  m  ;  and  confequently  m  lefs  than  9. 

But  the  Divifors  of  77,  below  9,  are  1  and  7  :  Which 
Numbers  being  wrote  fuccefiively,  in  the  Room  of  m, 
the  correfponding  Values  of  *  will  come  out  33,  and  2; 
and  Thofe  of  x-\-m,  34  and  9,  refpe&ively  :  So  that 
the  Queftion,  in  the  Cafe  propofed,  admits  of  two 
Anfwers,  and  no  more. 

Q_U  E  S  T  I  O  N  CXXII. 

To  find  a  Whole  Number,  to  which  12  and  25  being,  fuc- 
cejjivcly ,  added ,  both  the  Sums  Jhall  be  fquare  Numbers . 

Let  2;  be  the  Number  fought ;  and  aflume  x  and 
x\m  for  the  Roots  of  the  two  Squares  : 

Then  will  S  z  ^ 1 2  2 — j  by  the  QueJlion% 

l  x-t-25  =zx+m\  )  ^ 

'  .  G  '  Hence, 
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Hence,  by  fubtra&ing  the  former  Equation  from  the 
Latter,  we  get  13  — xzz=2 mx\mm> 

and  therefore  x  ~  ^ —  — .  Which  being  a  Whole 

2?n  2 

Number,  m  muft  be  —  1 :  Whence  xzzl6  >  and  z 
(=zxz- 12)  =  24. 

Q_U  E  S  T  I  O  N  CXXIII. 

71?  find  three  Whole  Numbers ,  A  that  the  Sum  of  the 
Squares  of  the  Iwo  leaft  of  them  Jhall  be  equal  to  the 
Square  of  the  Greatejl, 


It  appears,  from  the  Problem  preceding  the  Laft, 

that  the  Difference  of  the  Squares  of  and  - — 

.2  m  2?n 


is,  univerfally,  equal  to  tf, 

or  aimn[ _ aSJN^L  —a ;  let  a  and  m  be  what  they  will* 

4  mm  \mm 


Whence  it  is  alfo  plain  that  afi-mm*  =  a-mm\  +  \mma. 

But,  fince  it  is  required  to  have  4 mma,  a  fquare  Num¬ 
ber  (as  well  as  the  other  T wo)  a  muft  therefore  be  a 
fquare  Number  ;  Jet  it  be  »%  and  then  our  Equation 

will  become  nnfimmV  —  nn-mnf  —  2  mm'.  Where  m 
and  n  may  be  expounded  by  any  Whole  Numbers,  at 
Pleafure. 


Thus,  for  Example,  fuppofe  mz ri,  and  n~2',  then 
there  will  come  out  5^  =  3"  — 1~  4^»  Again,  let  2, 
and«z=3,  and  there  arifes  -j-TJ**  Laftly* 

let  m—  2  and  n—$,  and  you  will  get  29I  '=21'  -j-20,"* 


QUESTION 


with  their  Solutions. 
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Q_U  ESTION  CXXIV. 


To  find  three  JVhole  Numbers ,  whofe  Squares  are  in 
Arithmetical  Progreffion . 


Let  x,  .v-f -ms  and  xfn  exprefs  three  fuch  Numbers. 

So  /hall  x-\-?nY  —  xx  —  x-\-n]z  —  x-\-m^y  by  the  Nature 
of  the  Problem. 

Whence  *  is  found  — 

4772-272 

h 

Put  \m-m  =  ay  and  rf-iiri1  —  b ;  then  *  —  — x\m 

a 

and  x-{-nz=L  arL.  Now,  as  the  Squares 
a  a. 

of  A,  ,  and  are  in  Arithmetical  Progref- 

a  a  a 

lion,  it  is  plain  that  the  Squares  of  their  Equimultiples , 
by  b-\-amy  and  bfany  muft  be  in  Arithmetical  Progref- 
fion  likewife.  From  whence,  by  expounding  ?n  and  n 
by  different  Whole  Numbers,  fucceflively,  as  many  par¬ 
ticular  Anfwers  as  you  pleafe,  may  be  exhibited. 

Thus,  if  772  2  and  72  — 3;  then,  a  being  =  2,  and 

bzziy  there  will  come  out  1,  5,  and  7.  But,  if  m— 3 
and  72=5,  we  &et  7>  *3>  an^  ln  for  another 
Anfwer. 


Q^U  ESTION  CXXV. 

.  *  s 

Suppofing  z2faz-|-b  ( where  a  and  b  denote  given 
Numbers)  ;  3tis  required  to  find  the  Values  of  x  and  is 
{if  pojfible)  in  JVhole  Numbers. 


Put  x=zz±m  ;  then,  by  Subftitution, 

zz-\-  2tn  z  -f -7nz  —  zz~j~a  z-\ -b  ; 

*  9 

and  confequently  z  — - .  Which  Value,  by  putting 

a-'im 

=1-? )  becomes  =:  it  - 

2  1  4  n 

(1  a  I  of 


m-2  m : 


;«( 


or  ?n 
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l  of  —  -  2a  4- n,  From  which  it  is  evident,  that, 

n  ' 

to  have  the  Value  of  2;  a  Whole  Number,  n  muft  be 
fome  Divifor  of  the  given  Quantity  aa-Afiy  and  there¬ 
fore  even  or  odd,  according  as  a  is  even  or  odd. 

Example .  Suppofe  the  given  Equation  to  become 
%*+20Zj  in  which  Cafe,  a  being  — 20,  and  bz=:o>  we 

have  z—\  x-~ — 4o-f«  ;  where  the,  even,  Divifors 

TL 

of  400  are  2,  4,  8,  10,  &c.  whereof  the  Second  will 
be  found  to  anfwer  ;  the  Values  of  z  and  x  coming  out 
16  and  24,  refpedtively. 

Again,  fuppofe  the  given  Equation  to  become  *2= 

z24- 1 00  1 000 :  Here  we  have  z  z=  \  x— ~ —200  4 n ; 

n 

And  the,  even,  Divifors  of  6000,  are  2,  4,  6,  8,  10, 
12,  16,  20,  &c.  Whereof  4,  12,  and  20  fucceed  : 
By  the  laft  of  Thefe  (which  determines  the  leaft  Values) 
%  comes  out  =  30,  and  a*  —  70. 

Q_U  E  S  T  I  O  N  CXXVI. 

Having  given  x2-  a2  -j-  bz-f  cz2,  wherein  a,  b  and  c 
denote  given  Whole  Numbers  ;  9 tis  required  to  find  the 
Values  of  x  and  z  (if  pojjible)  in  Whole  Numbers . 

Put  x—a-\-?nz  ;  then  will  a-\-mz\z—az  -\~b  ; 

that  is,  a‘z~\~2a  mz-f-  m^z7-  —  az  4  bz-^cz1*' 

b-zam 

Whence  z  comes  out  — - : 

mm~c 

Where  it  is  evident,  that,  in  order  to  have  a  pofitive 
Value,  m  muft  be  taken  equal  to  fome  Number  between 

*/  c9  and  — 1 — . 
v  2  a 

Thus,  fuppofing  the  given  Equation  to  become  x*  m 
64~I2z+5z2>  the  Value  of  m9  in  this  Cafe,  muft  bq 

left 
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_  12 

lefs  than  ^5,  and  greater  than  — •  Let  it  there¬ 
fore  be  expounded  by  2  and  r ,  fucceffively  j 

Whence  ~ T  2~1—— ?  or  its  Equal  (  which  is, 

mm- 5  §—mm 

here,  the  Value  of  z )  will  come  out  44  and  7  refpe&ively; 

and  the  correfpond  ng  Values  of  *  (a-\-mz)  are  found  to 

be  96  and  15  :  Both  which  anfwer  the  Conditions  of  the 

Problem. 


G  3  PART 


A  Variety  of  Geometrical  Problems, 
with  their  Solutj on  s  :  Both  by  Algebra, 
and  hi  depen  dent  of  it ,  from  Principles  purely 
Geometrical. 


ALTHOUGH  the  chief  Defign  of  this  Work 
confifts  not  in  Exhibiting  a  Number  of  Rules 
and  Precepts,  but  in  illuftrating  Thofe  already 
known,  on  the  Subjedf,  by  a  Set  of  proper  and  ufeful 
Examples ;  yet,  as  we  are  in  this  Part  to  treat  of 
the  Inveftigation  of  Geometrical  Problems,  without 
calling  in  the  Affiftance  of  Algebra  (a  Thing  hitherto 
very  little  confidered  by  Authors,  tho’  in  itfelf  very  in¬ 
terfiling  and  ufeful)  it  may  not  be  amifs,  before  we 
proceed  to  particular  Cafes,  to  premife  a  few  General 
Gbfervations  on  this  Head. 

i  .  In  the  fir  ft  Place,  then,  it  is  neceilary,  in  order 
to  the  ConllrinStion  of  Geometrical  Problems,  that 
fomething  of  the  Geometric  Loci  ihould  be  underftood— 
Thus  it  will  be  of  L'fe  to  know  that  the  Place  of  the 
Vertex  of  a  Triangle,  whereof  the  Bafe  and  oppofite 
Angle  are  fuppofed  to  remain  conftant,  while  the  other 
Sides  and  Angles  vary,  will  always  fall  in  the  Circum-, 
ference  of  a  Circle  palling  thro*  the  Extremities  of  the 
Bafe.  This  appears  from  Euclid  B.  3.  Prop .  21  ;  an4 
is  alfo  demonftrated  in  my  Elements  of  plane  Geometry , 
B.  3,  Prop.  q. 

It  ought  moreover  to  be  known,  that,  the  Locus 
of  the  Verux,  when  the  Ratio  of  the  two  Sides  and  the 

Bafe 


ti 


a 
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Bafe  of  the  Triangle  are  given,  or  continue  invariablea 
will,  alfo ,  be  the  Circumference  of  a  Circle,  dividing 
the  Bale  in  the  given  Ratio  (.For  the  Domonjlration  of 
which)  fee  Elem.  plane  Geometry  B.  4,  Prop .  ;  5  J. 

If  the  Sum,  or  the  Difference,  of  the  Squares  of  the 
two  Sides,  together  with  the  Bafe,  be  fuppofed  given, 
the  Locus  of  the  Vertex  will,  fill)  be  the  Circum¬ 
ference  of  a  Circle,  in  the  former  Cafe  ;  and  a  Right¬ 
line,  in  the  Latter  (Vid.  B.  2,  Prop.  12). 

But,  if  the  Sum,  or  the  Difference,  of  the  Sides, 
themfelves,  is  given  ;  then  the  Locus  will,  either,  be 
the  Arch  of  anEllipfis  or  an  Hyperbola  (as  is  well  known 
to  Thofe  who  have  touch’d  upon  Conic-Se£fions).  But 
thefe  two  Laft  are  not  admitted  in  the  Conflru&ion  of 
linear  and  plane  Problems ;  of  which,  only,  we  purpofe 

to  treat - The  Problems,  of  the  following  Col- 

le£lion,  wherein  the  Ufe  of  the  Geometric-Loci ,  above 
fpecified,  is  particularly  exemplified,  are  the  n,  12, 

19 >  34)  35>  48,  and  5i\ 

2°.  When,  in  the  Figure  to  be  conflru<51ed,  the  Sum, 
or  the  Difference,  of  two  adjacent  Sides  happens  to  be 
given  ;  it  will  be  proper,  firft,  to  form  a  Triangle, 
fo  that  the  faid  Sum,  or  Difference,  may  be  one  of 
its  Sides;  and,  then,  to  coniider,  what  other  Sides, 
or  Angles,  will  be  given,  or  become  known,  in  Con- 
fequence  Thereof.  This  Rule  is  illuftrafed  in  the  r, 
2,  18,  26,  27th,  and  fome  other  of  the  fucceeding 
Problems. 

30.  It  often  happens  that  the  Ratio  of  two,  or  more. 
Lines  is  given,  from  the  Nature  of  the  Figure,  or  by 
Hypothecs,  though  the  Lines  themfelves  are  absolute¬ 
ly  unknown  :  In  all  fuch  Cafes  we  muft  endeavour, 
by  drawing  Parallels  (or  fome  other  Way)  to  obtain 
other  Lines  in  the  fame  given  Ratio;  fo  that,  one  of 
them  being  given,  Or  known  from  the  Nature  of  the 
Figure  or  Problem,  the  other  may  alfo  become  known— 
The  Ufe  of  this  Rule,  which  is  very  extenfive,  will 
particularly  appear  in  the  Solutions  to  the  3,  13,  i6> 
22,  26,  33,  37,  and  56^.  Problems. 


But* 


88  Geometrical  Problems, 

4°.  But,  if  the  Lines,  whereof  the  Ratio  is  given, 
fhould  happen  to  lye  remote  of  each  other;  then,  by 
the  Help  of  Thofe,  we  muft  endeavour  to  deter¬ 
mine  the  Ratio  of  Others,  lying  nearer  together ; 
and  fo  on,  till  we  obtain  (if  poftible)  the  Ratio  of  two 
Lines,  that  are  both  Sides  of  the  fame  Triangle;  where¬ 
in  one  Angle  and  the  remaining  Side  (or  feme  other, 
two,  Parts)  are  given  —  For  the  better  underftanding 
this  Rule,  ccnfult  the  Solutions  to  the  49th  and  57th 
Problems,  in  particular. 

50.  Laftly,  when  the  Re£bmgle  under  two  unknown 
Lines  is  given,  either,  a  mean  Proportional  muft  be 
found,  or  elfe,  two  other  Lines  muft  be  afligned,  by 
forming  fimilar  Triangles  (or  fome  other  Way)  fo  as  to 
comprehend  an  equal  Re&angle;  and  fo  that,  one  of 
them  being  given  by  the  Nature  of  the  Figure,  the 
Other  may  alfo  become  known.  This  Rule  is  ex¬ 
emplified  in  the  4,  5,  6,  9,  10,  21,  38,  40,  41,  44, 
and  53d.  Problems. 

Befides  the  above,  other  Obfervations  might  be  here 
laid  down ;  but  Thofe  already  delivered  being  the  moft 
General  that  have  occur’d  to  me,  I  fhali  now  proceed 
on  in  the Refolution  of  Problems;  the  proper  Bufinefs 
of  this  Work. 
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PROBLEM  I. 

One  Leg  BC,  and  the  Difference  between  the  other  Leg 
AB  and  the  Hypothenufe  AC,  of  a  right-angled  Tri¬ 
angle  ABC,  being  given  \  to  find  both  AB  and  BC. 


Put  BC z=a,  AB—*,  and  AC  being  the 

given  Difference)  Then,  q 

AC)4  being  ABj4  + 

"BC)2  (Elem.  7.  2.  *)  we 
have  **  -|-  ibx  -} -  hh  — ■ 

**  T  aa  *  Whence  ibx 
z=l  aa  —  bb  ;  and  confe- 

quently  *  —  gr 

2b  ib  A 

— — •  From  which  AC  (*-[-£)  is  given 


Geometrically . 

If,  in  AB  produced,  there  be  taken  BD  equal  to 
the  given  Difference  of  AC  and  AB,  and  DC  be  drawn 
(according  to  the  fecond  General  Obfervation)  it  is  evi¬ 
dent  that  AD  will  be  equal  to  AC  ;  and  the  Angle 
ACD,  alfo,  equal  to  the  Angle  D. 

Therefore,  having  taken  BD  as  above  fpecified,  and 
made  BC  perpendicular  thereto,  and  of  the  given 
Length,  and  joined  D,  C  ;  let  CA  be  fo  drawn  as  to 
make  the  Angle  DCA~D  ;  or,  inflead  thereof,  let  a 
perpendicular  EA  be  eredted  on  the  middle  of  CD; 
then  the  Interfedfion  of  either  of  thefe  Lines  with  DB, 
produced,  determines  the  Triangle. 

From  this  Conftrudtion  we  have  the  very  fame 
Theorem,  for  the  numerical  Solution,  as  is  derived  a- 
bove,  from  the  Algebraical  Procefs  :  For  the  Triangles 
ADE  and  CDB,  having  each  a  Right-Angle,  and  D 

*  Note.  The  Quotations ,  in  tki f,  and  the  fucceeding  Pro- 
bleats,  refer  to  my  Elements  oj  Plane  Geometry  ;  printed  for 
J.  Npurse. 

common. 
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common,  are  fimilar.  Therefore  DB  :  DC  :  :  DE 

DC1  __  BC'+BD1  BC*  .  BD 


(iDC) :  AD  (AC) 
as  before • 


2DB 


2BD 


~  2BD+  2  J 


PROBLEM  II. 

jhe  Hypothenufe  AC,  and  the  Difference  of  the  two  Legs 
AB  and  BC,  of  a  right-angled  Triangle  ABC,  being 
given  ;  to  deterjnine  the  Legs . 

i-v  4 

E  Put  AC  =  *,  AB  =  Ar, 
O  and  BC  —x-b: 

So  fhall  aw  -f-  a*— 

( Elem.  7.  2J. 
that  is,  2 aw — ibx-^~bbzziaa , 

Whence  xx-bx----- 

2  2 

And  confequently  at  == 
\/  |  ^  -  i  bb  +  \b* 

Geometrically . 

If,  in  AB  there  be  taken  AD  equal  to  the  given  Dif¬ 
ference,  and  CD  be  drawn  ;  then,  DB  being  nr  BC> 
the  Angle  BDC  will  alfo  be  zr  BCD  rr  Half  a  Right- 
Angle. 

Therefore,  having  laid  down  AD,  and  drawn  an  in¬ 
definite  Line  DCE  to  make  the  Angle  BDE  rr  §  Right- 
Angle  ;  upon  the  Center  A,  with  the  given  Interval 
AC,  let  an  Arch  be  defcribed,  interfering  DE  in  C  ; 
from  which  Point,  upon  AD  produced,  let  fall  the  Per¬ 
pendicular  CB  j'  fo  fhall  ABC  be  the  Triangle  required. 

The  numerical  Solution,  according  to  this  Con- 
Rrurion,  is  very  eafy,  by  the  Help  of  Trigonometry: 
For,  two  Sides  and  one  Angle  of  the  Triangle  ADC 
being  given,  the  other  Angles  may  from  thence  be 
found  ;  and  then,  all  the  Angles  and  one  Side  (AC)  of 
the  propofed  Triangle  being  known,  the  other  Sides 
AB  and  BC  may  alfo  be  determined. 


PROBLEM 
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PROBLEM  III. 


The  Bafe  AB  and  the  Perpendicular  CD  of  any  Triangle 
ABC  being  given ;  to  find  the  Side  EF,  or  EH,  of  the 
infcribed  Square  EFGH. 


Put  CDrrtf,  ABz= 
b ,  and  DI(=EF)= 
x :  Then  will  Cl  =: 
a-x-,  and,  by  Reafon 
of  the  fimilar  Tri¬ 
angles  ABC  and 
ECF,  we  (hall  have 
a  :  b  : : a-x  :  x  (= 
EF).  Therefore  ax 
zaab-bx ;  and  con- 

fequently  .v  =  — 

a\-b 


L 


% 


Geometrically, 

The  Ratio  of  EH  to  EA  being  given,  as  CD  to  CA, 
EF  muft  therefore  be  to  EA  in  the  fame  given  Ratio  : 
And,  if  CL  be  drawn  parallel  to  EF,  meeting  AF  pro¬ 
duced  in  L  (agreeable  to  the  3d  General  Obfervation)  it  is 
evident,  becaufe  of  the  fimilar  Triangles,  that  the  Line 
CL,  fo  drawn,  will  be  to  CA,  fill,  in  the  fame  given 
Ratio ;  that  is,  CL  :  CA  :  :  CD  :  CA  ;  and  con- 
fequently  CL  —  CD.  Whence  the  Method  of  C011- 
ftrudtion  is  manifeft. 


PROBLEM  IV. 

To  determine  the  Sides  of  a  Reft  angle,  EFGH,  Infcribed 
in  a  given  Triangle  ABC,  whofe  Area  fall  be  to  That 
cf  the  Triangle  in  a  given  Ratio . 

Put  the  Perpendicular  CDrr#,  the  Bafe  ABr=£,  and 
the  Altitude  EH  of  the  Rediangle  —  x^  and  let  the 
given  Ratio  of  ABC  to  EFGH  be  that  of  m  to  n, 

Becaufe 
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Becaufe  of  the  fimilar  Triangles  ABC  and  EEC,  it 
~  ,C  will  be,  CD  (a)  :  AB 

(b)  :  :  Cl  (a-x)  :  EF  = 

ba—bx  /  pi  » 

-  ( hum .  12.  4. ) 


a 

Therefore  EF  x  EH  == 

abx  —  bxz  ,  r 

- - ;  and  confe- 


a 


^  quently  m  :  n  :  : 
abx-bx'2- 


a 


ab 

“ "  1  • 

2 

(by  the  ghiejlion). 


Hence  ax-xx  = 


2  m 


and  therefore  x  = 


—  + 
2  — 


/  aa 

v  T 


naa 

2m 


Geometrically . 

The  Re&angle  HF  being  to  the  Triangle  ABC  in  a 
given  Ratio,  and  the  latter  of  Thefe  being  actually 
given,  the  Magnitude  of  the  Former  is  alfo  given  ;  and 
therefore  may  be  expreffed  by  a  given  Rectangle  ABPL, 
on  the  Bafe  AB ;  whofe  Altitude  KD  is  to  Half  That 
of  the  Triangle  in  the  aforefaid  given  Ratio. 

But  it  appears  that  the  Rectangle  DI  x  EF  is  to  the 
Rectangle  DI  x  IC  in  the  given  Ratio  of  EF  to  IC,  or 
Of  AB  to  CD  (Elem.  1  and,  12.  4) ;  and  that  the  Rec¬ 
tangle  DK  x  AB  is  alfo  to  DK  x  CD  in  the  fame  given 
Ratio.  'Therefore,  the  Antecedents  being  equal,  the 
Confequents  muft  lilcewife  be  equal,  or  DlxIC  —  DK 
xCD.  Whence  this  Conftru£tion. 

Defcribe,  upon  CD  and  CK,  two  Semi-circles;  and, 
from  the  Point  M  wherein  the  Circumference  of  the 
latter  cuts  AB,  let  MN  be  drawn,  parallel  to  DC  in¬ 
terfering  the  Former  in  N  ;  fo  fhall  MN  be  the  required 

Altitude  of  the  Reftangle.  Since  DI  x  Cl  ==  IN)2,  =, 

DM)*  e=  DK  x  CD  ( Elem .  1 1.  4),  as  above . 

" V  ‘  This 
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This  Problem,  it  is  obfervable,  becomes  impoffible 
when  MN  palTes  intirely  without  the  lefier  Semi-circle, 
that  is,  when  the  given  Re&angle  is  fuppofed  greater 
than  half  the  Triangle.  The  fame  Thing  appears  alfo 
from  the  Algebraic  Solution,  in  which  Cafe  the  Quantity 

(—  —  under  the  Radical-Sign,  becomes  negative. 

\  4  2m  J 

PROBLEM  V. 

To  divide  a  given  Right-line  AB  into  two  fuch  Parts  AC 
and  BC,  that  the  Reft  angle  contained  under  them  may 
he  of  a  given  Magnitude . 

Put  ABiritf,  and  ACm#,  and  let  the  given  Magni¬ 
tude,  or  Content,  of  the 
propofed  Redtangle  be  re  - 
presented  by  the  Square 
-BD  whofe  Side  BE,  or 
ED,  let  be  denoted  by 

b  :  Then  will  — 

bb  \  or  xx-ax  —  -  bb. 


Whence  x  =  -T  /  f  aa~bb  -I —  — . 

—  v  1  2 

Geometrically . 

If  upon  AB,  as  a  Diameter,  a  Semi  circle  AFB  be 
defcribed,  it  is  evident  (by  Elem.  u.  4.)  that  a  Perpen¬ 
dicular  FC,  drawn  from  the  Point  wherein  the  Circum¬ 
ference  interfe£fs  DE,  will  cut  AB  in  the  Point  requir¬ 
ed — It  is  plain,  from  both  thefe  Solutions,  that  the  given 
Rectangle  muft  not  be  greater  than  the  Square  of  half 
the  g  ven  Line,  to  be  divided. 
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PROBLEM  VI. 


To  a  given  Line  AB,  it  is  required  to  add  another  Line 
BC,  fo  that  the  Rectangle  under  the  whole ,  compound - 
fid.  Line  AC,  and  the  Part  added ,  may  be  of  a  given 
Magnitude . 


Let  ABzrtf,  BCzta*,  and  the  Side  of  the  given 


Square  BEDH,  ex¬ 
prefling  the  Magni¬ 
tude  of  the  propofed 
Re&angle,  —  b. 
Then  we  fhall  have 

a-\-x  x  x  =  bb ;  and 
confequently  x  = 


(  bb+iaa-la. 


Geometrically . 

If,  upon  AB,  a  Semi- circle  be  deferibed,  and  CF  be 
fuppofed  drawn  to  touch  it  in  D,  it  is  plain,  from  Elem . 

Corol .  to  1 7.  3,  that  CF]2  is  =  AC  x  BC  —  HE]2  ( by 
Hypothefts)  ;  and  confequently  CF  —  BE  :  Therefore, 
OF  being  zr:  OB,  it  follows  that  OE  and  OC  are  like- 
wife  equal.  Hence,  if  to  the  Middle  of  AB,  we  draw 
EO,  and  take  QC~=  EO,  the  Thing  is  done . 


PROBLEM 


I 


with  their  Solutions. 
PROBLEM  VII. 

% 

To  divide  a  given  Right-line  AB  into  tivo  fuch  Parts , 
that ,  the  Rectangle  under  one  of  them  AC  and  another , 
givens  Line  BD,  be  equal  to  the  Square  of  the 
remaining  Part  BC. 

Put  AB BD— £ 
and  BC— a1;  then 
AC  —  a—X) 

and  therefore  xxz=.  a- 
X  b,  by  the  Sfuejlion. 

Hence  xx  +  bx  =  ab  \ 
and,  confequently  x  = 

ab \  bb  —  \b. 

Geometrically . 

\ 

Since  BCls  =  AC  x  BD  (Ty  Hypothefis )  it  follows,  by 

adding  BC  xBD  to  Each,  that  BC(2  BC  x  BD  —  AO 
x  BD  -f-  BC  x  BD ;  or  that,  BC  x  CD  —  BD  x  AB  — 

BEl%  taking  BE  a  Mean  Proportional  between  BD  and 
AB  (by  Elem .  14.  5.)  But  the  Re&angle  BCxCD, 
if  a  Semi-circle  be  deferibed  upon  the  Diameter  BD,  is 
known  to  be  equal  to  the  Square  of  the  Tangent  CG 

(Elem,  Cor.  to  17.  3).  Hence  CGl2  —  BE|a  ;  and  con¬ 
fequently  CG  =  BE  :  Therefore,  FG  being  alfo  =  FB, 
it  follows  that  FC  is  equal  to  FE  j  whence  the  Method 
©f  Conftru&ion  is  manifeft. 


PROBLEM 


96  Geometrical  Problems, 
PROBLEM  VIII. 


*Ro  determine  two  Lines ,  whereof  the  Rectangle  Jhall  be 
equal  to  a  given  Re 61  angle  ABFE,  and  the  Sum  of  their 
Squares  equal  to  a  given  Square  ABCD. 


C 


F 


£ 


Put  AB  (— BC)  =  a^  BF 
(mAE)— and  let  the 
two  required  Lines  be  de¬ 
noted  by  and  y. 

Then  will  xy  =  ab,  and 
xx  +  yy  —  aa>  by  the  Quef- 
tion  :  Whence  by  adding, 
and  fubtra&ing,  the  Double 
of  the  former  of  thefe  E- 
quations  from  the  Latter, 


r  xx4-2xyA -yy  (=  #4-yi2)  =  aa-\-2ab, 

we  have  •<  - 

i  xx—2xy  -j-  yy  (—  x — yj  )  =  ua — 2ao» 

Therefore  j  *+>  =  1 

t  X — y  —  y'  <7/2 - 2/7#  3 

From  which  5  2X  —  \/j£±2* \  +  </ja-2al_  ? 

L  2y  zz:  tf  aa  -|-  2<7^  aa—2ab,  3 


Geometrically . 

If  upon  AB  a  Semi-circle  be  defcribed,  interfering 
EF  in  H,  then  the  Lines  joining  A,  H,  and  B,  H  will 
anfwer  the  Conditions  of  the  Problem.  For,  the  Angle 

AHB  being  a  Right-one  (Ele?n.  n.  3.)  thence  is  AHP 

+  BH]a=ABi2  =  ABCD  ( Elm .  7.2.);  and  AH  x 
BH  (  n:  twice  the  Triangle  ABH)~ABFE  ( Elem . 
Carol,  to  2.  2). 
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-  \  * 

PROBLEM  IX. 

To  determine  two  Lines ,  whereof  the  Re  ft  angle  Jhall  he 
equal  to  a  given  Reftangle  ABFE,  and  the  Difference 
of  their  Squares  equal  to  a  given  Square  ABHD. 

Put  AB— a9  BF:=£  ;  and  let  x  be  the  greater,  and 
y  the  lefler,  of  the  two  E 
Lines  required  :  So  D 
fhall  xy—ab ;  and  xx— 
yy—aeiy  by  the  fhtejlion. 

From  the  former  of 
which  Equations  we 

have  y  —  ;  which 

*  fs 

Value ,  fubftituted  in  the  Latter,  gives  xx  —  aa. 

XX 

Hence  x*—arx*  —  a^b1  ; 

and  confequently  #  =  |  aa  -{-  a  bb  -j-  |  aa: 

Whence  y  will  alfo  be  known. 


Geometrically. 

It  is  evident,  in  the  firft  Place,  that  the  two  Lines  to 
be  determined  will  be  the  Hypothenufe  and  one  Leg  of  a 
right-angled  Triangle  (ABG)  v/hofe  remaining  Leg  is  the 
given  Line  AB.  And,  fince  the  Re6tangle  under  thefe 
Lines  is  fuppofed  given,  another  Triangle  ACG,  fimilar 
to  ABG,  muft  therefore  he  aflumed;  fo  that  CG,  in  the 
Former,  and  BG,  in  the  Latter,  may  be  homologous 
Sides  (according  to  the  5th  General  Obfervation\  vid . 
p .  88. ) 

Hence  we  have  CG  x  AB  m  BG  x  AG  ( Elem .  18. 
3)—  AB  x  BF  (by  Hyp.)  and  confequently  CG  —  BF  : 

And  fo,  AC  x  BC  (:=*CG]2,  Elem.  Cor.  ir.  4)  be¬ 
ing  given  =  BF]%  the  Cafe  under  Confederation  is  now 
reduced  to  our  6th  Problem  :  Whence  we  have  the  fol¬ 
lowing  Conftru&ion. 

To 


H 
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To  the  Middle  of  AB,  let  FO  be  drawn ;  and, 
having  taken  OC  =  OF,  let  a  Semi-circle  be  defcribed 
upon  AC,  cutting  BF  in  G;  to  fhall  BG  be  the  letter, 
and  AG  the  greater  of  the  two  Lines  required. 

PROBLEM  'X, 


The  Diameter  AB  of  a  Semi- circle  being  given  %  to  find  a 
Point  D  in  the  Perpendicular  BC,  from  whence  DA 
being  dr  awn  y  the  Part  thereof ,  ED,  without  the  Semi - 
circle ,  Jhall  be  of  a  given  Length  (BF). 


Put  AB — ay  DE  ( — BF) — by  and  AD—#  5  alfo  let 
BE  be  drawn.  Becaufe  the  Angle  AEB  is  a  Right- 

one,  the  Triangles 
ADB  and  ABE  are 
fimilar.  And  there¬ 
fore  AD  (*)  :  AB  {b) 
: :  AB (*)  :  AE(*-*). 

Whence  xx—ax-zzbb  ; 

and  confequently  xz=z 
■  .<  ■■  » 

if  bb  -f-  %  aa  -{-  f-  a. 


Geometrically . 

Since  DA  x  EA  is  =  AB1  (Elem.  18.  3.)  where  the 
Part  DE  of  DA  is  given  (=BF)  the  Cafe  is  therefore, 
reduced  to  our  6th  Problem. 

From  whence  it  will  appear,  that,  if  upon  BF  a 
Semi-circle  be  defcribed,  and  through  the  Center  there¬ 
of,  AH  be  drawn,  meeting  the  Periphery  in  H,  an 
Arch  defcribed  from  the  Center  A,  with  the  Radius  AH, 
will  cut  BC  in  the  Point  required. 


PROBLEM  XL 

Having  the  Length  of  two  Chords  AB  and  CD,  cutting 
each  other  at  Right  Angles ,  together  with  the  Diftance 
OE  of  the  Point  of  their  Interfeftion  from  the  Center  y 
to  determine  the  Diameter  of  the  Circle. 

Upon  the  given  Chords,  from  the  Center  O,  let  fall 
'  the 
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the  Perpendiculars  OF  and  OG  ;  and  draw  the  Radii 
OA  and  OD  :  Alfo  put  AF  (=  \  AB)  a ,  DG 


( =  f  CD)  —  OE=zc, 
and  AO  ( =  DO )  =  *. 

Then  will  OFj2  —  x2-a2, 

and  OG]1  rr:  x2  —  b2  ;  but 

OFl2+OG)1  (r =  OF)2  + 

FE]*)  is  —  Oil l2  ;  that  is, 
2*2-  a2-b 2  —c2  j  and  confe- 


quently*  =K/aa±l,bt“- 
Whence  the  Diameter  is  given  —  */  2 a2 -{-lb2  +2 c\ 


Geometrically . 

Since  FE]1  +  DGl*  is  (  =  OD]1  =  OaT) 

=  OF| 1  4*  AF)X,  it  is  evident  that  FfJ1  —  OF]2  is 

given  m  AF  ]2 — ■  DG*)1.  We  are  therefore  to  con^ 
ftru£fc  a  right-angled  Triangle  upon  the  given  Hypothec 
nufe  OE,  whereof  the  Squares  of  the  two  Legs  (hall 

have  the  fame  Difference  as  the  two  given  Squares  AFl4 

and  DG)\ 

In  order  to  which,  upon  OE,  let  a  Semi  circle  be 
defcribed;  alfo,  from  the  Centers  O  and  E,  with  Radii 
equal  to  DG  and  AF,  refpe&ively,  let  two  Arcs  be 
defcribed,  interfering  each  other  in  H ;  from  which 
Point,  upon  OE,  let  fall  t'he  Perpendicular  HG  ;  which 
will  interfer  the  Semi-circle  in  (F)  the  Vertex  of  the 

required  Triangle:  Since  it  is  evident  that  FE  *  —  OF)* 

=  El>  —  OL*  =  EHl*  —  OHl1  =  AFl*  —  DG]* 
(by  ConftruSlion .) 

Therefore,  if  in  EF  produced,  FA  be  taken  of  the 
given  Length,  OA  (when  drawn)  will  be  the  Radius 
of  the  required  Circle. 


H  2 
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'  '/  -  '  4. 

PROBLEM  XII. 


To  draw  a  Right  line  to  cut  two  given  concentric  Circles* 
OAB,  OCD,  fo  that  the  Chords ,  or  Parts  of  the  [aid 
Line  intercepted  by  thofe  Circles ,  may  obtain  a  given 
Ratio. 


Pat  the  Radius  OA  of  the  greater  Circle  ~ay  and 
the  Radius  OC  of  the  LelTer  —  h  ;  and  let  the  given 

Ratio  of  AB  to  CD  be  That 
of  m  to  n  :  Then,  denoting 
OE,  the  Diftance  of  AB 
from  the  Center,  by  x ,  we 
have  AE2=  aa—xx,  and  CE* 
rr  bb  —  xx.  Therefore,  AE 
being  —  k  AB,  and  CE  =  \ 
CD,  it  follows,  that,  aa-xx : 
bb—xx  :  :  m7,  :  n2  ;  and  con- 
fequently  n2  az  —  n2  x2  rr  m2  bz 


_T,t  / mm  bb  —  nn  aa  „  «  » 

— •  mz  xz  :  Whence  x  - — - .  By  Means 

v'  mm-nn 

pf  which  AB  may  be  drawn. 


Geometrically . 

Since  the  Ratio  of  AE  to  CE  is  given,  let  OC  be 
produced  to  F,  fo  that  OF  may  be  to  OC  in  the  fame, 
aiven  Ratio,  (agreeable  to  the  3d  General  Obfervation) 
then,  A,  F  being  joined,  the  Triangle  CAF  will  be 
fimilar  to  the  Triangle  CEO  j  and  confequently  the 
Anoje  CAF  a  Right  one.  Hence  the  following  Con- 

ftru&ion.  . 

Having  drawn  the  Radius  OC,  and  in  it,  produced, 
taken  OF  in  proportion  thereto,  as  AB  is  to  CD  (as 
above  fpecified)  let  a  Semi-Circle,  upon  CF  be  deferibed, 
interfering  the  greater  of  the  two  given  Circles  in  A  ; 
from  which  Point,  through  C,  draw  AB,  and  the  Thing 
is  done. 

It  is  manifeft,  both  from  This,  and  the  Algebraic 

‘  Solution,  that  the  Ratio  of  m  to  n  (or  of  AB  to  CD) 

cannot 
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cannot  be  given  lets  than  That  of  OA  to  OC,  without 
rendering  the  Problem  impoffible. 

PROBLEM  XIII. 

¥0  determine  the  Radii  of  three  equal  Circles  A,  B,  C9 
defcribed  in  a  given  Circle  HiK  to  touch  each  other 
and  likewife  the  Circumference  of  the  given  Circle. 

Let  the  Centers  of  the  feveral  Circles  be  joined  \  and 
let  AO  and  BO  be 
produced  to  bife£t 
BC  and  AC  in  D 
and  E  :  Alfo  let  the 
Radius  (OI)  of  the 
given  Circle  be  de¬ 
noted  by  a ,  and 
That  of  each  of  the 
required  Ones  by  a*. 

Now  the  Triangles 
BCE  and  BOD  being 
fimilar,  and  CEr=  f 
BC,  it  appears  that  OD  is  alfo  m  \  OB.  But  GlT]2  — 

a — xjz 

_ _  ~ 

—  xx.  Which,  folved,  gives  x  ~  ^  12 aa  —  3a  zn 

a  X  2  v'  3  -  3. 

Geometrically. 

It  is  evident  that  the  Right-line  IK,  joining  the  Points 
of  Contact  I  and  K,  is  the  Side  of  an  Equilateral  Tri¬ 
angle  infcribed  in  the  given  Circle  :  And,  that,  if  in 
OK  produced  there  be  taken  KL  — vIK,  a  Line  drawn 
from  I  to  L,  will  be  parallel  to  another  Line  drawn 
from  B  to  K ;  becaufe  the  Triangles  IKL  and  BCK 
,  (having  IKL  =  BCK,  and  IK:  KL  (:  :  2:1)::  BC  : 
CK)  are  equiangular. 

Therefore,  in  order  to  the  Geometrical  Conflrudtion, 
having  firft  drawn  the  Radii  OH,  OI,  and  OK,  to 

H  3  divide 


OD,2  is  =  JdD|2 1  that  is,  in  Species,  a 
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divide  the  Circumference  in  three  equal  Parts,  and 
taken  KL,  in  OK  produced,  equal  to  £  IK ;  draw  LI, 
and  KB,  parallel  thereto,  meeting  OI  in  B ;  make  OA 
and  OC  each  =  OB  ;  and  upon  the  Centers  A,  B, 
and  C,  through  A,  I,  K  let  the  three  required  Circles 
be  defcribed. 

PROBLEM  XIV. 

Suppofing  AB  and  ABD  to  be  two  Arcs  of  a  Circle ,  in  the 
Ratio  of  i  to  3  ;  and  that  both  their  Chords  AB  and 
AD  arc  given  $  *tis  required  to  find  the  Radius  of  the 
Circle. 


Let  the  Arch  BD  be  equally  divided  in  C,  and  upon 
AD  let  fall  the  Perpendiculars  BE  and  CF ;  alfo  let  AG 
be  perpendicular  to  the  Radius  OB  :  And  put  A B  =  #, 
AD  =  b ,  and  AO  (=OB)  = 

It  is  evident,  becaufe  AB,  BC  and  CD  are  all  equal, 

that  AE=DF,  and  EF= 
BC=rtf  .*  Therefore  AE-f- 
DF  =  b—ay  and  AE  =: 

It  alfo  appears  that 

the  Triangles  ABE  and 
AOG  are  equiangular,  be¬ 
caufe  the  Angle  BAD, 
Handing  upon  the  Arch 
BD,  is  equal  to  the  Angle 
O,  at  the  Center,  Hand¬ 
ing  upon  AB  (=  \  BDJ  :  Hence  we  have,  AB  (a)  : 

AE  (  :  :  AO  (x)  :  OG  =t±?JL  .  But 

ABlz  =  OA|*  +  OB]*  —  2  OB  x  OGs  that  is,  in 


Species,  a7-  zz.  x%  -j-  xz~  a  X  X  ■■  j  or  a3  —  3##*—  bx3, 


a 


Therefore  x  — — = 


From 
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From  the  fame  Equation,  if  the  Radius  AO  (x)  and 
the  Chord  (b)  of  an  Arch  ABD  be  fuppofed  given,  the 
Chord  AB  (a)  of  the  Sub-triple  of  that  Arch,  may  be 
determined  :  But  this,  by-the-bye. 

Geometrically . 

The  Geometrical  Conftru&ion  of  the  propofed  Pro¬ 
blem  is  alfo  obvious  from  the  known  Value  of  AE  and 
the  Equality  of  the  Angles  O  and  EAB ;  and  is  thus. 
Draw  AD  of  the  given  Length,  from  which  take  DH 
=:  AB  ;  let  the  Remainder  AH  be  bife&ed  by  the  per¬ 
pendicular  El ;  to  which  draw  AB  fo  as  to  be  of  the 
given  Length ;  and  upon  the  fame,  as  a  Bafe,  let  an 
Ifofceles  Triangle  AOB  be  conflituted,  whofe  vertical 
Angle  O  {hall  be  =  EAB  ;  then  it  is  evident  that  either 
of  the  equal  Sides  AO,  or  BO,  will  be  the  Radius  of 
the  Circle. 

As  to  the  Trigonometrical  Calculation,  it  is  too  plain, 
from  the  Conftru&ion,  to  need  any  Thing  further  to  be 
faid  about  it. 


H  4 
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PROBLEM  XV. 

'  /  i- 

Having  the  Lengths  of  two  Lines  AE  and  CD  drawn 
from  the  acute  Angles  of  a  right-angled  Triangle  ABC, 
to  hifcdf ,  and  terminate  in ,  the  cppofite  Sides ;  to  de¬ 
ter  jnine  the  Triangle . 


Geometrically , 

If  EF  be  fuppofed  parallel  to  CD,  meeting  AB  in  F, 
the  Length  thereof,  being  half  That  of  CD,  will 

confequently  be  given  :  Whence  ABl2,  —  BE]2  (— AE)Z 

-EF)2)  is  alfo  given. 

Therefore  the  Problem  is  reduced  to  this;  To  de¬ 
termine  two  Lines  AB  and  BF,  in  the  Ratio  of  4  to  1, 
fo  that  the  Difference  of  their  Squares  may  be  equal 
to  the  Difference  of  the  Squares  of  two  given  Lines 
AE  and  EF. 

Hence,  having  drawn  two  indefinite  Lines  BP  and 
BQ^  at  right-Angles  to  each  other,  take  BG,  in  the 
Former,  equal  to  EF ;  and  from  the  Point  G,  to  BQ^, 

draw 


I 
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I05 


-draw  GHr=AE  :  So  (hall  AB)2  -  W[z  (— AE)a  _EF?) 

—  BH  2  (Elem.  Cor .  y.  2).  Therefore,  if  from  any 
Point  M  in  PB,  to  BQ.  there  be  drawn  MN  —  4  MB  ; 
it  is  evident  that  a  Line,  HF,  drawn  from  H  parallel  to 
NM,  will  cut  off  BF  as  required - This  Problem  be¬ 

comes  impoflible  when  either  of  the  two  given  Lines  is 
greater  than  the  Double  of  the  Other. 


PROBLEM  XVI. 

‘The  Length  and  Pofition  of  a  Right- line  DE,  drawn 
parallel  to  the  Bafe  of  a  given  right-angled  Triangle 
ABC  being  known ;  ytis  propofed  to  draw  another 
Right-line  GY  from  the  Vertex  of  the  Triangle,  fo  that 
the  Part  thereof  (FG)  intercepted  hy  AB  and  EL),  may 
be  eqiial  to  (EG)  the  Part  of  ED  intercepted  by  CA 
and  CF. 


Upon  AB  let  fall  the  Per  • 
pendicular  GH : 

And  put  ED— a,  CD— b, 
DB— c,  and  EG— x  : 
Theij,  from  the  Similarity 
of  the  Triangles  CDG  and 
GHF,  it  will  be  ,  CD  (b)  : 
DG  (a-x)  :  :  GH  (c)  : 


HF 


cxa-x 


.  4  -  t 

i 

E 

1/ 

A  T 

1 

A 

F  H 

[  B 

And  therefore  —  —  -f  cz  (HF*-{-GH2)  —  *2(GF2) 

Whence,  by  Redu&ion,  bzxz-czxz  -f  2 czaxzrcta1’-{-czbz  ; 


and  x1  -|- 


'lac 


X  x  — 


bb—cc 

From  which  x  is  found 


az  -f-  bz  x  c7 
bb — cc 


_  be  f  aa-\-  bb—cc 


ac- 


bb  —  cc 


Geometrically • 
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Geometrically . 

Since  GF  is  to  GC  every-where  in  the  given  Ratio 
of  DB  to  DC,  GE,  in  the  required  Pofition,  muft 
therefore  be  to  GC,  in  the  fame,  given.  Ratio.  Hence, 
if,  in  £D,  there  be  taken  El  =  DB,  and  from  the 
Center  I,  at  the  Diftance  of  CD,  an  Arch  be  deferr¬ 
ed,  interfering  EC  in  K ;  then  a  Line  CGF,  drawn 
parallel  to  the  Radius  KI,  will  determine  both  the 
Length  and  Pofition  of  GF  :  For  it  is  evident  that 
CG  :  EG  :  :  EK  :  El  :  :  CD  :  DB  :  :  CG  :  GF;  and 

confequently  that  EG—  GF-  — . This  Problem  appears 

to  be  impoffible  when  BD  is  greater  than  CE. 

PROBLEM  XVII. 


Suppoftng  the  Area  of  a  Square  BE  DF,  form'd  within 
a  given  right-angled  Triangle  ABC,  to  be  equal  to  the 
Area  of  the  Triangle  ADC,  made  by  drawing  Lines 
from  the  Extremes  of  the  Hypcthenufe  to  the  adjacent 
■Angle  D  of  the  Square ;  ftis  propofed  to  determine  the 
Side  of  the  Square. 


Call  BC,  a  BA,  b ;  and  BE  (or  BF),  x  :  Then, 
CE  being  =  a-x  and  AF  =2  x9  the  Area  of  the  Tri¬ 
angle  CED  will  C 


be  = 


xx  a — x 


and  That  of  the 
Triangle  AFD 

_ xx  b-x 

2 

But  it  is  evi¬ 
dent  that  BEDF  /y  H  F 
-f-  CED  -f-  AFD  ADC  is=  ABC  :  Which,  becaufe 
ADC  is  equal  to  BEDF,  alfo  gives  2BEDF  +  CED-J- 

AFD  =  ABC,  that  is,  +  JZ*fzfL+ 


2 


2 
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=— :■  Hence  x1  +  %X-J±-. 

2  2  .2 


■v'+  |7+1TP  ~  —7^.  Q;  E. 
^  .4 


and  a*  =5 

I. 


Geometrically, 

If  BD  be  produced  to  meet  AC  in  G,  and  GH  be 
drawn  perpendicular  to  AB,  it  is  evident  that  the  Tri¬ 
angle  ADC  will  be  to  the  Triangle  ABC 

as  GD  :  GB,  or  as  HF  to  HB  (Elem.  2.  and  5.  of 
the  4) :  And  it  alfo  appears  (by  Elem .  14.  4.)  that  HB  x 

AB-f-BC  is  rrABxBC.  Therefore  it  follows  that 


Triang.  ADC  :  HBxab+BC  .  .  HF  :  HB  :  :  HFx 

2 

:  HBx-^^^^^-;  and  confequently  that  the 


Triangle  ADC=HF  x  AA+.B?_  =  HF  x  BK  ;  by 
taking  BK  (in  AB  produced)  equal  to 

2 

Hence,  BFl*  being  (=ADC)  =  HF  x  BK,  the  Cafe 
under  Gonfideration  is  reduced  to  our  7th  Problem; 
and  the  Geometrical  Conftru&ion  will,  therefore,  be 
as  follows. 

Having  drawn  BG  (to  bife£t  the  Angle  ABC),  and 
GH  perpendicular  to  AB,  and  alfo  taken  BK  equal  to 
Half  the  Sum  of  AB  and  BC  (as  above  intimated) ,  let 
a  Semi-circle,  upon  HK,  be  next  defcribed,  inter¬ 
fering  BC  in  N  ;  from  which  Point,  to  the  Middle  of 
BK,  let  NM  be  drawn  ;  then  make  MF  =  MN,  and 
BF  will  be  the  Side  of  the  Square  ;  as  is  manifeft  from 
the  Problem  above  quoted. 


PROBLEM 
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PROBLEM  XVIII. 


Having  given  the  Hypothenufe  AC  of  a  right-angled 
triangle  ABC,  and  the  Difference  of  tzuo  Lines  aD 
and  CD,  drawn  from  the  Extremes  thereof  to  the 
Center  D  of  the  infcribed  Circle  ;  to  determine  the  re¬ 
maining  Sides  AB  and  BC,  of  the  "Triangle . 

Upon  CD,  produced,  let  fall  the  Perpendicular  AH  ; 

and  make  AC—  a,  AD 
=r,v,  DC”)',  and  the 
given  Difference,  x-y> 
= b . 

It  is  evident  that  the 
Angle  ADH  is  =  D AC 
+  DCA  — f  BAC  +  { 
BCA=f  a  Right  Angle ; 
and  therefore  AH=HD 
_  AD  jc  -g 

f  2  jf  2  * 

CD2,  +  AD2-J-  2DH  X  CDrzAC2-;  that  is,  in  Species, 

y2  -f-  x2  -f-  xy  sj  2  =  a2,  Which  Equation,  by  fub- 

flituting  x-b  inflead  of  y  its  Equal,  and  denoting  */  2 
by  c ,  becomes  x2  —  2 bx  +  -p  x2  -f*  ex'1  —  cbx  —  a2  \ 

that  is  ~2-f-r  xxz  —  2-f-c  x  bx  4*  h2  ■=.  a2  :  Whence 

b 


X2  —  bx  ~~a  ^  ,  and  #  —  / 
2+c  V' 


«^+iW+_ 
2-f  *  2 


Geometrically . 

The  Geometrical  Conftru&ion  of  this  Problem,  as 
the  Angle  ADH  is  given  (”  \  a  Right  Angle)  is  ex¬ 
ceeding  obvious :  For,  if  DE  be  fuppofed  —  DC,  fo 
that  AE  may  exprefs  the  given  Difference  of  AD  and 
CD,  the  Angle  DEC  (fuppofing  CE  drawn)  will  be 
given  =  \  ADH.  Therefore  the  Triangle  AEC,  by 
Means  of  the  given  Angle  AEC,  and  the  two  given 
Sides  AE  and  AC,  may  be  conftrudled.  And  then,  by 

,  producing 
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producing  AE,  and  making  the  Angle  ECD  —  DEC, 
the  Point  D  will  likewife  be  determined ;  and  confe- 
quently  the  Radius  of  the  Circle,  by  letting  fall  a  Per¬ 
pendicular  DF,  upon  AC  :  Whence  the  Circle  itfelf 
may  be  defcribed  ;  and  two  Lines  may  be  drawn  from 
A  and  C  to  touch  the  fame;  and  thereby  form  the  Tri¬ 
angle  ABC,  as  required . 

PROBLEM  XfX. 


Having  the  Safe  AB,  the  Perpendicular  CD,  and  the 
Ratio  of  the  two  Sides  AC*  BC,  of  a  friangle  ABC  ; 
to  find  the  Sides. 


Call  AB,  a\  CD,  b  ;  and  AD,  x\  and  let  the  given 
Ratio  of  AC  to  BC  be  expounded  by  That  of  m  to  n . 

Hence  BD  —  a- x\  AC*  (zn  CD|*-f-  AD]Z)— bbfxx 


and  xx 


imma 


gives  x  zr. 


mm-nn 
mma 


X  x——bb  — 


a'1 


-.Which,  folved. 


mm-nn 


mm-nn  — 


mma 

?nm-n?i 


b\ 


Geometrically .  •'  A 

The  Geometrical  Conftru&ion  of  this  Problem  is 
given  by  Elem.  15.  4.  For,  if  the  Bafe  AB  be  di¬ 
vided  at  E  in  the  given  Ratio  of  AC  to  BC,  and,  in 
AB  produced,  there  be  taken,  EO,  a  Fourth  Pro¬ 
portional 
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portional  to  AE-BE,  AE,  and  BE,  it  is  there  demon * 
Jlrated ,  that  two  Lines  drawn  from  A  and  B  to  meet 
any- where  in  the  Circumference  of  a  Circle  defcribed 
thro’  E,  from  the  Center  O,  will  be  in  the  fame  given 
Ratio  of  AE  to  BE.  Whence  it  is  evident  that  the  In- 
terfe&ion  of  the  faid  Circumference  with  a  Right-line 
FG,  drawn  parallel  to  AB,  at  the  given  Diftance  DC, 
will  determine  the  Vertex  of  the  Triangle. 

PROBLEM  XX. 


Having  the  Bafe  AB,  the  Perpendicular  CD,  and  the 
Difference  of  the  two  Sides ,  AC  and  BC  of  a  Triangle 
ABC  ;  to  find  the  Sides. 

Making  AE  =  f  AB  =  ,  CD  ■=*,  AC-BC  =  d9 

and  ED  —  x9  we  have  AD 
—  a-\-x,  BD  —  a-x,  AC  =2 

V  b1,  -j-  a- f-Arl%  -and  BC 

V  b  ”  +  a-x I  ;  and  confc- 

quently  </bb  +  -d  — 


C 


quation,  fquared,  gives  bb+  a-j-x |*  -2 d  bb  +a+x\* 
-J-  ddzz  bb  -J-  a^x  ;  and  this,  by  Redu&ion,  becomes 

4 ax-\-  dd=z2d  */  M  +  afx\z.  And  this,  again  fquared, 
produces  i6a7xz  -\-%addx  d*  ~  Afddxbb-^-  aa-\-  zax-^  xx  i 
or,  1  bat  x7 -f d*  =  4  dd  x  aa+bb  +  4  ddxx.  When  ce  x  =s 

/  4  dd  x  aa-\-bb  —  d* 

^  i6aa-4dd 


The  Geometrical  Conftru&ion  of  this  Problem  being 
only  a  particular  Cafe  of  a  more  general  One,  given  at 
large  hereafter  ( Problem  49)  I  {hall  not  infert  it  here : 
But  obferve,  with  refpedl  to  the  Algebraical  Solution, 
that,  if  d  be  fuppofed  to  denote  the  Sum,  inftead  of  the 
Difference,  of  the  Sides,  the  Value  of  x  (or  DE)  will 

be 
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be  given  by  the  very  Equation  above  exhibited ;  as  i9 
manifeft  from  the  Procefs. 

PROBLEM.  XXI. 

Having  the  Bafe  AB,  the  Perpendicular  CD,  and  the 
Re^f  angle  of  the  two  Sides  AC  and  BC,  of  a  Triangle 
ABC  ;  to  determine  the  Triangle. 

By  retaining  the  Notation  of  the  preceding  Pro¬ 
blem,  and  making  the  given 
Redangle  —  c2,  we  have 

^/bb+aJ^xV  xs/bb^r  a~x\z 
c z  ;  and  therefore 

lb  -f-  X  bb  -f-  a—xj2  rr 

c+j  thatis£4-f£2  x  2az~j-2^2 
-|-  a4'  —  2 a2  xz  -f-  *4  —  r4. 

Whence  *4  7.bb-iaa  x  xz 
zzz  r4  ■ —  b 4  —  iaz  bz  —  a 4. 

Which,  folved,  gives  *  =v/r  aa-bb  -f  J  c6f-\dlhz 

m  1  • 

Geometrically. 

The  Magnitude  of  the  Redangle  under  the  two  un¬ 
known  Lines,  AC  and  BC,  being  given,  two  other 
Lines  muft,  therefore,  be  aligned,  containing  an  equal 
Redangle  ;  whereof  One  being  given,  the  Other  will 
alfo  become  known.  ( Vid.  Olfervation  5,  P.  88.  But 
it  is  known  that  the  Redangle  under  the,  given,  Per¬ 
pendicular  CD  and  the  Diameter  of  a  Circle  circum- 
feribing  the  Triangle,  is  equal  to  the  Redangle  under 
the  faid,  unknown,  Sides  of  the  Triangle  (Elem.  19.  3) ) 
Hence  the  Diameter  of  the  circumfcribing  Circle  is 
given  ;  and  from  thence  the  following  Conftrudion. 

Find  a  Third-Proportional  to  CD  and  the  Side  of  the 
Square,  exprefling  the  Magnitude  of  the  propofed  Rec* 
tangle ;  and  with  the  Half  Thereof,  from  the  Point  A 
(or  B)  deferibe  an  Arch,  cutting  EF,  perpendicular  t&: 

AB, 
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AB,  in  O  j  from  which  Point,  as  a  Center,  with  the* 
lame  Radius,  let  a  Circle  ACB  be  defcribed ;  then  a 
Right-line,  GFG,  drawn  parallel  to  AB,  at  the  given 
Diftance  DC,  will  interfedt  the  faid  Circle  in  the  Ver¬ 
tex  of  the  Triangle* 

PROBLEM  XXII. 

The  Lengths  of  three  Lines  AE,  BF  and  CD,  drawn 
from  the  Angles  to  the  Middle  of  the  oppofte  Sides  of  a 
Triangle ,  being  given  ;  to  find  the  Sides . 


Put  CD  =  *,  BF  —  b,  AE  —  c,  AB=r*,  AC=ry 


a2  -j-  yz  —  \  =  2c2. 

From  whence  (by  taking  the  former  of  thefe  Equations 
from  twice  the  Sum  of  the  two  Latter^  there  comes  out 

4*2  ~p  f  a2  —  2  x  2bz  2cz  -  a 2  :  And  confequently 

a ■  -  j  2br-{  2cz  —  a*.  By  the  fame  Argument,  y  — 

p  s/  2 a2  -p  2c2  —  bz  $  and  z  —  |  V  2aZ  -f*2^1  — 

Geometrically. 

If  'CG  and  CH  be  drawn  parallel  to  AE  and  BF, 
meeting  AB,  produced,  in  G  and  H  ;  it  is  plain,  be- 
caufe  CE— BF,  and  CF=AF,  that  AG— ABr=BH  * 
and  alfo  that  CGrr2AE,  and  CH”  2BF.  Therefore, 
the  two  Sides  CG,  CH,  and  the  Line  CD,  bife&ing 
the  Bafe  of  the  Triangle  GCH  being  given,  the 
Diagonal  Cl  (— 2CD)  of  the  Parallelogram  GCHI  (as 
,  .  well 
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w" 

^ell  as  the  Sides)  will  be  given  (Elem.  13.  2).  Hence, 
in  order  to  the  Confhudiion,  let  a  Triangle  CGI, 
whofe  three  Sides  are  equal  to  the  Doubles  of  the  three 
given  Lines,  be  conftituted,  and  draw  GDH  to  bifedi 
Cl  in  D ;  alfo  fet  off  DA  and  DB,  each  equal  to  ~  of 
GD;  join  A,  C,  and  B,  C,  and  the  "Thing  is  done. 

From  this  Conftrudfion  we  have  the  very  fame 
Numerical  Solution  as  from  the  algebraic  Procefs : 

For,  fince,  iGDl2  +  2CDf-=  CGj2  +  CHi1 

( Elem.  12.  2.)  —  4AEI'  +  4BF^,  thence  is  GD  = 

2  All2  +  2FF]2  -  CD)2,  and  consequently  AB 
(=  T  GD)  =  •!  ^  2Al>  +  aSF*  —  CD> .  By 

the  Conftrudfion  it  alfo  appears  that  no  one  of  the  three 
given  Lines  muft  be  greater  than  the  Sum  of  the  other  two. 

-r  r  -  ,  '  -  (  * 

PROBLEM  XXIII. 

‘  d.  : 


*  *  . 

All  the  Sides  of  a  Triangle  ABC  being  given ;  -to  find  the 
Perpendicular  CD,  the  Segments  of  the  Eafe  AD  and 
BD,  together  with  the  Area  cf  the  Triangle. 


Put  AC— <7,  AB— by  BC— c,  and  AD— x:  Then 
BD  —  b-x  ;  and  A— 

FTP*  (=C £>*)==** 

—  x*  ;  that  is,  A— 
bz  -j-  2 bx  —  xz  —  az~ 
xz.  Whence  nix  — 
a1  -\-  bz-A)  and  ar  — 

•  r  A  DEE 

20 


Now  CD)2  =  aCI’-  -  aD>  —  AC+AD  x  AC- AD 


t~~-  a  ~j“ 


aa-\-bb-cc 
2  b 


x  a 


aa-\-bb- cc ___  aa  bb-cc 


lb 


2  b 


X 


— - aa  -f-  2  ab — bb  j-  cc 

2b 


Hence 
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Hence  CD  =  b+az  -c'-  x  c2-'b^af  ;  and 

the  Area  ( - ^~ )  =  £  -A x 

Geometrically . 

From  the  Center  A,  with  the  Radius  AC,  let  a  Semi¬ 
circle  ECF  be  defcribed,  cutting  AB  produced  in  E 
and  F  5  fo  that  BF  may  be  the  Sum,  and  BE  the  Dif¬ 
ference,  of  the  Sides  AC  and  AB  :  Alfo  let  EG  and  FC 
be  drawn. 

Then  will  fU)2  =jFE  x  FD  (—2AF  x  FD) ;  and  EC 
se  FE  x  ED  (—  2AE  x  ED),  by  Elem .  Carol,  to  12.  4. 

Alfo  5U1J  =  3F12  +  FC]2  (2AF  x  FD)  -  2FB  X  FD 

==  BE?  —  2  AB  x  FD  (Elm.  8.2):  And  likewife  BC11 

=•  BF]1  +  EC]2  (*AE  x  ED)  -  2EB  x  ED  =  BE2  + 
sAB  x  ED. 

Hence  it  appears  that  2AB  x  FD  is  =  BE)5,  —  BCl2  * 
and  2AB  x  ED  —  BfT2  —  BE]2  :  And,  confequently, 

that  BFj2  -  BCl2  x'BCla-  BS2  =f  4AB}2  x  FDxED 
=  4AB]2  x  UUj2  (by  Elem.  Cor.  to  12.  4).  Therefore 

ABxDC  . . . . ' 

- - - =  l  y/  BFF-BC^xEC]1  -BEF  =  the 

Area  of  the  Triangle,  as  before . 

From  whence  it  appears,  that  the  Area  of  any  Triangle 
will  be  determined  by  finding  the  Differences  between  the 
Square  of  any  One  of  its  Sides  and  the  Squares  of  the  Sumy 
and  Difference ,  of  the  other  Two  ;  and  then  taking  \  of 
the  fquare  Root  of  the  Produff  arifing  by  the  Multipli¬ 
cation  of  thi  faid  Differences  into  each  other. 


PROBLEM 
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Problem  xxiv. 

Slaving  all  the  Sides  of  a  "Triangle  ABC ;  to  find  the 
Radius  of  its  inferihed  Circle  DEF. 

From  the  Center  O,  to  the  angular  Points  and  the 
Points  of  Contact,  let  Lines  be  drawn ;  and,  upon 
BO  produced,  let  fall  a  perpendicular  AG, 

It  is  plain,  in  the  firft 
Place  (becaufe  OD~OE 
—  OF)  that  AD=AF, 

BD— BE,  and  CF— CE: 

Therefore,  by  Addition, 

BD-fCF  (— BE-fCE) 

“  BC :  Take  each  of 
thefe  equal  Quantities 
from  AB-pAC,  and  there 
will  remain  AD+AF 
AB-J-AC  — BC;  From 


r>  R 

<  #  <  .  •  »  , 

whence  (AD  being  =  AF)  we  get  AD  (or  AY)  = 

By  fubtraeting  of  which  from  AB, 

AB-i-BC-AC 


AB  +  AC-BC 


and  from  AC,  we  aifo  have  BD  ~ 

and  CF  =  AA-+--C  ~  AB . 

i 

Moreover,  it  is  evident  that  the  Triangles  AOG  and 
COF  are  fimilar  :  For  the  Sum  of  all  the  Angles  at  the 
Center,  DOE-|-DOF-f-FOE  being —  4  Right  Angles, 
the  Sum  of  their  Ftalves,  BOD  -f  DOA  +  COF,  muR 
be  =;  2  Right  Angles  =  BOD-f-DOA  -{-  AOG  ;  ani 
confequently  COF  en  AOG. 

Now  let  the  Values  of  AD;  BD;  and  CF  (found 
above)  be  denoted  by  a,  b  and  c ,  refpe&ively ;  and  put 

OD  (OE— OF)=Ar;  Then,  it  will  be  BO  (fbb  -}'  *.<)  : 
OD  (x)  :  :  AB  (a+h)  :  AG  =— and  BO : 


y/bb  -J-  XX 


1 2 


BD 
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ab  4“  bb 


BD  : :  AB  :  BG  = 


BO)  —• 


(lb  ~f-  bb 


»ybb- j-  XX 


^  bb~ \-xx  — 


Therefore  OG  (BG-* 

ab  —  xx  A 

But,  AG : 


bb- \-xx  v  '  \/bb-\-xx 

OG  :  :  CF  :  OF ;  Or,  ax-\-bx  :  ab  —  xx  :  *.  c  :  x 
whence  axz  -j-  bxz  ~  abc-cxz  j  and  confequently  x  — 


/  a  be 

T+b- 


+  b  +  c 


Geometrically, 

Let  DO  and  AG  be  produced  to  meet  each  other  in 
H.  Then,  by  Reafon  of  the  fimilar  Triangles,  it  will 
be,  AB  :  HO  (  :  :  AG  :  OG  )  :  :  CF  :  FO  5  And 
therefore  by  Alternation  and  Compofition,  AB-f-CF  : 

CF  :  :  HO+FO  (HD)  :  FO  (OD)  : :  HDxOD  :  OBT- 
But  HD  x  OD  is  =  ADxBD  (Elem.  18.  3):  There¬ 


fore  we  have  AB-|-CF  ;  CF  :  :  ADxBD  :  OD|“  — 

AD  x  BD  x  CF  ,  r  ,  r 

— — — — - ■,  the  verv  fame  as  before. 

AD+BD-j-CF’  y 

From  this  Concluhon,  the  Rule  in  common  Pra<Bice, 
for  finding  the  Area  of  a  Triangle,  having  the  three 
Sides  given,  is  eafily  deduced :  For  it  is  evident  that 
the  Area  of  the  "Triangle  ABC  is  equal  to  the  Radius 
(OD)  drawn  into  the  Half  Sum  of  the  Sides  (AD+BD 


+CF);  thatis=v//AD+BD+CF  x  ADxBDxCF. 

Where  AD,  BD,  and  CF,  are  the  Differences  be¬ 
tween  the  Plalf  Sum  and  each  particular  Side. 
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PROBLEM  XXV. 

*  t 

The  Radius  of  a  Circle  and  the  Tangents  of  two  Arcs 
thereof  being  given ,  to  determine  the  Tangent  of  the 

Sum  of  thofe  Arcs . 

,  »  ' 

Let  AB  and  BC  be  the  propofed  Arcs,  whereof  the 
given  Tangents  are  AD  and  CE;  and 
let  the  former  of  Thefe  be  continued 
out  to  meet  the  Radius  OC,  pro¬ 
duced,  in  F ;  fo  fliall  AF  be  the  Tan¬ 
gent  of  AC,  the  Sum  of  the  faid  Arcs. 

Now,  calling  AO,  r;  AD,  m ; 

CE,  n  ;  AF,  .*•  ;  and  FO,  y  ;  and 
making  DG  perpendicular  to  FO ;  we 
have  (by  fim .  Triangles)  OF  (y)  :  AO 

(r)  :  :  DF  (x-m)  :  DG  = 

y 

Alfo  OF  fyj  :  AF  (x)  : :  T>?'(x-m)\  FG  =  ^— : 

From  which  we  have  OG  (  nr  OF  —  FG  )  —  y  — 

xx -mx  xy-xx-*~mx  rr\mx\.  r  N 

- nr  — - - - -m - (became  yy-xx~rr). 

Put  OG  (Zl :mx)  :  DG  :  OC  (r)  : 

y  y  . 

CE  (n)  and  confequently  Ax-Am  m  rzn~\-mnx.  Whence 

*  —  rrxnTfn  .  or  AF  __  AO^x  AD  +  CK 
rr-mn  ’  —  ADjtCE 


* 


*ir  i 


Otherwife , 


1 1 8  Geometrical  Problems, 


Otherwife. 

Let  AD  and  AE  be  the  Tangents  of  the  two  Arcs  AB 

and  AC,  and  BF  That  of 
their  Sum  BC ;  alfo  let  EG  be 
drawn  perpendicular  to  OD, 
interfering  the  Radius  OA 
in  H.  Then,  by  Reafon  of 
the  fimilar  Triangles,  it  will 
be  AO  :  AD  :  :  AE  :  AH. 
And,  OH  (AO-AHJ  :  DE 
(  ;  :  OG  :  GE )  :  :  OB 

(AO)  :  BF  :  AOxDE 


F 


aT)  1  x  DE 


AO  2  x  AD  +  AE 


AO -AH 
becaufe. 


AOi2-AOxAH  aOT  -ADx AE 

by  the  firft  Proportion  AO  x  AH  =  AD  x  AE.  Which 
ponclufion  is  the  very  fame  with  That  above. 

If  the  Tangents  of  the  Arcs  AC  and  AB  (Fig.  i.) 
were  to  be  given,  in  order  to  find  the  Tangent  of  their 

Difference.  BC ;  then,  by  the  Proportion  — —  mx-  : 

■-  -  -  •  y 


rx — rm 


:  :  r  :  n  (above  derived)  we  fhould  have  n 


rr  x  a ■'-711 

—  - 

rr-\~  mx 


or  CE  ~ 


ACp  x  AF-AD 
AO,2  +  AFxAD 


PROBLEM  XXVI. 

The  Ratio  cf  the  Sines  DE,  FG  of  two  Arcs  AD, 
AF,  of  a  given  Circle ,  together  with  That  of  their 
Tangents  AB,  AC  being  given ;  to  find  loth  the  Sines 
and  the  Tangents . 

Put  the  Radius  AO  ~a ;  and  let  the  given  Ratio  of 
AB  to  AC  be  That  of  m  to  n  j  moreover  let  DE  be  to 

£  '■  '  fV  •  •  “  -  •  FGf 
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'FG  p  to  q\  and  call  AB,  x  ;  and  AC,  y  :  Then 
(by  Jimilar  Triangles)  GUI2  :  AJB\2  (x2) 

/j’l  v2> 

(a*)  :  D&*  =  —i 
and  OCj4  (a2-\-y2)  :.AC[2  ( y z) 

=  :  ^  (-*) :  FGl*  H. 

Therefore,  by  the  ^uefiion^  pz: 

and 


a2x2 


azyz 


aa-\-xx  '  aa-\-yy 


G.  EA 


nx 

in 


confequently  p2yz  x  az~{-xz  =  Tx%  x  ^T/'*  But,  by 
the  Queftion,  we  alfo  have,  m  :  n  :  :  x  :  y,  =• 
which  Value,  fubftitued  in  the  preceding  Equation, 

— t- — az  xi  =  x  2  + - :  Whence 


gives 


mm 


a 


n2pz  x  rr:  qz  x  azmz  +  »2#2  $  and  —  x 

72> 

/  nnpp — mmTL%  From  which  AC,  DE  and  FG 

qq  —pp 

are  alfo  given. 


Geometrically . 

Since  the  Ratio  of  AB  to  AC  is  given,  as  in  to  n  ; 
GK  (fuppofing  K  to  be  the  InterfeHion  of  FG  and 
OB)  will  be  to  GF,  in  the  fame  given  Ratio:  And,  if 
(agreeable  to  the  3d  General  Obfervation)  KH  be  drawn 
parallel  to  AO,  meeting  OF  in  H,  OH  will  be  to  OF 
Jiill  in  the  fame  given  Ratio. 

Again,  if  DI  be  drawn  parallel  to  AO,  meeting  OF 
in  I ;  then  OK  :  OH  ( :  :  OD  (OF)  :  OI  :  :  FG  :  DE) 

:  :  q  :  p ;  Whence  OK  is  alfo  given  5  and  from  thence 
the  following  Conftruction. 

In  any  Radius  OF  of  the  given  Circle,  take  OH  to 
OF  in  the  given  Ratio  of  m  to  n  ;  and  upon  HF  let  a, 
£cmi- circle  be  defcribed  :  Take  alfo  a  Fourth  pro- 

I  4  portipnad 
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portional  to  />,  q ,  and  OH  ;  with  which,  as  a  Radius* 
from  the  Center  O,  defcribe  an  Arch,  cutting  the 
Semi-circle  in  K;  and,  having  drawn  HK,  make  OA 
parallel  thereto. 

PROBLEM  XXVII. 

The  Side  cf  the  Square ,  and  the  Radius  of  the  Circle , 
infcribcd  in  a  right  angled  "Triangle  ABC,  being  given  ; 
to  determine  the  Triangle . 


Draw  the  Diagonal  BD  of  the  Square;  and  from  the 
Center  O  of  the  given  Circle,  to  the  Points  of  contaft, 

draw  the  Radii  OG  and  OP ; 
and  upon  the  Hypothenufe  AC 
let  fall  the  Perpendicular  BQ_ : 
Calling  the  Side  of  the  Square, 
a\  the  Radius  of  the  Circle, 
and  AQ_,  x :  Then,  becaufe 
of  the  parallel  Lines,  we  fnall 
have  FG  ( a-h )  :  BF  (a)  : :  (O.D 

:  ED  : : )  OP  (b)  :  BQ_=  ~  : 


Whence  DQ_  C£)( 


,  is  alfo  given. 


Let  it,  for  Brevity-fake,  be  denoted  by  c  ;  and  let 
( —d :  Then  we  fhall  have,  AQ(x) : BQ (d) : : BQ^ 

(d)  :  CQ_—  i  and  alfo  (by  Elcm.  io.  4.)  AD(A'-f  c)  * 


rdd 


CD  \-j-c)  ::  AB:  BC  :  :  hQJx)  : BQ_(V)  whence, 
by  multiplying  Extremes  and  Means,  we  get  dx\cd~ 

dx  d-c 


dd-cx  ;  and,  from  thence,  x  —■ 


d-j-c 


whereof  every  thing  elfe  is  readily  found. 


By  Means 


Geometrically i 
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•  •  t  ^  »  f  , 

Geometrically . 

The  Geometrical  Coniiru&ion,  and  the  Trigonome¬ 
trical  Solution  of  this  Problem  are  very  eafy.  For, 
fmce  the  Pofition  of  the  Point  D  with  refpedt  to  the 
Circle,  is  given;  a  Right-line  DPA  drawn  from  thence 
(by  Elem .  16.  5.)  to  touch  the  Circle,  will  determine 
the  Triangle  :  And  then,  from  the  given  Lines  OP 
and  OD,  the  Angle  D  may  be  found  :  By  Means 
whereof  and  ABD  (  —  f-  a  Right  Angle )  together 
with  the  given  Side  BD,  all  the  Reft  will  become 
known. 

PROBLEM  XXVIII. 


'To  -determine  the  Sides  of  a  regular  Pentagon  and  Decagon % 
inferibed  in  a  given  Circle . 


A 


Let  AB,  BC,  CD,  &c.  be  Sides  of  the  Decagon, 
and  AC  a  Side  of  the  Pentagon :  And  let  AD  be 
drawn,  interfering  the  Radius  OB  in  P.  It  is  evidegt 
in  the  firft  Place,  that 
the  Angles  BAP  and 
OAP,  ftanding  on 
the  equal  Arches  BD 
and  BF,  are  equal  to 
one  another,  and  alfo 
equal,  each  of  them, 
to  the  Angle  AOP, 
infilling;  on  the  Arch 
AB  ( Elem.  9. 3.)  And, 
fecondly,  that  the 
Triangle  BAP  (as 
well  as  APO)  is  an 
ifofceles  One,  becaufe  the  Perpendicular  A nC,  makes 
equal  Angies  BAC,  DAC  with  the  two  Sides  AB,  AP 
cl  the  Triangle.  Hence  it  appears  very  plain  that  all 
the  three  Lines  AB,  AP,  and  OP  are  equal  among 
themfelves  ;  and  likewife  that  AO  (OB)  :  AB  (OP)  :  : 
OP  (AB)  :  BP  (by  Elem .  10.  4.)  feeing  the  Angle  BAO 
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is  bife&ed  by  AP.  Moreover,  by  letting  fall  the  two 
Perpendiculars  PQ^and  CM,  upon  AO  and  ABM,  the 
Triangles  BCM  and  APQ  (as  BC  is  rr  AB=AP,  and 
the  Angle  MBC  =  MAD  zsz  PAQJ  will  appear  to  be 
equal  in  all  refpe£b  ;  and  fo,  BM  being  (:=  AQJ  — 

jAO,  we  have  ACT  (=  BC)2  -|-  AB]z-f-  2BMxAB8 
Elcm.  ii.  2.)  =  B02,  T*  AB)2  +  AO  x  AB.  But,  by 
the  above  Proportion,  AhT  is  =  AO  x  BP  :  There¬ 
fore,  by  writing  AO  x  BP  in  the  Room  of  AB)2,  we 
get  AC)2  =  BCla  +  AO  x  AB  +  AOx  BP  =  SU12  + 

AOi2, :  Whence  (BC  being  firft  found)  AC  will  alfo 
become  known. — If  AO  be  now  denoted  by  <?,  and  AB 

by  x ;  then  from  the  Equality  of  AJb|2  and  AO  x  BP, 

you  will  have  *2  =  a  x  a~x ;  from  which  .*•  will  bq 

found  =  /  5ff.  —  fL;  And  from  thence  AC  (zz 

4  2 

•J  xx~\-aa)  —  V  $  , 

2 

As  to  the  Geometrical  Conftru&ion,  it  likewife  very 
eafily  follows  from  above.  For,  fince  the  Side  of  the 
Decagon  appears  to  be  equal  to  the  greater  Part  of  the 
Radius  divided  according  to  Extreme-and-Mean  Pro¬ 
portion;  and  the  Square  of  the  Side  of  the  Pen¬ 
tagon  exceeds  That  of  {he  Decagon  by  the  Square  of 
the  Radius ;  the  following  Solution  (given  by  Dr. 
Barrow ,  as  an  Improvement  upon  Euclid' s )  is  manifeft. 

Draw  the  Radius  OR,  at  right-Angles  to  the  Dia¬ 
meter  AF ;  and,  having  bifected  the  Radius  AO  in  Q_, 
let  QS  be  taken,  in  AF,  equal  to  the  Diflance  QR  : 
So  Jfhall  OF  :  OS  :  :  OS  :  FS  ( Elem,  22.  5.)  and  con- 
fequently  OS  =  AB  the  Side  of  the  Decagon. 

And,  becaufe  (fuppofing  RS  drawn)  is  =  OS)2 

4-  OR)z  ,  it  is  plain  alfo  that  RS  will  be  equal  to  the 
Side  AC  of  the  Pentagon. 

PROBLEM 

*  t  V  '  (,  .  4  *  N  «■ 
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PROBLEM  XXIX. 

) 

flavin g  the  Hypothenufe  AC  of  a  right-angled.  Triangle, 
ABC,  and  alfo  the  Radius  of  the  infcribed  Circle 
DEFG  ;  to  find  the  two  Legs  AB  and  BC. 

From  the  Center  D  of  the  given  Circle,  to  the  Points 
of  Contact,  let  DE,  DF,  and  DG  be  drawn  j  alfo 
ilraw  AD  and  CD : 

And  put  DE  ( 1= 

DG  =  DF)  = 
hC—b,  AB  =  *, 
and  BC  —  y. 

It  is  evident,  that 
CE  muft  be  =  CG 

—  y — a  ;  becaufe 
the  right  -  angled 
Triangles  CDE  an< 

CDG,  having  DE  —  DG,  and  CD  common,  are  equal 
in  all  refpedts.  In  the  very  fame  manner  is  AE  — AF 

—  x — a. 

Therefore  y-a  +  x-a  —  b  (—  AC) ;  from  which 
Equation  we  have  *-f -y  =  b-\-2a.  But,  from  the  Pro¬ 
perty  of  right-angled  Triangles,  we  alfo  have  xx-\-yy  = 
\b.  And,  if  from  the  Double  of  This,  the  Square  of 
the  former  Equation  be  fubtradted,  there  will  remain 
xx—2xy\yy  —  bb—\ab—\aa. 

From- whence,  by  extracting  the  fquare  Root,  or* 

both  Sides,  we  get  x—y  =  bb-^ab—^aa.  Which  laft 
Equation,  added  to,  and  fubtradled  from,  the  Firft, 

gives  2x  —  2^-f  b  +  bb-^ab-\aa>  and  2 y  —  2 a-\-b 

-  -  -  v  V  *  '  "•  *■  * 

- —  jf  bb-\ab-\aa. 

Geometrically . 

Seeing  the  Difference  between  each  Leg  of  the 
Triangle  and  the  adjacent  Segment  of  the  Hypothenufe, 
is  equal  to  the  Radius  of  the  Circle,  it  is  plain  that  the 
$um  of  the  two  Legs  (AB-f-BC)  will  exceed  the  Sum 
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of  the  two  Segments  (or  the  whole  Hypothenufe)  by 
twice  the  Radius ;  and  will  therefore  be  given  —  AC 
4-  2BF.  Whence,  if  BI  be  fuppofed  equal  to  BC,  AI 
will  likewife  be  given  =  AC  -f-  2BF,  and  the  Angle 
BIC  =  half  a  Right-One.  Hence  the  following  Con- 
Ilrudtion. 

Draw  an  indefinite  Line  in  which  take  AH  equal 
to  the  given  Hypothenufe,  and  HI  equal  to  the  Di¬ 
ameter  of  the  given  Circle ;  alfo  make  the  Angle  AIN 
equal  to  half  a  Right  Angle;  and  from  the  Center  A, 
with  the  Interval  AH,  let  an  Arch  be  defcribed,  meet¬ 
ing  IN  in  C ;  from  which  Point  upon  AP  let  fall  the 
Perpendicular  CB ;  fo  fhall  AB  and  BC  be  the  twp 
Legs  required. 

PROBLEM  XXX. 

*fbe  Perimeter ,  and  the  Area,  of  a  right-angled  Triangle 
ABC  being  given  ;  to  determine  the  Triangle . 

put  the  given  Perimeter  (AB+BC-f-AC)  ==/>,  the 

Area  ( \  AB  x  BC) 
z=:az;  and  let  half 
the  Sum  of  the  Legs 
AB  and  BC  be  de¬ 
noted  by  x  and  half 
their  Difference  by 
y  :  Then,  AB  be¬ 
ing  =  *  +y,  BC  — 
x — y,  and  AC  — 
p—2x,  we  (ball  have 

H-y  *  *-y  (=  AB  xBC)=  2 and  x+y*  -j-  * — y\z 

(—PiCr)—  p- 2x\*;  that  is,  by  Reduction,  xx-yyiz: 2az  1 

aud  2xx+2yy  ~  pp—^px-f^xx. 

Now,  by  the  Addition  of  the  latter  of  thefe  E- 
quations  to  the  Double  of  the  former,  there  arifes 
fxx  ==  pp~APx  +  4^+4^  :  Whence  .r  comes  out  == 

ll£f  —  Ip  +  — .  From  which  Value  that  of  y 

4P _ P 

~y'xz-2az,  will  like-wife  be  given. 


Geometrically* 
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Geometrically . 

If  from  the  Center  D,  of  a  Circle  infcribed  in  th<§ 
Triangle,  Lines  be  fuppofed  drawn  to  the  angular 
Points,  the  propofed  Triangle  will,  by  that  Means,  be 
divided  into  three  Others  ADB,  BDC,  and  ADC; 
whofe  Bafes  are  the  three  Sides  of  the  firft  Triangle, 
and  their  Perpendiculars  all  Radii  of  the  faid  Circle, 
From  which  it  is  evident  that  the  Triangle  ABC  is 
equal  to  a  Re£f angle  under  Half  the  Sum  of  its  three 
Sides  (which  we  will  here  exprefs  by  the  given  Line 
AQJ  and  the  Radius  DF  of  the  infcribed  Circle ;  and 
confequently  that  the  Radius  DF  will  be  gwen  by 
taking  a  Third  Proportional  to  AQ^  and  the  Side  { a ) 
of  the  Square  exprefftng  the  given  Area.  Whence, 
making  QH  aud  QJ,  each,  equal  to  DF,  fo  found  , 
it  will  appear  from  the  preceding  Problem  that  AH 
will  be  =  the  Hypothenufe,  and  Al  =  to  the  Sum  of 
the  two  Legs,  of  the  propofed  Triangle :  Which 
Quantities  being  both  given,  the  Method  of  Con' 
ftrudtion  is  manifeft  from  the  l<*Ji  Problem, 

!  •  9  i  ,  X 

•  .*•  v  -V 

'  r:  •  H  ir.  i 
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PROBLEM  XXXI. 

the  Sum,  or  Difference  of  the  two  Legs  AC  and  BC  of 
a  right-angled  Triangle  ABC  being  given ,  together 
with  the  Sum ,  or  Difference  of  the  Hypothenufe  AB 
and  a  Perpendicular  CD  falling  thereon  from  the 
Right- Angle  •>  to  find  all  the  Sides  of  the  Triangle . 

Put  AC+BC=:*,  AC-BCz -dy  AB+CD  — ^ 

AB-CD  —q: 
Then  will  AC 

=i±ff,  BC= 
2 

AB  — 

2 

CD  =2 

2  ? 

But  ASj1  =  AC)*  -f-  SCI1  ;  and  AB  x  CD  (— 

2  Area  ABC)z=  AC  x  BC  :  Which,  in  Speties,  give 
px  -f  2pq  +  -=l  2ia-}‘2^’, 

and  ~  sr-d\ 

By  adding,  and  fubtra&ing  the  Double  of  the  lafl:  of 
thefe  Equations  from  the  former,  we  have  thefe  two 
other  Equations, 

viz.  3pz^r2pq-q7'  =:  4 sz; 
and, -pt+apq+tf  =  4^.  . 

From  which,  when  any  two  of  the  Quantities,  s , 

/>,  q ,  are  given,  the  other  two  will,  eafily,  be  deter¬ 
mined. 

Thus,  let  s  and  p  be  given ;  then,  from  the  former 
Equation,  we  have  qz-2pq  —  2Pz~Ar5'1 5  whence  qz-2pq 

-f-/>2;n4/>2-4J2,  and  p-q  =  2  px-s~  •  Therefore  CD’ 

==  */Px~s^9  an^  AB  7=1  P  ~  V pz-s2. 

If  d  and  ^  be  given  ;  we  thall  have  CD  =  ^  qz-d 2  ; 
beeaufe  pz—qz  =  sz~dz,  or  />*-j2  —  qz-dz  (p.  above.) 

Btity 
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Eat,  if  s  and  q  be  given,  then  will  3  = 

4**+?*  ;  which,  folv’d,  gives  p  —  J  ys-\-qq~'  q. 
Laftly,  if  d  and  p  be  given,  vve  (hall  have  2qz-\-2pq 

—  4^2-f/>2,  and  confequently  q  =:  -j  */  3 ddf-pp  —  § 

Geometrically . 

The  very  fome  Properties  whereby  the  algebraical 
Solution  is  above  brought  out,  lead  us  alfo  to  Geome¬ 
trical  Conftru&ions  of  the  feveral  Cafes  of  the  Pro¬ 
blem  under  Confideration.  But  it  will  be  fufficient, 
here,  to  exhibit  That  of  the  Cafe,  wherein  the  Sum  of 
the  Legs  (AE)  and  the  Difference  of  the  Hypothenufe 
and  Perpendicular  (AF)  are  fuppofed  given,  being  the 
moft  difficult. 

Thus,  becaufc  AC]*  +  ScP  =  AB]*, 
and  2AC  x  BC  (—  2AB  x  CD)  =  2AB  x  BF ; 
we  (hall,  by  adding  thefe  equal  Quantities, 

have  AC]2  +  EC]*  +  2ACxBC  (or  Elan.  5.  2.) 

=  AB|2  +  2AB  x  BF  ~  AB?  -f-  2AB  x  AB-AF  — 
3ABV  -  2AB  x  AF. 

Therefore,  if  an  Arch,  from  the  Center  A,  with  the 
Radius  AE,  be  deferihed  ;  and,  from  its  Interfecfion 
(H)  with  FH  perpendicular  to  AE,  another  Arch  be 
alfo  deferibed,  with  the  Radius  2AE,  cutting  AE  pro¬ 
duced  in  N ;  then  the  Hypothenufe  AB  of  the  required 
Triangle,  will  be  -f  of  the  Line  AN  thus  determined. 

For  HN?  ( 4  AE]2)  being  zz  AN]2  AHr  (AE)2) 

—  2ANxAF  (Elem.  9.2),  and  therefore  3AE*  =  ANls 
— -  2AN  x  AF  $  it  is  plain,  if  AB  be  taken  z=  i  AN, 

that  3AEi2  3AB  x  3AB  -  6AB  x  AF  :  And  con¬ 
fequently  that  AE]Z  zz:  3AB?  —  2AB  x  AF,  the  very 
fame  as  above . 

From  the  Value  of  AB,  thus  given,  wft&t  yet  re¬ 
mains  to  be  done,  will  be  effected  with  great  facility.- 
For,  if  in  FH  there  be  taken  FK  zz  FB,  and  KC  be 

drawn 
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drawn  parallel  to  AN,  interfering  a  Semicircle,  de* 
fcribed  upon  AE,  in  the  Point  C,  that  Point  will,  it  is 
evident,  be  the  Vertex  of  the  Triangle. 

L  E  M  M  A. 

If  a  Line  be  drawn  from  the  Vertex  to  any  Point  in  the 
Bafe  of  a  Triangle ,  the  Sum  of  the  two  Solids  under 
the  Squares  of  the  two  Sides  and  the  alternate  Seg¬ 
ments  of  the  Bafey  will  be  equal  to  the  Solid  under 
the  whole  Bafe  and  its  two  Segments ,  together  with 
the  Solid  under  the  fame  Bafe  and  the  Square  of  the 
dividing  Line . 

Let  ACD  be  any  propofed  Triangle,  and  BD  the 
J)  dividing  Line ;  then,  1 

fay,  that  AD-4  x  BC  -f- 

/  \  \  CB]2  x  AB  =  AC  x  AB 

/  \  \  x  BC  +  AC  x  El))2. 

/  I  j  \  For,  if  AB  and  CB 

/  I  I  V  be  bife£ted  in  M  and  N* 
/  I  \  \  and  a  Perpendicular  DE 

/  j  \  \  be  let  fall  upon  AC,  it 

AT~M  B  EN  C  is  known 

c  a  I)]4  —  BDj2  zn  AB  x  2ME  ?  Elem .  8.  and 

that  i  CD]*  —  BDl*  =  BC  x  aNE  i  I0-  rf 
Whence  it  follows, 

that  ADja  x  BC  —  BD]2  X  BC  =  AB  x  BC  x  2ME ; 

and  CD?  x  AB  —  BD)2  x  AB  =  AB  x  BC  x  2NE* 
Let  thefe  equal  Quantities  be  added  together,  and  the 
Sums  will  alfo  be  equal ; 

that  is,  AD)*  x  BC  +  CD)*  x  AB  —  AC  x  51))*  (= 
AB  x  BC  x  2MN)  ==  AB  x  BC  x  AC ;  and  confequently 
A0!  x  BC  +  CD>  x  AB  =  AC  x  AB  x  BC  +  AC  x 

Id)*.  «>.  e.  d.  ■ _ 

Corol.  r.  Hence,  if  AB  3=  BC,  then  will  AD* 
+  CD)1  =  2AB1  +  aBD)2. 

Corol. 


I 
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Corol.  2.  But,  if  ADrrDC,  then  we  fhall  have 
AD.2  X_BC  +CDl2x  AB  =  x  BC  +  AD>  x 

AB  =  ADl2  x  AC  :  Whence  ADl2  x  AC  =  ABxBC 
x  AC  -f-  BDj2  x  AC ;  and  confequently  ADl2  =  AB  X 
BC  4.  BD|a. 

Corol.  3.  Laftly,  if  the  Angle  ADB—rthe  Angle 
CDB  (or  AD  :  CD  :  :  AB  :  BC,  Elem .  10.  4.)  then 

ADxBC  being  =: CD  x  AB,  it  follows  that  AI))2xBC 
=  AD  x  CD  x  AB  j  and  that  &)]2  x  AB  =  AD  x 
CD  x  BC.  Hence  ADl2  x  BC  +  CDl2  x  AB  =  AD 

x  CD  x  AB+BC  =  ADxCD  x  AC  =  ABxBC x  AC 
4-  BD|2  x  AC  ( p.  above)  ;  and  confequently  AD  x  CD 
=  AB  x  BC  +  bU)>. 


PROBLEM  XXXII. 

from  three  given  Points ,  A,  B,  C,  in  the  fame  Right - 
fane,  to  draw  as  many  Lines,  to  meet  in  a  fourth  Point 
D,  fo  ess  to  obtain  a  given  Ratio  among  themf elves, 

CallAB, a;  BC,  b\  AC,  c ;  and  AD,  x\  and  let  AD, 
BD,  and  CD  be,  jD 

in  Proportion  to 
one  another,  as  p , 
q ,  and  r,  refpec- 
tively.  Then,  BD 

being=:^-  >  an^ 

CD  =  ™,  we 
P 

fhall,  by  the  preceding  Lemma,  have  xzxb  -f— -  X  a  = 

X  X 

1  Qlxz 

abc  T  c  X  - —  • 

JP _ 

Whence  bp*-\-ar't- — ccf  x  xz  abet)’1-, 

K 


And 
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And  confequently  x  : zip  — - . 

J  bpp\arr-cqq 

After  the  fame  manner  the  Problem  may  be  refolved, 

when,  inftead  of  the  Ratio,  the  Sums,  the  Differences, 

or  the  Redangles  of  the  three  Lines,  are  given. 


Geometrically . 

If  from  any  Point  E,  in  BD,  two  Lines  EF  and  EG 
be  fuppofed  drawn,  fo  as  to  form  the  Angles  BEF  and 
BEG,  refpedively,  equal  to  BAD  and  BCD,  it  is 
evident,  from  the  Similarity  of  the  Triangles  BEP, 
BDA,  and  BEG,  BDC, 

BE  :  BE  :  : BA  :  BD 


that  1  BE  :  BG  :  :  BC  :  BD. 

And,  confequently,  that  BF  :  BG  :  :  BC  :  BA.  There¬ 
fore,  if  BF  be  taken  — BC,  BG  will  be  =  AB. 
Moreover,  from  the  abovementioned,  fimilar,  Triangles, 

.  5  BD  :  AD  q  :  p)  ::  BF  (BC)  :  FE 

have  l  BD’:  CD  (:  :  q  :  r)  :  i  BG  (AB)  :  GE. 
Whence  FE  and  GE  are  given  ;  and  from  thence  the 
following  Conflrudion. 

Take  BF  =  BC  and  BG  =  AB  ;  aJfo  take  a  Fourth 
Proportional  to  q  :  y>,  and  BC,  and  Another  to  y,  r, 
and  AB  ;  And,  with  Thefe  as  Radii,  from  the  Centers 
F  and  G,  let  two  Arcs  be  defcribed  ;  and,  to  their  In- 
terfedion  E,  draw  BE  and  FE  ;  alfo  draw  AD,  making 
the  Angle  BAD  =  BEF,  fo  (hall  its  Interfedion  with 
BE,  produced,  be  the  Point  of  Concourfe  required. 

The  Trigonometrical  Calculation,  from  this  Con- 
ffrutdion,  is  very  fhort  and  eafy :  For,  all  the  Sides  of 
the  Triangle  FGE  being  given,  the  Angle  F  may  be 
found  ;  then,  in  the  Triangle  BFE,  two  Sides  and  the 
included  Angle  being  known,  every  Thing  elfe  is  readily 

determined. - It  may  be  obferved  that  there  is  another 

Conftrudtio'n  of  this  Problem  ;  by  Means  of  the  Inter- 
fedlion  of  two  Circles,  fo  defcribed  that  Lines  drawn 
from  the  given  Points  to  meet  in  the  Peripheries  There¬ 
of,  may  obtain  the  given  Ratios  (See  Elem.  15.  4.)  but 
the  Method  given  above  I  look  upon  as  preferable.— -As 

to 


we 
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to  the  Limitations,  it  is  plain  the  Problem  becomes  im- 
poffible  when  the  two  Circles,  defcribed  from  C  and  F, 
do  not  meet  each  other ;  that  is,  when  q  is  given  either, 
lefs  than  the-  Difference,  or  greater  than  the  Sum  of 

f—  and  — . 


PROBLEM  XXXIII. 


The  two  Sides  AD,  CD,  of  a  Triangle  being  given  in 
Lengthy  together  with  the  Length  of  a  Line  DB  divid¬ 
ing  the  Bafe  AC  in  a  given  Ratio  ;  to  determine  the 
Bafey  or  Line  fo  divided . 

Call  AD,  a ;  BD,  b  \  CD,  c  \  and  AB,  x  ;  and  let 
the  given  Ratio  of  AB  to 
BC  be  that  of  m  to  n.  Hence 


BC  =  —y  and  AC  ( 
in 


x 


m-\~n  x  .v 


And 


m 


m 


therefore,  by  the  Lemrr^ty 


m 


nx 

m 


^  ,  ni4~nXx  , 

X  x  -f  — 1  - X  bz. 

in 


Whence,  by  Reduction,  mnar +  -mxm^nxb' 

m-^-nxnx2-,  , 


And  .v  = 


mnaa-\-m?ncc  mbb 


m-fnxn  n 

If  DB  be  fuppofed  to  bife£I  the  Bafe  ;  then,  m  and  n 


being  equal,  .v  becomes 


'  aa\-cc 


_  lb. 


But,  if  DB  be  fuppofed  to  bife£t  the  vertical  Angle, 
we  fhall  have  m  :  n  (: :  AD:  CD) :  :  a  :  c  [Elem.  10.  4). 

K  2  Whence. 
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Whence, 

Equation 
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by  writing  a  and  c  indead  of  m  and  our 

.  .  /  aic-\-d2-c%  abz  \ 

becomes  a*  (  —  ./  —  - - — )  — 

_  ^  afCXC  c  ' 

abz 

— . . . 

c 


Geometrically . 

In  any  Right-line  EG,  at  pleafure,  let  there  be  taken 
EF  and  FG  in  the  given  Ratio  of  AB  to  BC ;  and, 
from  the  Points  E,  F  and  G,  let  three  Lines  be  drawn 
to  meet  in  a  Point  D  (by  the  lajl  Problem)  (o  as  to  ob¬ 
tain  the  given  Ratio  of  AD,  BD,  and  CD,  refpe&ive- 
ly  :  Then,  if  DA  be  taken  of  the  given  Length,  and 
ABC  be  drawn  parallel  to  EFG,  it  is  manifeft  that 
ADC  will  be  the  Triangle  required. 


PROBLEM  XXXIV. 

Suppofng  two  Sides  AC,  BC,  of  a  Triangle  ABC,  to  be 
given  in  Length ;  and  that  two  Lines  BE,  AD,  drawn 
from  the  oppofite  Angles ,  to  cut  off  given  Segments  AE, 
BD,  are  equal  to  each  other ;  ’tis  propofed  to  determine 
the  other  Side  AB  of  the  Triangle . 


PutCE~<7,  AE  ~b,  CD  =  c,  BD=d,  CA ~fy 

C B=g,  AB  =  r,  and  AD 
(or  BE)  —  z.  Then,  by  the 
Lemma ,  we  have  the  two  fol¬ 
lowing  Equations. 

gzxb  x'Lxa—fab  4*  fxzd % 
fzxd+  xzxc=zgcd-\-  gxz2. 

jy  From  the  former  of  which, 
multiply’d  by  g ,  let  the  latter, 
multiply’d  by  be  fubtraft- 
£  ed,  and  there  will  arife  %3— 

df 3  -f  agxz  —  cfx 2  abfg  —  cdfg . 

Therefore  .v  =  /  ab-cdxfg  +  dp-bgl, 

V  ag-cf 

Geometrically . 
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with  their  Solutions. 

Geometrically . 

If  DF  be  drawn  parallel  to  BE,  the  Ratio  Thereof 
to  BE  (or  AD)  will  be  given,  as  CD  to  CB ;  and  CF 
will  likewife  be  to  CE  in  the  fame  given  Ratio,  and 
therefore  will  be  given  in  Length.  Hence  it  is  evident 
that  the  Pofition  of  the  Point  D  with  refpecSt  to  the  Side 
AC  (firft  laid  down)  will  be  determined  by  the  Inter- 
feftion  of  two  Circles  ;  One  described  from  the  Center 
C,  with  the  given  Interval  CD ;  and  the  Other,  by 
Elem.  15.  4,  fo  that  Lines  drawn  from  F  and  A,  to 
meet  any-where  in  the  Periphery  Thereof,  may  obtain 
the  faid  given  Ratio  of  CD  to  CB.  Through  which 
Point,  fo  determined,  the  other  Side  CB  of  the  Tri¬ 
angle  muft  be  drawn  j  and  then,  AB  being  joined,  the 
Thing  is  done. 

/  . 

PROBLEM  XXXV. 

•  -  *  *  •  -  '  *  f  ; 

All  the  Sides  of  a  Trapezium  ABCD,  about  which  a 
Circle  may  be  infcribed ,  being  given  in  Length  ;  to  de¬ 
termine  the  Diameter  of  the  Circle . 

Let  the  Diagonal  AC  be  drawn,  and  upon  BC  and 
AD  let  fall  the  Perpendi¬ 
culars  AE  and  CF.  And 
put  AB— BCir:^,  CD 
z=zc9  AD  =zd7  and  BE 
=  x. 

Now  the  external  Angle 
CDF  being  equal  to  the 
internal,  oppofite,  Angle 
B  (Elem.  Carol,  to  13.  3.) 
the  Triangles  ABE  and 
CDF  are  fimilar:  And 
therefore  AB(j)  :  BE  ( x ) 

: :  £D  (r) :  DF  =  But  AB]1  -f  lC|J  —  2BC  x  BE 

K  3  (= 


/ 
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(=  ACl*)=  aIJ1‘  +  CD]1  +  2AD  x  DF  ;  that  is,  ia 
Species,  aa-\-ib  —  2 bx  =  cc\dd  -f-  — 

a 

y,  i  •  «  'p  •  *  /•  ,  fla-\-bh—~cc— dd 

From  which  Equation  x  is  found  — — E7  ,  — ,  ■ : 

lb  -[-  2 cd 

a 


Whence  AE  (nr  y"  aa—xx  )  and  AC  (z=z  K/aa-{-bb—2.bx) 
will  alfo  be  given:  And  then  it  will  be  AE:  AC  ::  A^B: 
the  Diameter  fought  ( Elem .  19,  3). 


Geometrically • 


If  the  two  Diagonals  of  the  Trapezium  be  drawn, 
interfering  each  other  in  E,  the  Triangles  ABE  and 
CED,  as  well  as  CEB  and  AED,  will  be  equiangular 

(Elem.  Corel,  to  9.  3). 


Whence 


AB  :  CD 
BC  :  AD 


BE  :  CE 
BE  :  AE. 


And,  fince  the 
Ratios  of  CE  and 
AE  to  BE  are 
thus  given,  it 
follows,  that,  if 
any  Line  FG  be 
drawn  parallel  to 
AC,  the  Parts 
thereof  GH  and 
FH,  intercepted 
by  BC,  BE,  and 
BA  ( produced  ) 


will  be  to  BH  in  the  fame  given  Ratios, 


~  .  c AB : CD  :  : BH :  GH 

°r  that  t  BC  :  AD  :  :  BH  :  FH  ; 

and  confequently,  that,  if  BH  be  taken  =2  AB,  GH 

will  be  given  =  CD,  and  FH—  Whence 

the  following  Conftru&ion. 

Make 
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Make  FH  a  Fourth-Proportional  to  BC,  AB,  and  AD 
(by  Elem.  13.  5)  ;  and,  in  the  fame  Line  produced, 
take  HG  CD  :  Then  (by  Elc?n.  15.  4.)  let  a  Circle 
IK.  be  defcribed,  fo  that  two  Lines  drawn  from  F  and 
G,  to  meet  any-where  in  the  Periphery  Thereof,  may 
obtain  the  given  Ratio  of  AB  to  CB.  And  from  H, 
as  a  Center,  with  the  Radius  AB,  let  another  Arch  be 
defcribed,  interfering  the  Former  in  B  ;  draw  BP  and 
BG,  in  which  fet  off  BA  and  BC  of  the  given  Lengths; 
then,  thro’  the  three  Points  A,  B,  and  C,  let  a  Circle 
be  defcribed,  and  the  Thing  is.  done, 

PROBLEM  XXXVI. 

All  the  Sides  and ,  the  Area  of  a  Trapezium  A  BCD  being 
given  ;  to  determine  the  Trapezium . 

Suppofe  the  Diagonal  AC  to  be  drawn  ;  fuppofe  alfo 
CE  and  CF  to  be  per¬ 
pendicular  to  AD  and 
AB :  And  make  AD 
<7,  DC  —  b.  BC  —  c9 
AB —d,  the  given  Area 
ABCD  —  r%  DE— 
and  BF  —  y. 

Then  will  aa\-bb\- 

lax  (=AC)Z)  —  cc\-dd 
<idy  (Elem.  ir.  2.)  and 

a  bb—xx  +  d  f  cc-yy 
(—  2ADC4-  2 ABC)  ==:  2 rz  (by  the  Qucjlion). 

Put  c2-\-d2 — a2 — b2—  'if ;  and,  by  the  firft  Equation, 
you  will  have  ax — dyzzf. 

Moreover,  by  fquaring  the  two  laft  Equations,  and 
then  adding  them  together,  you  will  have 

a2b2-{~c2d2~\-2ad  bb—xx  x  *f  cc — yy  — 2 adxy  —  Apr* 
-f-  f2.  Which,  by  dividing  by  2 ad^  and  making  g  = 

4  r4-f/x  ab2  c2d  _  _ 

~~2 ~acT  h d - -  TcA  isreduceclt0  fbb-xxxfcc-yy 

—  g+xy- 

This,  fquared,  gives  b2c2  —  b2y2  —  c2x2  =:  g2~^2gxy  : 

K  4  Which, 
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Which,  by  writing  in  the  Room  of,  its  Equal, 

will  become  frc1 —  fry1 — _£_2LSE71.  =  g'L-\-  2gy  X 

aa 

dl$dL\  Whence,  putting  frc1 — --L  —gr=  t>, 
a  a  a 

jL.2fL~k,  and  +  we  get  h  ~  by 

a  a%  a 


.+  bl  i  and  therefore  y  =v// 7-+-^ - ~f. 


Geometrically. 


Becaufe  ADl*  +  DC]2  +  2AD  xDE  (_==  ACl1)  = 

AB)2  +  BC  *  +  2ABx 
BF  (Elem.  n.  2.)  it  is 
plain  that  2ADxDE — 
2AB  x  BF  is  given  =: 

AFf  +  BCl*  —  ADp 
-CD h 

Find  (by  Elem.  2  and 
3.  6.)  a  Line  L  whofe 

fquare  fhall  be  =  AB\Z 

+BC1 4- ADf  -  CUT* 
fo  (hall  2ADxDE  — 


2ABxBF  =  Z2,  and  confequently  DE  — 


ABxBF 

AD 


L\ 

2AD 

But  fuppofing  PQ,  perpendicular  to  AB, 

and  BP  a  Fourth  Proportionol  to  AD,  AB,  and  BC, 
appears  to  be  =  BQ_:  And  AB  x  CF  (iince  AD  :  AB 
:  :  BC  :  BP  : :  CF  :  PQJ  will  alfo  be  equal  to  AD  x 
PQ^  ( Elem.  3.  4.) 


Hence 
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Hence  we  have  DE~BQ==-— ,  and  AD  x  EC 

4-  AB  x  CF  (  =  )  =  AD  x  EC  +  AD  x  PQ_ : 

Whence,  by  taking  a  Third  Proportional  (T)  to  2  AD, 
and  L ,  and  Another  (V)  to  \  AD  and  r,  there  refults 
DE-BQj=  T ;  and  EC  +  PQ_=  V, 

Therefore  the  Problem  is  reduced  to  this;  to  find  two 
Angles  CDE,  PBQ,  fo  that  the  Sum  of  their  Sines  CE, 
PQ_,  and  the  Difference  of  their  Co-fines  DE,  BQ.  (an- 
fiuering  to  given ,  but  unequal ,  Radii  DC,  BP)  may  be 
both  given  Quantities, 

And  the  Conftru&ion  thereof  (which  is  exceeding 
evident)  will  be  as  follows. 

Draw  two  Lines  cutting  each  other  at  Right-Angles 
in  M,  in  which  take  MPz:  F,  the  given  Sum  of  the 
Sines ;  and  MN  =  T,  the  given  Difference  of  the  Co¬ 
fines:  Then,  from  the  Centers  P  and  N,  with  the 

given  Radii  PB^~ 

be  defcribea,  interfering  each  other  in  B;  through 
which  Point  draw  OA  parallel  to  MN  ;  and  join  B, 
P,  and  B,  N ;  fo  (hall  PBO  and  NBO  (=CDE)  be  the 
two  Angles  required.  Which  being  known,  the  Tra¬ 
pezium  itfelf  is  very  eafily  conftru&ed. 

This  Problem,  it  may  be  obferved,  becomes  impof- 
fible  when  the  two  Arcs,  defcribed  from  the  Centers  P 
and  N,  do  not.  meet,  but  fall  fhort  of  each  other;  that 
is,  when  the  given  Area  is  greater  than  That  of  a  Tra¬ 
pezium  of  the  fame  given  Sides,  infcribed  in  a  Circle, 
determined  by  the  preceding  Problem. 

But,  befides  the  above,  there  is  another  Limit,  for 
the  leaft  Value  of  the  Area  (except  in  one  particular 
Cafe)  and  the  Problem  will  be  impoflible  when  one  of 
the  two  Circles  falls  wholly  within  the  other,  as  well 
as  when  it  falls  wholly  without  it :  But  this  Laft  de^ 
pends  upon  the  particular  Order  of  joining  the  given 
Lines ;  whereas  the  Cafe  is  otherwise  with  refpeft  to 
the  firft,  or  greateft  Limit. 


AB  x  BC 
AD 


)  and  DC,  let  two  Arcs 
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PROBLEM’  XXXVII. 

To  divide  a  given  Angle  BAC  into  two  Parts  BAI  and 
CAI,  fo  that  their  Sines  BE  and  CF  may  obtain  a 
given  Ratio',  fuppofe  that  of  m  to  n. 

Put  the  Chord  BC  of  the  given  Angle  =  a ,  and  the 

Part  thereof  BD,  inter¬ 
cepted  by  AI,  =  a-: 
Then,  becaufe  of  the 
fimilar  Triangles  BDE 
and  CDF,  it  will  be, 
BD  (x)  :  CD  (a-x)  :  : 
BE  :  CF  :  ;  m  :  ?7,  by 
Hypothecs, 


Therefore  nx—mx  a~~x ;  and  confequently  a-  — - . 

m-\-n 

From  whence,  and  the  given  Angle  ABD,  the  Angle 
BAD  will  be  found. 

The  Geometrical  Conftru&ion  ( like  the  Algebraical 
Operation)  may  be  performed  by  dividing  the  Subtenfe 
BC  in  the  given  Ratio  of  m  to  n :  But  the  following 
Method  is  preferable. 

In  AC  take  AG  ~  m ;  and,  in  BA  produced,  take 
AH  —  n ;  then  a  Line  AE  drawn  parallel  to  That  join¬ 
ing  the  Points  G  and  H,  will  divide  the  Angle  as  re¬ 
quired.  For,  by  Trigonometry ,  AG  (rn)  :  AH  (n)  :  : 
Sine  AHG  (BAE)  :  Sine  AGH  (CAEJ  :  From  this 
Conftru&ion  the  numerical  Solution  is  exceeding  eafy; 
both  the  Sides  AG  and  AH,  and  the  included  Angle 
HAG  being  given. 


PROBLEM 
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\  ' 

PROBLEM  XXXVIII. 

<*  _  • 

To  divide  a  given  Jngle  BAC  into  two  fuch  Parts  BAG, 
CAG,  that  the  Rectangle  under  their  Sines ,  BE  and 
CF  (to  a  given  Radius)  may  be  of  a  given  Magnitude . 

Let  AH  be  perpendicular 
to  the  Chord  BC;  alfo  let 
BH  ( =  CH )  =  ,  AH  — 
b ,  BE  x  CF  c %  and  HD 
—  x;  fuppofmg  AG  to  in¬ 
terred:  BC  in  D. 

*  1  *  *  *  *• 

Becaufe  of  the  fimilar 
Triangles  DAH,  DBE,  and 
DCF. 

w  h,„„$  AD  (^/bb+xx)  :  AH  (b)  :  :  BD  (a+*) :  BE 
X  AD  bb+xx) :  AH  (b)  : :  CD  (a—*)  :  CF. 

A  1 

Whence,  by  compounding  the  two  Proportions, 

-  -  bbxaa—xx  _ 

bb-\-xx :  bb  : :  a~\-x  x a — x  :  BE  x  CF  =■ — — c  • 


From  which  Equation  x  is  found =£ 

By  means  of  which  and  the  foregoing  Proportions  both 
BE  and  CF  will  become  known. 


Geometrically „ 
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Geometrically. 

If  Cl  be  fuppofed  perpendicular  to  AB,  and  FK  to 
Cl  $  then,  the  oppofite  Angles  CNb  and  ANI  be¬ 
ing  equal,  their  Complements 
NCF  and  NAI  will  likewife 
be  equal :  And  therefore,  the 
Triangles  CFK  and  ABE  be¬ 
ing  equiangular,  we  have  AB 
:  BE  :  :  CF  :  FK,  or  AB  x 
\M  FK  —  BE  x  CF  ~cz( accord¬ 
ing  to  Obfervation  5.)  whence 
FK  is  given.  Therefore,  if, 
■k  **  from  the  Extremity  of  the 
Chord  CFM,  there  be  drawn  MN  perpendicular  to 
Cl,  the  Length  thereof,  being  twice  That  of  FK, 
will  alfo  be  given  $  and,  from  thence,  the  following 
Conftrudtion. 

Take  IL  a  Third  Proportional  to  £  AB  and  the  Side 
(c )  of  the  given  Square,  exprelling  the  Magnitude  of 
the  propofed  Redtangle:  Draw  LM  perpendicular  to 
AB,  meeting  the  Arch  BC  in  M ;  then  a  Line  AG 
drawn  to  bifedt  MC  will  divide  the  Angle  BAG  as  re-> 
quired. 

The  Numerical  Solution,  from  hencfc,  is  very  concife 
and  eafy  :  For,  having  found  the  Value  of  IL  (by  di¬ 
viding  the  Meafure  of  the  given  Redtangle  by  Half  the 
Radius)  let  the  Co-fine  A1  of  the  whole,  given,  Angle 
be  added  thereto  ;  then  the  Sum  AL  will  be  the  Co-fine 
of  (BM)  the  Difference  of  the  two,  required.  Parts. — 
This  Problem  becomes  impoffible  when  IL  is  given 
greater  than  IB  ;  that  is,  when  the  Redtangle  propofed 
is  greater  than  Half  the  Redtangle  under  AB  and  BI. 


PROBLEM 
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PROBLEM  XXXIX. 


To  divide  a  given  Angle  MCN  into  two  fucb  Parts  MCD, 
NCD  that  their  Tangents  AD,  BD  may  obtain  a  given 
Ratio  •  fuppofe  That  of  m  to  n. 


Put  the  Radius  CD  -=z  a ,  the  Tangent  of  the  given 
Angle  MCN— £,  and 
That  (  AD )  of  the 
Part  MCDzr*.  Then 
it  will  appear,  from 
Problem  25,  that  the 
Tangent  BD  of  the 
remaining  Part  NCD 
is  truly  exprefled  by 


az  X  b — x 

'  “**"  ■  ■  ■  ■■  ■■  ■■  • 

a  a -f-  bx 


Hence  we  have  m\  n  :  :  x  :  — - :  And  there* 

aa-\-bx 

fore  nx  x  aa  4-  bx  —ma%xb — From  which  at  is 

found  =  a  y.  m  ,  m-\-ny>aY  n-\-mycar 

n  2nb  '  2  nb 


Geometrically . 

The  Ratio  of  AD  to  BD  being  given,  as  m  to  «, 
the  Ratio  of  their  Sum  AB  to  their  Difference  AE  (fup- 
pofing  DE  rr  DB)  will  be  given,  as  m\-n  to  m-n~ 
And,  if  NG  be  drawn  parallel  to  BA,  meeting  CE 
and  CA  in  R  and  G,  the  whole  Line  NG  will  be  to 
the  Part  GR  in  the  fame  Ratio  of  m-\-n  to  m — n  :  And 
it  is  evident,  that,  if  two  Perpendiculars  NP  and  RQ_ 
be  let  fall  from  the  Points  N  and  R  upon  AC,  they  will 
likewife  be  in  that  Ratio.  Whence  the  following  Con¬ 
firmation. 

In  NP,  perpendicular  to  MC,  take  PH  a  Fourth 
Proportional  to  m-\-  n,  and  PN  j  draw  HR  pa¬ 

rallel 


/ 
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rallel  to  CM  interfering  the  Arch  MN  in  R,  and  draw 
CD  to  bifedt  NR,  and  the  Thing  is  done. 

For  the  Trigonometrical  Calculation,  it  will  be 
m\n  :  m-n  :  :  NP  :  RQj 

that  is,  as  m\n  is  to  m-n ,  fo  is  the  Sine  of  the  whole, 
given.  Angle  to  the  Sine  of  the  Difference  of  its  two, 
required,  Parts  3  whence  the  Parts  themfelves  will  be 
knowni 


PROBLEM  XL. 


To  divide  a  given  Angle  BAC  into  two  Parts  BAP  and 
CAP,  fo  that  the  Reft  angle  under  their  Tangents  BD 
and  CE  (to  a  given  Radius  AB)  may  be  of  a  given 
Magnitude. 

If  the  Radius  AB  (or  AC)  be  denoted  by  a ;  the 

|<f  Tangent  BK  of  the  given 
**  Angle  BAC,  by  b ;  and 
the  Tangent  BD  of  the 
Part  BAP,  by  x  ;  then 
the  Tangent  CE  of  the 
remaining  Part  CAP  will 

be  reprefented  by  - -X  v 

aafbx 

(See  the  Note  to  Prob.  25). 
And  we  fhall,  therefore. 


,  az  x  b-x  xx  , 

have  — * — rr - [ 

aafbx 


BD 


x  CE)=  c\  Whence  bx-xx  =  cc*.a*i^JA  —  cr  + 


aa 


JdLA:  Which,  by  making  dzz.  b  —  becomes  dx 

aa  h  aa 


xx 


•=zccy  whence  x  =  \  d  l  dd-  cc. 


Geometrically . 


•with  their  Solutions. 
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Geometrically. 

If  a  Line  DF  be  drawn  to  make  the  Angle  BDF 
equal  to  CA&,  the  Triangles  BDF  and  CA£  will  be 
fimilar  ;  and  wefhall,  therefore,  have  ACxBF  mBD 
X  CE  ~  cz  [ according  to  Obfervation  5 .p.  88)  whence 
BF,  and  confequently  AF,  will  be  given.  Moreover  the 
Sum  of  the  Angles  BAD  and  BDF  being  equal  to  the 
given  Angle  BAG  (by  Hypothecs)  and  the  fame  Sum 
-{-  ADF  equal  to  a  Right-Angle  ( by  Elem.  Cor.  4.  to 
10.  1.)  it  is  evident  that  ADF  is  equal  to  the  Difference 
between  the  faid  given  Angle  BAG  and  a  Right-One. 

Therefore,  having  taken  BF  a  Third  Proportional  to 
AB  and  the  Side  (r)  of  the  given  Square,  make  the 
Angle  AFO  —  the  Angle  FAG  ;  and  from  (O)  the  In- 
terfe£fion  of  AG  and  FO,  let  a  Circle  be  defcribed 
thro*  A  and  F,  interfering  the  Tangent  BK  in  D, 
and  D  ;  from  either  of  which  Points  draw  AD,  and 
the  Thing  is  done. 

In  order  to  the  Trigonometrical  Calculation,  let  the 
Diameter  GH  be  drawn  to  bifetd:  the  Arch  AF  in  H, 
and  let  DM  be  perpendicular  thereto:  Then,  having 
found  AF,  it  will  be,  as  AN  (f  AF)  :  DM  (NB)  :  : 
Sine  AH  (Go-fine  NAO)  :  Sine  GD  (  =  Co-fine  |DD  ) 
m  Go-fine  of  the  Difference  of  the  two  required  Angles 
BAD  and  DAI;  whence,  as  their  Sum  is  given,  the 
Angles  themfelves  will  be  known. 

This  Problem  becomes  impoffible,  when  the  Circle 
OAFG  neither  cuts,  nor  touches,  the  Line  BK; 
that  is,  when  the  given  Re£Iangle  is  greater  than  the 
Square  of  the  Tangent  of  Half  the  propofed  Angle, 
and  the  Angle  itfelf  is  acute  ;  or,  when  the  faid  Rec¬ 
tangle  is  lefs  than  the  Square  of  half  the  Tangent  of 
the  propofed  A*ngle,  and  the  Angle  itfelf  is  obtufe. 


•  • ,  f,  r 

PROBLEM 
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N 

PROBLEM  XLI. 

' 

To  draw  a  Line  DE  parallel  to  a  given  Line  AI,  fo  as  to 
interfett  two  other  Lines  AB,  AC,  given  by  Pofttion ?, 
and  thereby  form  a  Triangle  ADE  of  a  given  Mag¬ 
nitude. 

Let  the  given  Area  of  the  Triangle  be  denoted  by 

a1 ;  and  let  the  Sines  of 
the  given  Angles  DAE, 
ADE,  and  AED  (to 
the  Radius  r)  be  ex- 
prefled  by  m ,  n ,  and 
py  refpe&ively :  Then, 
making  EP  perpendi¬ 
cular  to  AD,  and  call¬ 
ing  AD,  x ;  we  have 
(by  plane  Trigonometry ) 
As  p  :  m  : :  x  :  DE  “ 

— ;  And  r  :  n  : :  DE 

P 

N  :  EP~  — . 

rp 

Hence 

rp  2 _ _ 

And  therefore  x  =  —a  /  2fJL, 

v  mn  v  mn 

Geometrically . 

Let  AF,  perpendicular  to  AB,  be  the  Side  of  a  Square 
equal  to  the  Triangle  ADE  ;  then,  if  AL  be  taken  == 
2AF,  and  FK  be  drawn  parallel  to  AB,  &c.  it  is  evi¬ 
dent  that  the  Triangle  ALK,  being  =.  Ab  |%  will  alfo 
be  equal  to  the  Triangle  ADE.  Moreover,  by  making 

KM  parallel  to  AI,  it  will  be  ADl2  :  :  ADE 

(ALK) :  AMK  {Elem.  17.4.)::  AL  :  AM  ( Elem .  1.4.) 

; :  AL  x  AM  :  AM] \  And  confequently  AD'2  —  AL 

x  AM 
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xAM.  Therefore,  AD  being  a  Mean  Proportional 
between  AL  and  AM,  upon  the  former  of  Thefe  let 
a  Semi-Circle  ANL  be  defcribed,  interfering  MN, 
perpendicular  to  AB,  in  N  ;  make  AD  =  the  Chord 
AN,  and  draw  DE  parallel  to  AI,  and  the  Thing  is 
done  ( Ele?n .  n.  4). 

PROBLEM  XLII. 


Thro9  a  given  Point  P,  between  two  Lines  AB  and  AC, 
given  by  Pofition,  to  draiv  another  Line  DE,  fo  that 
the  Triangle  ADE,  formed  thereby ,  may  be  of  a  given 
Magnitude . 


Let  PG  and  PF  be 
and  ER  perpendicular 
to  AB  :  Alfo  let  AG 
and  PQ_  (which  are 
given  by  the  Pofition 
of  P)  be  denoted  by 
a  and  b ,  refpe£l:ively. 
Then,  calling  AD, 
x,  and  denoting  the 
given  Area  by  cz9  we 


parallel  to  AC  and  AB,  and  PQ, 


ihall  have,  DG  (x-a): PQ_(£) :  :AD(*) :  ER  =  — : 


And  therefore-^-  x  —  (=  ER  x  \  AD)  —  c 2. 
x-a  2 


Whence  xx  — ■ 


2  c2x 


cz  i  c  \/  cx—2ab 

l 


2  ac1 

"T~ 


and  confequently  x  =3 


Geometrically . 

If  upon  AF,  a' Parallelogram  AFHI  be  conftiturted,  to 
contain  the  given  Area,  it  will  appear,  by  taking  away 
AFP  MI  from  each  of  the  equal  Quantities  At!  and 
ADE,  that  the  Remainders  PHM  and  PFE  -p  IDM 
will  likewife  be  equal :  And  fo,  thgfe  three  Triangle# 

L  being 
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being  all  fimilar  to  one  another,  it  follows  that  ?H  i2  will 

be  =. PF]*  +  lT>!2  ( Elem .  17.4).  Whence  this  Con- 
ftru&ion. 

From  the  Center  F,  with  the  Interval  PH,  let  an 
Arch  be  defcribed,  cutting  PQ  perpendicular  to  AB, 
in  N ;  make  ID  =  PN,  and  draw  DPE,  and  the  Thing 

is  done.  For  it  is  evident  that  PH l2  (FN,_)  is  ^PFfc-J* 

DP2  (PN|2). - Hence  it  alfo  appears  that  the  Problem 

will  be  impofiible  when  PH  is  lefs  than  P  F ;  or 
when  the  Triangle  propofed  to  be  conflru&ed  is  lefs 
than  twice  the  Parallelogram  AFPG. 


PROBLEM  XLIIL 


Thro*  a  given  Point  P,  between  two  Lines  AB,  AO 
given  by  Pofition ,  to  draw  another  Line  BC,  fo  that 

the  Sum  of  the  Parts ,  AD-f-AE,  cut  off  thereby , 
from  the  two  Former ,  may  be  a  given  Quantity. 


Let  PF  (parallel  to  AB)  be  denoted  by  a ,  and  PG 

(parallel  to  AC)  by 
b  ;  alfo  let  AD  -f* 
AE  =  r,  and  AD 
z=zx:  Then,  by 
Reafon  of  the  pa¬ 
rallel  Lines,  we 
fhall  have  DG  (•*•— 
a)  :  PG  (b)  :  :  AD 

(*) :  AE  =— . 

v  x—a 


And  therefore  — L  - x  (=  AE  4-  AD)  =  c, 
x—a 


From  which,  by  Reduftion,  aw  —  cf  a-b  yx~-ac  ; 

aad  sonfcquently  x  Hh  /  _  aCf 

2  '  4 


Geometrically, 
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Geometrically . 

The  Triangles  DGP  and  PFE  being  fimilar,  the 
Redangle  under  DG  and  FE  will  therefore  be  equal  to 

the  given  Redangle  under  AF  and  AG  =  AE)2 ;  by 
taking  AM  nz  AF,  and  making  AR  a  Mean  Pro¬ 
portional  between  AM  and  AG.  Moreover,  if  MN 
be  taken  rz  the  given  Sum  of  AD  and  AE,  it  is  mani- 
feft  that  the  Sum  of  DG  and  FE  (whofe  Redangle  is 
above  given)  will,  alfo,  be  given  =  GN. 

Therefore,  having  defcribed  a  Semi-circle  upon  GN, 
let  RS  be  drawn  parallel  to  AB,  interfeding  the  Peri¬ 
phery  thereof  in  S  ;  from  which  Point,  upon  AB,  let 
fall  the  Perpendicular  SD,  and  thro*  P  draw  DPE,  and 

the  Thing  is  done.  For  DG  x  DN  =  Dbp  —  AR)2  — 
AM  x  AG  =  AF  x  AG  =  DG  x  EF  :  W  hence  EF  ~ 
DN  ;  and  confequently  AD-f-AE  (  =  AD-f-AF-fDN) 
=  MN. 

It  is  plain,  this  Problem  becomes  impoflible,  when  RS 
falls  below  the  Semi  circle  GN ;  or,  when  the  Sum  of 
AD  and  AE  is  fuppofed  to  exceed  That  of  AG  and 
AF  by  lefs  than  the  Double  of  a  Mean  Proportional  be¬ 
tween  AG  and  AF. 

Much  after  the  fame  Manner  the  Problem  will  be 
refolved,  when  the  Difference,  the  Ratio,  or  the  Rec¬ 
tangle  of  AD  and  AE  is  given. 


L  a 


PROBLEM 


148  Geometrical  Problems, 


PROBLEM  XLIV. 

Through  a  given  Pointy  P,  betwixt  two  Right-Lines 
AD,  AE,  given  by  Pofitiony  fo  to  draw  a  Right¬ 
line  BPC  that  the  Re  ft  angle  (BP  x  CP)  under  the  Parts 
Thereof^  intercepted  by  that  Point  and  thofe  Lines ,  may 
be  of  a  given  Magnitude . 


Let  PF  and  PH  be  parallel  to  AC  and  AB,  and  PG 

perpendicular  to  AB : 
Then,  calling  PF,  a  5 
PH,  by  FG,  c'y  and 

BF,  yj  we  have  BPjz 
=zaa+xx-2cx  ( Elem • 
9.  2). 

And,  by  fimilar  Tri¬ 
angles,  BF  (*)  :  BP  : : 

PH(i):CP=— xBP. 
B  D  Confequently  BPxCP 

— —  x  BP2  — —  x  aa- \-xx — tcx.  Hence,  if  the  given 

Value  of  BP  x  CP  be  denoted  by  dzy  then  will 

—  —  aafxx — 2 cx  :  Which  Equation,  folved,  gives 
b 


dd  ,  1  /  dd 


-{-  e  —  az. 


Geometrically . 

The  Re£langle  under  two  unknown  Lines  being 
given,  another  Line  rnuft  therefore  be  found,  or  aflum- 
ed,  under  which  and  fonre  given  Line  in  the  Figure, 
an  equal  Rectangle  may  be  contained.  ( Fid.  Obfcr.  5. 
p,  88.) 

.  *  , '  As, 
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As,  in  the  prefcnt  Cafe,  the  Line  AP  is  given,  both 
in  Length  and  Pofition,  let  the  Re&angle  under  it,  and 
a  Part,  PQ_,  of  the  fame  Line  produced,  be  therefore 
afTumed  rz  BP  x  CP  ;  then  the  Confequence  will  be, 

that ,  befides  obtaining  PQ^rz-^-,  the  Triangles  PQC 

and  PBA  (fuppofmg  QC  drawn)  will  alfo  be  fimilar  (be- 
caufe  AP  :  BP  : :  CP  :  PQJ  And  fo,  the  Angle  PCQ^ 
being  rz  the  given  Angle  PAB,  it  is  evident  that  a  Seg¬ 
ment  of  a  Circle  defcribed  upon  PQ_  (by  Elem.  17.  5.) 
capable  of  containing  the  faid  given  Angle,  will  interfe£t 
AE  in  the  Point  (or  Points )  required. 


This  Problem  will,  it  is  manifeft,  be  impoflible,  when 
the  Circle,  defcribed  as  above,  falls  fhort  of  AE ;  or. 


according  to  the  Algebraic  Solution,  when 


is  negative  ;  that  is,  when  the  propofed  Re<Stangle  is  lefs 
than  %b  x  a-c,  or,  its  Equal  2PH  x  PF-FG. 


h  $  PROBLEM 
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„  j 

PROBLEM  XLV. 

The  Area  (a1)  of  a  right-angled  Triangle  ABC,  whofe 
Sidts  are  in  Arithmetical  Prcgrejfton ,  being  given ,  to 
determine  the  J  riangle. 

Put  the  greater  Leg  AB  =  *,  and  the  Common  Dif 
ference  —  y;  fo  fhall  BC=zx-y,  and  AC  =  *-fy 
And  therefore 

5  **’+?'*  =  x-y]z  +  **  ?  f 

)  -  ,  rby  the  QuefHon. 

t  I  ^  x  x-y  =  <r  ) 

From  the  former  of  which 
Equations  we  have  **-{- 
2Ary-f_)y  =  2aw — 2*y-f-yy  ; 
and  confequently  4y=,v: 
Whence,  by  fubft  ituting  for 
a*  in  the  fecond  Equation, 
HA  we  get  2yx3y  zzaz  :  From 


X) 


B 


and 


which  y  is  given  ==^/jSL;  and  a-  (:=4y)  = 

Therefore  BC  =  3  >  AB  =  4 > 

ac=5v/T- 

Geometrically. 

It  is  well  known  that  AC-fBCx  AC-BC  (1=  aC]  ~ 

BC]a)  is  =  KE\*(Elem.  Carol,  to  7.  2).  And,  by  the 
Queftion,  AC  -f-  BC  is  nr  2AB  (becaufe  AB  is  an 
Arithmetical  Mean  between  AC  and  BC)  Therefore 

2AB  x  AC—BC  —  AB!2  ;  and  confequently  AC— BC 
—  \  AB  :  Take  thefe  equal  Quantities  from  the  equal 
Quantities  AC-f-BC  and  2AB,  and  the  Remainders, 
2BC  and  1 1  AB,  will  be  equal ;  and  confequently 
3AB  =  4BC.  But,  f  AB  x  BC  (=  TBC  xBC)  = 

BE)2  ( ) ;  and  therefore  BC)2  ~  {  BD*2« 

Hence 
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Hence,  if  BH  be  taken  to  BD  (a)  in  the  Proportion 
of  3  to  2,  a  Mean  Proportional  BC  between  DB  and 
HB,  will  be  the  letter  Leg  of  the  Triangle  required  ; 
whofe  greater  Leg  BA,  being  in  Proportion  thereto* 
as  4  to  3,  is  alfo  given  from  hence. 

PROBLEM  XLVL 

The  Area  (a2)  of  a  right-angled  Triangle  ABC,  whofe 
Sides  are  in  Geometrical  Proportion ,  being  given  y  ta 
determine  the  Triangle . 


Make  AC=aj  then  BC  z=J^L,  and  AB  — 

x 


*s-4 a*xA  =  i6tf8  ;  a4- 2 tf4  zz  a*  V  20  i  and  a  =  a  x 

y/  2+-/ 20. 

Geometrically . 

Since,  ly  Hypothefis ,  AB  :  AC  :  :  AC  :  BC,  there¬ 
fore  is  AB*2  ;  XClz  :  :  ACl2  :  BC|a  ( Ele?n .  Cor.  1  .to  9.4.) 
But  AC  %  fuppofing  CD  perpendicular  to  AB, 

is  equal  to  AB  x  AD*  and  He]2  equal  to  AB  x  BD 
( Elem .  Cor.  to  1 1.  4), 

Therefore  A®2 :  AB  x  AD :  :  AB  x  AD  :  AB  x  BD  ; 
or,  AB  :  AD  :  :  AD  :  BD, 

Whence  the  following  Conftru&ion. 

Draw  any  Line  EG,  at  pleafure;  which  divide  at  F 
(by  Elem.  22.  5.)  according  to  Extreme-and-Mean  Pro¬ 
portion  (fo  that  EG  :  EF  :  :  EF  :  GF)  i  erect  the  per- 

L  4  pendicula 
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pendicular  FC,  and  upon  EG  let  a  Semi-circle  be  de¬ 
scribed  interfering  it  in  C  ;  join  E,  C,  and  G,  C  ; 
and  let  AB  (by  Prob.  41.)  be  drawn,  parallel  to  EG, 
to  cut  off  the  given  Area  ABC  (—  az),  and  the  Thing 
is  done.  For  it  is  manifeft  that  AB  is  divided,  by  CDF, 
in  the  fame  Proportion  with  EG ;  or  that,  AB  :  AD  :  : 
AD  :  BD,  as  above . 

*  r 

PROBLEM  XLVII. 

Suppojing  one  Side  AC,  and  the  oppofite  Angle  Angle  ABC 
of  a  Triangle  to  be  given,  together  with  the  Side  DE, 
cr  DF,  of  the  inferibed  Rhombus  EF  ;  to  fnd  from 
thence  the  other  two  Sides  of  the  Triangle. 


Conceive  a  Circle  ABC!  to  be  deferibed  about  the 
Triangle,  and  the  Diagonal  of  the  Rhombus  pro¬ 
duced  to  meet  the  Circumference  thereof  in  I:  Alfo 

'  let  AI  and  Cl  be  drawn  ; 
which  will  be  equal  to  each 
other  (Elem.  10.  3.J  as  be¬ 
ing  the  Subtenfes  of  the 
equal  Angles  IBA  and  IBC, 
form’d  by  the  Diagonal  and 
Sides  of  the  Rhombus:  And? 
fince  the  Arcs  AI  and  Cl, 
as  well  as  the  Chords,  are 
equal,  the  Angles  IAD  and 
IBA,  infilling  upon  Them,  muft  likewife  be  equal ; 
and  confequently  the  Triangle  IAD  fimilar  to  the  Tri¬ 
angle  IBA. 

But  the  vertical  Angle  AIC  of  the  Ifofceles  Tri¬ 
angle  ACI  (as  well  as  the  Bale  AC)  is  given,  being  —  2 
Right-angles  —  ABC  (Elem.  13.  3.)  whence  I A  will  be 
given  ( by  plane  Trigonometry ) . 

Put,  therefore,  I A  —a,  BDrr  b,  and  IB— y  ;  then, 
from  the  Similarity  of  the  Triangle  above  fpecified,  we 
fhall  have,  * — b  (ID)  :  <?  (  IA )  :  :  «  ( IA )  :  *  ( IB  J 

whence  xx~bx—aa  ;  and  confequently  x~ aaf-\bb 
-f ~\b.  From  which,  and  the  known  Values  oflAand 
the  Angle  ABI,  the  Value  of  AB,  lAc.  will  alfo  be 
known.  Geometrically, 
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L  ,  - 

Geometrically . 

The  Geometrical  Conftru&ion  hereof,  as  the  Rec¬ 
tangle  BIxDI  (by  the  foregoing  Proportion)  is  given  — 

ATh  is  obvious  from  Problem  6  j  and  is  thus. 

Having,  upon  the  given  Side  AC,  defcribed  a  Seg¬ 
ment  of  a  Circle  ABC  capable  of  containing  the  given 
Angle  ABC  ( Elem .  17.  5) ;  and,  in  the  other  Segment, 
AIC,  conftituted  the  Ifofceles  Triangle  AIC,  make  IG 
perpendicular  to  IA,  and  equal  to  Half  (BD)  the  given 
Diagonal  of  the  Rhombus  ;  alfo,  in  IG  produced,  take 
GH  equal  to  the  Diftance  GA  ;  and,  through  H,  from 
the  Center  I,  let  an  Arch  be  defcribed  interfering  the 
Circle  ABC  in  B  $  then  draw  BA  and  BC,  and  the 
Thing  is  done, 

PROBLEM  XLV1IL 

•  ^ 

From  two  given  Points  A  and  B,  to  draw  two  Lines 
AC  and  BC,  to  meet  in  a  Right-line  DE  given 
by,  Pofitiony  and  form  an  Angle  ACB  of  a  given 
Magnitude . 

»  v. 

Make  AM  and  BN  perpendicular  to  DE ;  and  let 
AF  be  fuppofed 
parallel  to  BC : 

Then,  calling 
AM,  a ;  BN, 
h\  MN,  c ;  and 
MC,  x  ;  it  will 
be  as  b  :  c — x 
(NC)  11  a:  MF 
ac — ax , 

b  : 

But  MF  and  MC  are  Tangents  of  the  Angles  MAF 
and  MAC 5  which  Angles  together  (becaufe  of  the  pa¬ 
rallel  Lines  AF  and  BC)  make  an  Angle  CAF  equal 
to  the  given  Angle  ACB  :  Therefore,  if  the  Tangent 
pf  the  faid  given  Angle,  to  the  Radius  AM,  be  de¬ 
noted 


j$4  Geometrical  Problems, 

noted  by  /,  it  will  appear,  from  Problem  25,  that 
'  MC+MF  x  AM*  _ 

AM1— MCxMF  ~  *' 


*4 


ac~ax 


m  .  .  n  .  b  bx-ax-\-acy,a 

1  his,  m  Species,  gives - - - — f. 

r  °  _  acx-axx  ab-cx+xx 

a* - -  1 


Which,  by  Redu&ion,  becomes  — — ~*~x.  -| — ££ L  — 


1 

xx— cx-\-ab.  Whence,  making  c  -{ 


t _ ’  / 

b — a  xa 


and  a  - b  —  f9  we  have  f  —  xx  —  <$x  3  and  con¬ 
fequently  x  ~  /  -f-  l  dd. 


When  the  Line  MN  is  parallel  to  That  joining  the 
given  Points  A,  B ;  then,  BN  ( b )  becoming  =  AM  (a) 

we  have,  in  this  Cafe,  dz=zc9  and/=-^^-  — a1 ;  and 


therefore  x 


,  /  aac  ,  j 

■+  — - aa  +  lcc. 


Which  may 


ferve  as  a  Theorem  for  finding  the  Segments  of  the 
Bafe  of  a  Triangle  (and  confequently  the  Triangle  it- 
felf)  when  the  whole  Bafe,  the  Perpendicular,  and  the 
vertical  Angle  are  given. 


As  to  the  Geometrical  Conftru&ion  of  the  General 
Problem,  it  is  extremely  obvious  ;  fince  a  Segment  of 
a  Circle  defcribed  upon  AB  (by  Elem,  17.  5.J  capable  of 
containing  the  given  Angle,  will  interfeft  DE  in  the 
Point  for  Points,)  required.  Whence  it  alfo  appears 
that  the  Problem  will  be  impoflible  when  the  Circle  falls 
fhort  of  the  Line  FE ;  and,  confequently,  that  the 
Angle  ACB  will  be  the  greateft  pofiible  when  the  Circle 
touches  the  faid  Line ;  or,  when  DC  is  a  Mean  Pro¬ 
portional  between  DA  and  DB  (Elm.  Cor.  to  17.  3,). 

PROBLEM 


with  their  Solutions, 


XSS 


PROBLEM  XLIX. 

To  find  a  Point  C  in  a  Right -line  DE,  given  by  Pofition  5 
Jo  that  two  Lines  CA,  CB  being  drawn  from  thence 
fo  two  given  Points  A  and  B,  the  One  BC  Jhall  ex¬ 
ceed  the  Other  AC  by  a  given  Difference  d. 

Let  AR  and  BS  be  perpendicular  to  DE ;  and  let 
thefe  Perpendi¬ 
culars,  together 
with  RS  (which 
are  all  known 
from  the  Pofiti¬ 
on  of  DE)  be 
denoted  by 
by  and  c,  refpec- 
tlvely  :  Then,  E)  A 

putting  ACzz#,  we  have  RC 


ACP — AR]* 1 ) 


xx— aa ;  and  SC  ^  BC]2  —  BS^  2= 

xx-\-2xd-\-dd — bb  zuc —  1/  xx — a  a . 

I 

From  whjch  Equation,  by  fquaring  both  Sides  thereof, 
we  get  xx\-idx-\-dd-bb  —  cc-2c  f  xx—aa  -\~xx-aa. 
This  contracted  becomes  ic  f  xx — aa  2=  bb — aa — dd 

-frc — 2 dx>  or,  f  xx — aa~  m-nx  ;  by  dividing  by  2 r, 

„  1  . ..  bb-aa-ddfcc  ,  d 

and  putting  - 1 - and — — 

2C  c 

Therefore,  by  fquaring  again,  xx-aa  =  th/k  —  2mnx 

+  nnxx  ;  whence  i-nn  x^-j-  2mnx  =  or 

.  2mnx _ aa\mm 

XX  -f- 


\—nn 


.  .  r  .1  /aa-\-mm  .  mdri1  mn 

And  confequently  x  =  /  — : — — — ==r — i - 

•  •  v  x-nn"  i-mfr  l-nn 


\ 
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Geometrically, 

If  AB  be  drawn,  and  bife&ed  in  F,  and  CM  befup- 
pofed  perpendicular  thereto,  it  is  well  known  that  FM 


= BC-fACxBC-AC 
2AB 


( Elein .  8.  2.)  :  Therefore,  fince 
BC — AC  1=  PQ_,  and,  confequently,  BC+ AC  rz:  PQ_ 

-f  2AC,  it  follows  that  FM  =  FQ-+ zA(J  xPQ-  — 
^  2AB 

KEF  ,  ACx  PQ_ 

n\a  AB 

But,  fince 
both  AB  and 
PQ  are  given, 
the  Value  of 

PQ)’ 

2AB  ’ 

a  Third  Pro- 


( being 


portional  to 
£  2AB  and  PQ) 
is  alfo  given. 

Let  this, 
therefore,  be 
exprefled  by 

FG ;  fo  that  FM  may  be  =  FG  +  AC  *  :  Then 

it  is  plain  that  GM  or  GM  is 

AC  in  the  given  Ratio  of  PQ_  to  AB. 

But  the  Ratio  of  GM  to  HC  (fuppofing  GH  perpen¬ 
dicular  to  AB)  is  alfo  given  by  the  Pofition  of  the 
Line  DE  ;  whence  the  Ratio  of  HC  to  AC  (where 
Both  belong  to  the  fame  Triangle  AHC)  will  be  ex¬ 
hibited  :  For,  taking  GI=PQ_,  and  making  IK  per- 

,  ,  ,  AP  .  HC  GM/  GM\  AC 

pendicular  to  AB,  it  will  be  GT^PQ^AB  , 

(p.  above)  and  confequently  HC  :  AC  : :  HK  :  AB. 

But* 
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But,  if  KL  be  fuppofed  parallel  to  AC,  meeting 
HA  produced  (if  need  be)  in  L,  it  is  manifefl  that 
HC  :  AC  : :  HK  :  KL.  Therefore  KL—AB;  whence 
the  following  Conftru&ion. 

Having  taken  FG  ,  GI  =PQ^,  and  ere£l- 

cd  the  Perpendiculars  GH  and  IK,  and  alfo  drawn  HA 
(as  above  Jpecified )9  from  the  Center  K,  with  the  Inter¬ 
val  AB,  let  an  Arch  be  deferibed,  cutting  HA  pro¬ 
duced  in  Lj  and,  having  drawn  LK,  make  AC  pa¬ 
rallel  thereto ;  which  will  cut  the  given  Line  DE  in 
the  Point  required. 

The  Trigonometrical  Calculation,  from  this  Con- 
fir  u&ion,  may  be  as  follows. 


Having  computed  FG 


and  fubtra£ted  it 


from  FD  and  FA,  the  Remainders  GD  and  GA  will 
be  given  ;  and  it  will  then  be  as  GD  :  GA  :  :  Tang. 
DHG  (or  Co-tang.  D)  :  Tang .  AHG;  whence  the 
Angle  LHK  is  likewife  known.  And,  fince  Sin.  DHG 
(or  Co-Jin.  D)  :  Rad.  :  :  IG  (PQJ  :  HK,  the  Value 
of  HK  (as  well  as  Thofe  of  KL  and  the  Angle  HKL) 
will  be  known  :  From  which,  the  other  two  Angles  of 
the  Triangle  HKL  being  found,  the  Angle  DAC 
EC  A— D  =  HKL— D)  will  alfo  be  obtained. 

After  the  very  fame  Manner  the  Problem  may  be  re- 
folved,  when  the  Sum,  inftead  of  the  Difference,  of 
the  Lines  AG  and  BC  is  given. 

As  to  the  Reflri&ions  of  the  laft  Problem,  it  is  evi¬ 
dent  that  the  given  Difference  muft  never  exceed  the 
Diftance  AB  :  But  when  the  Line  DE  paffeth  between 
the  Points  A  and  B,  the  Limit  will  be  flili  lefs ;  but 
is  eafily  determined,  in  any  Cafe,  from  the  given  Po- 
firion  of  DE.  It  is  a  little  remarkable,  that  the  above 
Solution  fails  in  that  particular  Cafe,  only,  wherein  the 
General  Problem  becomes  moft  fimple ;  that  is,  when 
DE  is  perpendicular  to  AB.  But  here  the  Operation 
will,  alfo,  become  more  fimple  and  expeditious :  For 

the 


1 
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Che  Pofition  of  MC  (with  which  DE  is  fuppofed  to  coin* 
cide)  being  aftually  given,  the  Length  of  AC  = 

(A  °hove)  will  alfo  be  known.  And,  if 

with  this,  as  a  Radius,  an  Arch  be  defcribed,  from  the 
Center  A,  it  will  interfeft  the  Perpendicular  MC  (or 
DC)  in  the  Point  required. 


PROBLEM  L. 

From  two  given  Points  A,  C,  in  the  Diameter  EF  of  a 
given  Semi-circky  to  draw  two  Lines  to  meet  in  the 
Circumference ,  fo  that  One  of  them  CD  may  exceed  the 
Other  AD  by  a  given  Difference^  not  greater  than  the 
Dijiance  of  the  two  given  Points . 


The  Radius  BD  being  fuppofed  drawn ;  put  AB=r*, 


BC  =  £,  AC  —  c, 
BD=r,  AD  —  a*, 
and  CD  =  x  -f-  d ; 
d  being  the  given 
Difference. 

Then,  by  the 
Lemma  at  p.  128, 
we  fhall  have  xzycb 

+  x+d?  xaznabc 
crz\  or,  lxz-\- 
axz  +  2adx  -[•  ad1 
znabc-^  cr%. 


Whence  x*  +  =  ah  -J-  r2 — 


add 


And  confequently  x  =v/^  + 


Geometrically . 

The  Geometrical  Conflru&ion  is  alfo  deducible 
from  the  Lemma  above  fpecified.  For  it  is  evident 

BC 

from  thence,  that  AlJl2  x~ jj  is  =  ACxBC+ 

A 
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~CAB^1==  AC  x  BC  +  AC  x  BG  (by  taking  BG  = 

£jp)=  AC  x  SC+BG  =  ACxCG. 

Therefore,  having  taken  BG  a  Third  Proportional  to 
AB  and  BD  ;  and  CL  a  Mean-Proportional  between 
AC  and  CG  ;  draw  BK  perpendicular  to  GF,  meeting 
the  Circumference  of  a  Semi-circle,  defcribed  upon 
AC,  in  K ;  and,  having  drawn  AKM,  and  taken 
AH  equal  to  the  given  Difference  of  AD  and  CD* 
upon  H  as  a  Center,  with  the  Radius  LC,  let  an  Arch 
be  defcribed,  interfering  AK  in  M ;  from  which  Point 
upon  GF  let  fall  a  Perpendicular  MN ;  then,  if  from 
A,  with  the  Radius  AN,  another  Arch  be  defcribed,  it 
will  interfe<Sl  the  Arch  of  the  given  Semi  circle  in  the 
Point,  D,  required. 

For  AB  :  BC  :  :  aB>  :  AB x  BC  (=BK) 1 ,  EUm. 

BC 

11.4  :  :  ANl1  (AUl1)  :NMl^  =  ADlIx^g  •  And 
(Zuhx-^j-l-HN]1  =HMV  =  ACxCG 


BC  _ 

(by  Conjir .)  =  aU)1  x  CD]Z  (p.  above)  : 

Therefore  CD  =  HN  =  AN  -f-  AH  =  AD  -f-  AH ; 
and  confequently  CD — AD  —  AH  =  the  given  Dif¬ 
ference,  by  Conjlruttion . 

The  Method  of  Calculation,  from  this  Conftrorion, 
is  fufficiently  eafy :  For,  having  computed  BG^— ^3  ^ 


and  HM  (  CA  xCB-f-BG)  and  alfo  the  Angle 
BAK  (which  is  had  by  the  Proportion  AB  :  BC  :  :  Squ. 
Rad.  :  Squ.  Tang.  BAK);  you  will  then  have,  in  the 
Triangle  HAM,  two  Sides  and  one  Angle;  whence 
every-thmg  elfe  is  readily  determined. 
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PROBLEM  LI. 

From  the  Middle  F,  and  the  two  Extremes  A  and  B,  of 
a  given  Right-line  AB,  to  draw  three  Lines  to  meet  in 
a  Point  C,  in  a  Right-line  DE  given  by  Pofition ,  fo 
as  to  be  in  Geometrical  Proportion ,  or  fo  that  AC  :  FC 
:  :  FC  :  BC. 

m 

Becaufe  BC>+ACp = 2FC)*+  2Bf>  (Elm.  1 2. 2). 
And  BC  x  AC  =  fcp  (by  Hyp.  and  E  km.  3.  4.)  it  is 
evident  that  BCI2  —  2BC  x  AC  -f-  AC/1  —  2  BP)2,  or 

BC— AC| 1  =  2BFlI  =  BG]S  by  taking  BG  as  the 
Diagonal  of  the  Square  whofe  Side  is  BF. 

Hence  BC-AC 
is  given  =  BG  : 
And  fo  the  Cafe 
in  Queftion  is  re¬ 
duced  to  Problem 
49;  to  which  I 
fhall  therefore  re¬ 
fer  for  the  remain- 
ing  Part  of  the 
•A-  ^  ^  Solution. - It  ap¬ 

pears  from  hence  that  a  Point  in  the  Circumference  of 
a  given  Circle,  whofe  Center  is  in  the  Line  AB,  may 
he  fo  determined,  by  the  laft  Problem ,  that  three  Lines 
drawn  from  thence  to  the  three  given  Points  A,  F, 
B,  lhall  be  in  Geometrical  Proportion. 


PROBLEM 


with  their  Solutions; 
PROBLEM  LII. 


hi 


T 

Q 


/  / 
[a/y>/  D 

I 

H  J 

Prom  two  given  Points  A,  B,  ivithin  a  given  Circle ,  to 
draw  two  Lines  AC,  BC,  to  meet  in  the  Periphery 
P hereof  fo  that  the  Sum  of  their  Squares  may  be  a 
given  Quantity. 

Through  the  given  Points  let  EF  be  drawn,  meeting 
the  Circumference  of  the 
Circle  in  E  and  F  ;  parallel 
to  which,  draw  the  Dia¬ 
meter  PQj  and  let  the 
Chord  CG  be  drawn  to 
£ut  EF  and  PQ_,  at  Right- 
angles,  in  D  and  H. 

Put  EF—a,  EA=x£, 

EB  =  c,  DH zd,  EDzzx, 

and  DC—yj  and  let  the  given  Quantity,  AC)2  -f- 

BC)2,  be  denoted  by  ez  :  .  Then  will  DF  zza—x^  D‘A 
zz  b-x ,  D B  “  c—x,  DG  zzypm2d. 

But  EDx  DF  zz  CD  x  DG  ( Elem .  16.  $)■ 

And  Ca'2  +  HE11  +  DI?'2  +  DI>  =  AC 
(Elem.  7.  2).  Which,  in  Species, 

siv6  5 

6  lbZ\*  + 

or  5  a*-xx=p+2dy 

C  2xx-\-2yy-2bx-2cx  zz  ee-bb-cc* 

Whence,  by  adding  the  double  of  ths  former  Equation 
to  the  Latter,  we  get  iax-2bx-2cx  zz  ee-bb-cc  p^dy  $ 

and  confequently  y  zz  bbfec-e^  f T^LLx  x  zz  f  + 

\d  ‘  2d 

S*>  by  nuking  and  =  S’ 


f  +  «■— +  y1  =  «*. 


M 


Now. 


s 
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Now,  the  Value  of  y  thus  found  being  fubftituted 
in  the  hrft  Equation,  there  arifes  ax-xx  jfgx 

+gzx*  +  2df+  _ 

or,  i  +gg  x  xx  +  2c?g+2fg-a  xx 

From  which,  by  making  m  =  i+^j  »=  a-^dg-2fg, 

_  #  n  , 

and  p  x  f~\~  2d,  the  Value  of  a*  is  found  =— X 


Geometrically . 


That  the  Locus  of  the  Vertex  of  a  Triangle,  whereof 

the  Bafe  and  Sum  of  the 
Squares  of  its  2  Sides 
are  given,  is  the  Cir¬ 
cumference  of  a  Circle, 
defcribed  from  the  Mid¬ 
dle  of  the  Bafe  as  a 
Center,  is  evident,  from 
Elem,  12.  2 ;  becaufe  the 
Line  drawn  from  the 
Vertex  to  the  Middle  of 
the  Bafe,  is  an  invari¬ 
able  Quantity. 

Therefore,  having  bifecled  AB  with  the  Perpendi¬ 
cular  IMN,  take  MN  and  MR  equal,  each,  to  Half  the 
Side  (e)  of  the  given  Square;  draw  NR,  and,  from  A 
to  the  Perpendicular  MI,  draw  AK  equal  to  NR  ;  and 
upon  the  Center  M,  at  the  Diftance  MK,  let  an  Arch 
be  defcribed;  which  will  meet  the  Circumference  of 
the  given  Circle  in  the  Point  C,  required.  For  AC, 

BC,  and  MC  being  drawn,  it  is  evident  that  AC]Z+ 
Bcl1  =  sAMi*  +  2CMl2= 2  AMP  +  2MK>  =  2AK1z 
—  2RN]>  =  4RM|x  —  e%.  In  this  Problem  it  is  re¬ 
quire  that  MC  (^^F^AMfT  fhould  be  greater 
than  the  Difference,  and  lefs  than  the  Sum*  of  the 

Radius 
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Radius  of  the  given  Circle  and  the  Diftance  of  the 
Point  M  from  its  Center. 

PROBLEM  LIII. 

To  draw  a  Line  PQ_  thro1  a  given  Point  A,  Jo  that  the 
Rectangle  of  two  Perpendiculars ,  falling  thereon  from 
two  other  given  Points ,  B  and  C,  may  be  of  a  given 
Magnitude . 

♦  :v  ' '  *  '  '  V  ’  ’  ,  .  '  t 

Let  BA  and  CQ_be  produced  to  meet  in  E;  and  up¬ 
on  BE  let  fall  the  Per¬ 
pendicular  CF  5  which, 
and  the  Segment  AF, 
are  both  given,  by  the 
Pofition  of  the  propof- 
ed  Points. 

Put,  therefore,  CF 
rrrtf,  AF— A B— r, 
and  EF  —  x :  Then 


will  CE  z=l  faa-\-xx : 

And  it  will  be  (by  ftmilar  Triangles 

as  CE  :  EF  :  :  AB  :  BP  :  — - — 

jf  aa-\-xx 

and  CE  :  EF  :  :  AE  :  EO  — 

faa-j-xx 

Whence  CQ,  (~  CE-EQJ  =  faa\-xx 

aa — bx 
4/ a  a  xx 


bx-j-  tfx 
^  aa-^xx 


And,  confequently, BP  xCQ_^z--  Xaa  'DX  z=  gt  •  fup- 

aa-f-xx 

pofing  g*  to  denote  the  given  Magnitude  of  the  propofed 
Redan  gle. 

From  this  Equation,  by  making  d~  -r— and/bs 

'  •  te+gt 
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?S  ’  ^a^ue  * ’s  f°un^  =  5  ±dd — fg. 

Whence  every  Thing  elfe  is  readily  determined. 


Geometrically . 

If  QM  be  fuppofed  parallel  to  AB,  the  Triangle 
CQM  will,  it  is  plain,  be  fimilar  to  ABP  ;  and  conse¬ 
quently  ABxQMm  BPx  CQ_  (Elem.  18.  3.)  —  g*  : 
Whence  QM  is  given ;  and,  from  thence,  the  following 
Conftru&ion. 

Find  a  Third-Proportional  to  AB  and  the  Side  (g)  of 
the  given  Square  ;  and,  in  BF  produced,  take  FD  equal 
to  the  Double  thereof ;  draw  DG  parallel  to  FC,  inter¬ 
fering  the  Circumference  of  a  Circle,  defcribed  from  the 
Center  A  with  the  Radius  AC,  in  the  Point  G;  and, 
having  drawn  CG,  draw  PQ^perpendicular  thereto. 

For  the  Trigonometrical  Calculation,  it  will  be  AF  : 
AD  (AF-pFD) :  :  Co-f.  HGC  :  Co-f.  HG,  the  Dif¬ 
ference  between  the  Angles  BAP  ( HAQ_ )  and  CAQj 
From  which,  as  their  Sum  is  given,  the  Angles  themfelvcs 
will  be  known. — This  Problem  becomes  impoflible  when 
FD  is  greater  than  FH  •,  that  is,  when  the  propofed 
Rectangle  is  greater  than  Half  the  Rectangle  under  AB 
and  FH. 


PROBLEM 
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PROBLEM  LIV. 

Two  Lines  AB,  AC,  drawn  from  the  fame  Point  A, 
being  given  both  in  Pofition  and  Length ;  to  draw 
another  Line  PQ  thro ’  that  Pointy  fo  that  two  Per¬ 
pendiculars  BP,  CQ_,  falling  thereon  from  the  Ex¬ 
tremes  of  the  two  given  Lines ,  may  for?n  two  Triangles 
ABP,  ACQ_,  equal  to  each  other. 

Let  BA  and  CQ_  be  produced  to  meet  in  E  ;  and 
upon  BE  let  fall  the  p 
Perpendicular  CF :  And 
put  CF  =  a,  AF  —  b , 

AB  r=  cy  and  EF  — 

The  Areas  of  fimilar  q 
Triangles  being,  in  Pro¬ 
portion,  as  the  Squares 
of  their  homologous 
Sides ;  and  both  the  p 
Triangles  AEQ^,  ABP 

being  fimilar  to  ECF  5  wei  have  tEP  (aa-{-xx)  : 

i  CF  x  EF  (f  ax)  :  :  AB>  (c*)  :  Area  ABP  . 

1  v  '  v  '  aa~\-xx 

And,  aa-f-xx  :  \  ax  :  :  x-\-b\z  (=  API2) :  Area  AEQj— 
i  gx  *  -  This,  taken  from  the  Area  AEC 

aa-\-xx 

\  a  x  at -J-£)  leaves  the  Area  ACQ— ^-^-X  x^- x 

aafxx 

Which  being  equal  to  ABP,  by  Hypothecs,  we  there¬ 
fore  have  x-\-b  x  aa-bx  =zczx  :  From  whence,  making 

j ce — sa  5  ^  - - -  t 

' - b - 4*  *  is  found  =  1/  aa  -p  J  dd  —  \  d, 

,  i 

M  3 
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Geometrically. 

If  A b  be  fuppofed  perpendicular,  and  equal,  to  AB, 
and  bp  perpendi<xilar  to  PQ^,  the  Triangle  A bpy  being 
fimilar  to  ABP,  will  alfo  be  equal  to  it ;  and  confe- 
quently  equal  to  ACQj  And,  if  thefe  equal  Triangles 
be,  fucceffively,  taken  from  the  Trapezium  AQCb,  the 
Remainders  pb  CQ^,  and  AQb  will  likewife  be  equal. 

B 


Hence  it  appears  that  the  Parallelogram  under  Cb  and 
DE,  whofe  Angle  is  CDE  (fuppofing  DE  parallel  to, 
and  an  Arithmetical  Mean  between,  CQ_  and  bp)  is 
equal  to  the  given  Triangle  ACb;  and  confequently 
the  Altitude  Thereof  equal  to  half  That  of  the  Tri* 
angle.  Whence  it  is  evident  that  the  Point  E  muft  fall, 
fomewhere,  in  a  Line  FI  drawn  thro’  the  Middle  of 
AD  (or  AC)  parallel  to  bC  (Elem.  2.  2).  But  the  Point 
E,  fince  the  Angle  ADE  is  a  Right-one,  will  likewife  r 
fall  in  the  Circumference  of  a  Semi- circle  deferibed  upon 
the  Diameter  AD  (Elem.  11.  3).  And  therefore  FE, 
being  a  Radius,  muff  be  equal  to  AF ;  and  confequently 
DG  =  AD  3  fuppofing  DC  produced  to  meet  AQ^ 
in  G. 

Therefore,  in  order  to  the  Geometrical  Confiru&ion, 
having  made  A b  perpendicular,  and  equal  to,  AB,  and 
drawn  AD  to  the  middle  of  Cb  (as  above  intimated)  let 
DG,  in  DC  produced,  be  taken  equal  to  AD ;  and 
from  G,  through  A,  draw  GP,  and  the  Thing  is  dene. 

It  often  happens  that  the  Demonft  ration  of  a  Geome¬ 
trical  Conftru&ion,  to  be  the  moft  neat  and  elegant, 
proceeds  upon  Principles  very  different  from  Thofe 
whereby  we  firfl  arrived  at  fuch  Conftru&ion.  The 

Cafe 
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Cafe  above  is  anlnftance  of  it :  Where,  from  the  fimilar 
Triangles,  it  is  manifeft  that  GQ^  (A p)  :  QC  :  :  Gp 
( AQJ :  pb ;  and  therefore  f  AQx  QC  —  \  Ap  xpb  = 
i  BP  x  AP.  ^  E.  D. 

Note.  If  AB  and  AC  be  two  Semi-conjugate  Diame¬ 
ters  of  an  Ellipfis,  then  the  Line  PAQ^,  determined  as 
above,  will  be  the  Pofition  of  the  Greater  Axis  :  And, 
if,  upon  the  Diameter  C b,  a  Circle  be  defcribed  inter¬ 
fering  AD  in  H  and  K  ;  then  AH,  and  AK  will  be 
equal  in  Length  to  the  greater,  and  letter,  Semi- Axis, 
refpeftively. 

From  whence  the  moft  ufeful  Properties  of  the 
Conjugate  Diameters  of  an  Ellipfis  may  be  very  eafily 
deduced.  Such,  as  that,  the  Sum  of  the  Squares  of  any 
two  Conjugate  Diameters,  is  equal  to  the  Sum  of  the 
Squares  of  the  two  Axes :  And  that,  any  Parallelogram 
defcribed  about  the  Conjugate  Diameters  of  an  Ellipfis 
is  equal  to  the  Rc&angle  under  the  two  Axes ;  and  fo 
forth.  But  thefe  are  Matters  not  altogether  proper  to 
be  infilled  on  in  this  Place. 

However  it  will  not  be  improper  to  obferve,  that 
the  laft  Problem  is  always  poflible,  except  in  thofe  two 
Cafes,  wherein  the  given  Lines  are  perpendicular*, 
and/orm  one  continued  Line. 
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PROBLEM  LV. 

m  at  the  Extreme S)  M  and  m,  of  tvjo  given  Right-lines 
AM  and  Ain,  making  a  given  Angle  MAm,  two  Per¬ 
pendiculars  MC  and  mC  be  ere  Sled ;  ’ti$  propofed  to 
find  the  Difiance  of  their  InterfeSlion7  C,  from  A  the 
given  angular  Point. 

Since  the  Angles  AMC  and  AmQ  are  both  Right 
Ones,  the  Circumference  of  a  Circle,  described  upon  the 

Diameter  AC,  will  pafs 
thro’  M  and  rn.  Therefore, 
if  Mtfz  be  drawn,  and  a 
Perpendicular  mE  be  let 
fall  upon  AM,  the  Tri¬ 
angles  AmC  and  wEM  will 
appear  to  be  equiangular ; 
becaufe  the  Angles  AC m 
and  EMw,  infilling  on  the 
fame  Arch  Am,  are  equal ; 
and  AmC  is  equal  to  wEM>  being  both  Right  Angles* 
If  now  the  Ratio  of  mE  to  Am  (which  is  given  be- 
jfcaufe  the  Angle  EAm  is  given)  be  denoted  by  That  of  s 
to  r ;  and  the  Ratio  of  AE  to  Am  by  That  of  c  to  r  ; 


/M 


we  fhall  have  AE  — —  x  Ami  and  therefore  Mlt  (rzz 

r 

AM12  +  Am  z  —  2AM  x  AE  )  —  AM12  -f  At?2  — 
—  x  AMx  Am :  Whence,  by  Reafon  of  the  fimilar 

r 

Triangles  above  fptcified,  it  will  be,  ml?*  :  mA^2  ( :  :  s* 

,  ______________________ 

;  r2)  :  :  “  :  ADZ  —  “X  Ajy")*  +  A 3*  “ 


2  rc 


-  x 


ss 


AM  x  Am  ;  whence  AC  is  given. . 

As  to  the  Geometrical  Conftrubtion,  it  is  indicated 
by  the  Conditions  of  the  Problem,  without  any  fort  of 
Argumentation. 
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»  1 

PROBLEM  LVI. 

¥0  find  a  Point  C,  from  whence  three  Right-lines  drawn 
to  fo  many  given  Points  A,  B,  and  E,  Jhall  obtain 
the  Ratio  of  three  given  Quantities  a,  b,  and  e,  re- 
fpeftively. 

*  * 

The  given  Points  being  joined  j  make  AB  AE 
~g>  and  AC—x:  Then, 

BC  being  ,  and  EC 
a 

€X 

rr —  (by  Hypothefts)  we 
alfo  have  AM  {==  \  AB 

T  zAB  J~  2  ‘ 

~~2 ~aafi~^  f  Elem*  8.  2. )  ;  and  Am  (  =  \  AE  + 

+  Lf%  fuppofing  CM  and 

2AE  J  2  2aag 

Cm  to  be  perpendicular  to  AB  and  AE,  refpe&ively. 

Hence,  putting — h>  — —  =  k,  and  z 
0  aa — bb  aa-ee 

X-—  (  =AMJ  z=  —  ~  y  we  get  xx  cze. 

2  +  2  aaf  K  2  r  2  h 

/  P*  XX  \  f7 

2 hz-fh-}  and  therefore  Am  ^  =  ~+-^  ) 

2te-Z!  =  i  +  il';  by  making  /  =^_/±. 

2k  ^  k  J  2  2k 

Now,  fince  (by  the  lajl  Problem)  AM]X  +  Am)* 2  — 
x  AM  x  Am  =  ~  x  ACl2  (where  s  and  c  denote 

the  Sine  and  Co-fine  of  the  given  Angle  MAw,  to  the 
Radius  r)  we  (hall,  from  hence,  by  fubftituting  the 

above 
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above  Values  of  AM,  Aw,  and  AC,  obtain  the  follow* 
ing  Equation, 

,  .  77  hz\z  2cz j  .  hz  ss  - - - 

+/+-Ti  -7_x/+-r=%r  x  2hz-fh. 

From  the  Refolution  of  which  the  Value  of  z,  and 
from  thence  the  Pofition  of  the  Point  D,  will  be  de¬ 
termined. 


Geometrically • 

If,  in  AB,  there  be  taken  AF=tf,  and  FH  be  drawn, 

to  make  the  Angle  AFH 
=  ACB  and  meet  AC 
in  H ;  then,  the  Ratio  of 
FH  to  AF  (by  Reafon 
of  the  fimilar  Triangles 
AFH,  ACB)  being  the 
fame  with  That  of  BC 
to  AC,  it  is  evident  that 
FH  is  given  b. 

Moreover,  if  HG  be  drawn,  making  the  Angle  AHG 

AEC,  it  will  likewife  appear,  that  both  HG  and 
AG  are  given: 

For,  fince  AG  :  AH  :  :  AC  :  AE, 
and  AF  :  AH  :  :  AC  :  AB  ; 
it  follows  that  AG  :  AF  :  :  AB  :  AE ;  whence  AG  is 
given  :  And  then  it  will  be  a  :  e  (  :  :  AC  :  EC  )  :  : 
AG  :  HG.  Whence  HG  is  given  $  and,  from  thence, 
the  following 


Conflruftion, 

Take  AY-=zay  and  make  the  Angle  AFG=AEB; 
alfo  take  AI  =  e ,  and  draw  IK  parallel  to  FG ;  more¬ 
over,  from  the  Centers  F  and  G,  with  the  Intervals  b 
and  AK,  deferibe  two  Arcs,  and  from  the  Point  H  of 
their  Interfe&ion  draw  HF  and  HA,  then  a  Line,  BC, 
drawn  to  make  the  Angle  ABC  =  AHF,  will  cut  AH, 
produced,  in  the  Point  required. 

As  to  the  Trigonometrical  Solution,  it  is  too  obvious, 
from  the  Conftru&ion,  to  need  an  Explanation.  But 

it 
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It  will  be  proper  to  take  Notice  that  the  Problem  itfelf 
becomes  impoflible,  when  the  two  Arcs,  defcribed  from 
the  Centers  F  and  G,  neither  cut,  nor  touch,  each 
other;  that  is,  when  the  Diftance  FG  is,  either,  greater 
than  the  Sum,  or  lefe  than  the  Difference,  of  b  and 
AK. 

PROBLEM  LVII. 

Three  Points ,  A,  B  and  E,  being  given ,  to  determine  a 
fourth  Point  C,  fo  that  Lines  (AC,  BC,  EC)  drawn 
from  thence  to  the  three  former ,  may  have  given  Dif¬ 
ferences*  (Provided  the  Difference  of  no  two  of 
the  faid  Lines  be  given  greater  than  the  Diftance 
of  the  two  given  Points  from  whence  they  are 
drawn.) 

.Suppofing  the  given  Points  to  be  joined,  put  AB 
AE  —  AC  —  at, 

BCz=:x~\~p,  and 
EC  znx-\-q  (where 
and  ^ represent  the 
given  Differences), 
v  Then,  if  upon  AB 
and  AE,  the  Per¬ 
pendiculars  C  M 
and  Cm  be  let  fall, 
it  will  be  (  by  a  'A  M 

known  Property  of  Triangles)  AB  (a)  :  BC  4-  AC 

(2 x+p)  :  :  BC  —  AC  (p)  :  BM  —  AM  —2t±£t: 

a 

Whence  AM  -\a—  2Px+tP  .  And,  by  the  very 

2  a 

fame  Argument,  A m  zz\b  —  .  Which  two 

2  b 

Values,  by  putting  \  a — />  anc*  f  ^ - 3=  g 

(for  the  fake  of  Brevity)  will  become  >and 

<  Moreover, 
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Moreover,  if  the  Sine,  and  the  Co-fine  of  the  given 
Angle  MAm,  to  the  Radius  r,  be  denoted  by  s  and  c 
refpedively,  it  will  appear,  from  the  Problem  preceding 

*he  Laft,  that  Md]2  +  Aw|v— —  x  AM  x  Am—  —  x 
v  r  r  r 

Ad*;  or,  (in  Species)  JIS  +  g—if  _ 

a  or 

Which  Equation  may 


be  reduced  to  — 

aa  b  b  rob 


x  *2  — ~ 


rr 


fl.4-M.~Jit  —f/Lv 
a  T  £  ra 


Whence,  bjr  fubftituting  for  the  Coefficients  of  the 
Powers  of  a-,  £*.  the  Value  of  a-,  will  be  found,  and 
from  thence  the  Pofitipn  of  the  Point  C. 


Geometrically . 

If  AB  be  bifeded  in  F,  and  FG  be  taken  a  Third 
Proportional  to  2AB  and  PQ_(BC-AC),  it  is  evident, 

from  Problem  49,  that  GM  —  x 

And,  for  the  very  fame  Reafons,  if  AE  be  bifeded 
in/,  and  fg  be  taken  a  Third  Proportional  to  2AE  and 

RS  (EC — AC),  we  fhall  alfo  have  gm  — x  P-S 

'  AE  • 

Whence  it  appears  that  GM  is  to  gm ,  in  the  given 
Ratio  °f  t°  ,  or  0f  PQ_  to— -^RS.  ,  or> 

laftly,  of  GI  to  gi  5  by  taking  GI  —  PQ  ,  and  £s  = 
AB  x  RS  - 
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If  therefore  GH  and  ^H,  and  alfo  IK  and  z'K,  be 
drawn,  interfering  in  H  and  K,  it  is  manifeft  that 
the  required  Point  C  muff  fall,  fomewhfere,  in  the 
Right-line  de  pafling  thro’  H  and  K ;  fmce,  in  this 
Cafe  (and  no  other)  it  will  be  GM  :  GI  ( : :  HC  :  HK) 
:  ;  Zm  :  £*>  or>  alternately,  GM  :  gm  :  :  GI :  git  By 


Reafoning  in  the  very  fame  Manner,  from  the  Triangles 
ACB  and  BEC,  the  Pofition  of  another  Right-line, 
wherein  the  Point  C  falls,  may  alfo  be  determined ; 
whofe  Interferon  with  de  will  confequently  be  the 
Point  required. 

But,  inafmuch  as  the  Cafe,  from  the  Pofition  of  de 
thus  given,  is  now  reduced  to  our  49th  Problem ,  the 
remaining  Part  of  the  Solution  is  likewife  given,  from 
tbence%  by  a  different  Method :  According  to  which, 
and  what  is  above  demonftrated,  we  have  the  following 

ConJlruRion . 

Having  taken  fg  a  Third  Proportidhal  to  2AE  and 
RS;  and^f  a  Fourth  Proportional  to  AE,  AB,  and 
RS ;  and  having  alfo  taken  FG  a  Third  Proportional  to 
2AB  and  PQ_,  and  fet  ©ff  GI  =  PQ_,  and  drawn  the 
Right-line  de  through  the  Interfedtions  of  the  Perpen¬ 
diculars 
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diculars  GH,  ;  IK,  /  K,  as  above  fpecified  \  let  ari 
Arch  of  a  Circle,  from  the  Center  K,  at  the  Diftancc 
of  AB  be  next  deferibed,  and  through  A  let  HN  be 
drawn,  meeting  it  in  L ;  theft  a  Right-line  AC  drawn 
parallel  to  That  joining  the  Points  L  and  K,  will  cut 
de  in  the  Point  required  ;  as  is  evident  from  the  above- 
mention*  d  Problem.  By  Means  of  which  the  Trigono¬ 
metrical  Solution  will  „alfo  be  brought  out. 

In  this  Conflru&ion,  the  Solution  of  the  Problem 
for  deferibing  a  Circle  to  touch  three  given  Circles,  is 
determined. 


LEMMA. 

If  from  the  Vertex  of  any  plane  Triangle  ABC,  a  Right - 
line  CD  be  drawn y  to  divide  the  Bafe  AB  in  the  Ratio 
of  two  given  Numbers  n  and  m  ( fo  that  AD  :  BD  :  : 
n  :  m)  5  then  the  Sum  of  the  Multiples  of  the  Squares 
of  the  two  Sides  of  the  Triangle ,  whofe  Factors  are  the 
faid  given  Numbers ,  taken  alternately ,  will  be  equal  to 
the  Sum  of  the  Reft  angle  of  the  two  Parts  of  the  Bafe 
and  the  Square  of  the  dividing  Line ,  repeated  as  often 
as  there  are  Units  in  the  *  two  propofed  Numbers 

{ that  is ,  m  times  AC12  +  n  times  SU**  =nm-j-n  times 
AD  x  BD  +  DC>J 


For,  let  AD  and  BD  be  bife£led  in  M  and  N,  and 
Cv  upon  AB  let  fall  the  Per¬ 

pendicular  CE  j  then  will 

AC^-DC^  =  ADx2ME 
(Elem.  8. 2fc).  Whence  it 
is  evident  that  m  times 

AD*  —  m  times  l5D*  = 
m  times  AD  x  2ME. 

_ _  Arid,  by  the  very  fame 

A  ME  D  IN'  B  Argument,  it  appears  that 

n  times  BC^*  —  n  times  DC?7  is  zz  n  times  BD  x  2NE. 

Therefore, 
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Therefore,  by  adding  thefe  equal  Quantities  together, 

m  times  AC'a  +  n  times  BC?1  —  m-\-n  times  6D1  =: 
m  times  AD  x  2ME  +  n  times  BD  x  2NE.  But  m  : 
n  :  :  BD  :  AD  (by  Hyp.)  : :  BD  x  2NE  :  AD  x  2NE 
(Elem.  1.  4)  5  and  therefore  n  times  BD  x  2NE  =  m 
times  AD  x  2NE. 

Let  the  latter  of  thefe  equal  Quantities  be  wrote 
above,  in  the  Room  of  the  Former  5  fo  will  m  times 

A&  +  n  times  BCl*  — *  m-\-n  times  DC  z  =  m  times 
AD  x  2ME  +  m  times  AD  x  2NE  =  m  times 

AD  x  2ME  +  AD  x  2NE  =  m  times  ADxABz=  m~\-n 
times  AD  x  BD  (becaufe,  by  Conftru&ion  m  :  m-\-n  :• 
BD  :  AB) ;  and  confequently  m  times  ACla  +  n  times 

EUla  =  m\n  times  DC*2  +  m\n  times  AD  x  BD 

&  E.  D 

It  is  plain  from  hence  that,  if  m  and  n  be  fuppofed 
to  denote  two  given  Lines,  inftead  of  Numbers,  the 

Sum  of  the  Solids  m  x  AClz  and  n  x  BCl2  will  be  equal 

,  ,  ,  ,  » 

to  the  Sum  of  the  Solids  m-\-n  x  DC'*  and  m\n  x 
AD  x  BD. 


PROBLEM 
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PROBLEM  LVnr. 

*  *  '  •  ® 

K  .  ’  •  * 

tftfv  Number  of  given  Points ,  A,  B,  C,  D,  &cv 
draw  #x  wwwy  £w*x  AP,  BP,  CP,  &c.  ^  meet  in 
a  Right-line  MN  given  by  Pofition ,  fo  that  the  Sum 
of  all  their  Squares  may  be  a  given  Quantity. 


rom  all  the  given  Points*  let 
fell  Perpendiculars,  AQ_, 
BR,  CS,  &c.  which  Per¬ 
pendiculars,  as  well  as  the 
Diftances  between  Them, 
are  all  given  from  the  Po¬ 
fition  of  MN :  Put,  there¬ 
fore,  AQ^rzz  ay  BR  =z£, 
I  CS— c,  DT— d,  EVz=*, 
QR-ry  QS=x,  QT -ty 
& c.  Alfo  put  QPzz*,  and 
the  given  Sum  of  all  the 
propofed  Squares  = 

,  SP  —  x — j,  &c. 


We  {hall  have, 
hy  Elem.  7.  2. 


AP*2,  =  aa  -J-  xx 
)BPk  zn  bb  xx  —2 rx-\-  rr 
kCP2,  :zz  cc  -{-  xx  —  2SX  -}-  xx 
*  DPP  zzz  dd  +  xx-2 tx  +  tt 
tsV.  &  c. 


Put  aa\bb\-cc\dd  &c.  =  *%  r-fx+/  &c.  =  /?,- 
and  rr-f-xx+tt  €sfr.  =  and  let  the  Number  of  the 
given  Points  be  denoted  by  n  : 

Then  our  Equation  will  be  reduced  to 

a*  -(-  nxz  —  2/3*  +  yz  z=  kz  :  ,  _ 


From  whence  x  is  found  zz: 


Geometrically .  '  • 

If  PQ^  be  drawn  to  bife&  the  Diftance  AB,  then' 
will  AF 1  -f  BP12  z=:  2 AQx BQ  +  2Qp2,  by  the  Lemma . 
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And,  if  QC  be  drawn,  and  QR  be  taken  equal 
to  -$•  Thereof ;  then  will  2QP2  +  CP*2  —  3QR  x  CR 
3RPP,  by  the  Same .  Whence,  by  adding  thefe  equal 
Quantities  together,  and  taking  2QP  (common)  away, 
we  have  AP 2  -f-  BP2  +  CP,a  —  2AQ_x  BQ_+  30?- 


x  CR  +  3RP\ 

Again,  by  draw¬ 
ing  RD,  and 
taking  R  S  == 
i  Thereof  we 

have  3RP‘2  + 

DP)*  =  4RS  x 

DS  +  4SP'%  by 
the  Lemma . 

And  therefore 


AP'1  RP'2  l 


CP2  +  DP11  =  2AB  xBQ  +  3QR  X  CR  +  4RS 
x  DS  +  4SP)\  by  the  Addition  of  equal  Quantities. 

In  the  fame  manner,  if  SE  be  drawn,  and  ST  be 
taken  =.  y  Thereof,  we  (hall  have  4SPr  +  EP*2  zz: 
5  ST  x  ET-f^TP2*  Whence,  again,  by  the  Addition 
of  equal  Quantities,  AP*2,  -f*  BP  2  +  CP12  DPP  -f* 
£P2  =  2AQx  BQ  +  3QR  x  CR  +  4RS  x  DS  + 
5STxET+  5  TP12. 


Hence  it  is  evident  (  without  proceeding  further)  that, 
let  the  Number  of  the  given  Points  be  what  it  will, 
the  Square  of  the  laft  of  the  Lines  QP,  RP,  SP,  TP, 
&c.  drawn  as  above,  will  always  be  a  given  Quantity  j 
becaufe  the  Sum  of  all  the  Re&angles  2AQ_x  BQ? 
3QR  x  CR,  4RSxDS,  &c.  (  or  That  of  their  Equals 
AB  x  QB,  QC  x  RC,  RD  xSD,  &c .)  is  given,  by  the 
Pofition  of  the  Points  A,  B,  C,  D,  6v. 
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In  order,  therefore,  to  the  Geometrical  Conftru£lion 
let  a  Rectangle  be  conftituted  (by  Elem.  y.  6.)  equal  to 
the  Excefs  of  the  given  Sum  of  the  Squares  above  the 
Sum  of  the  faid  Re£langles :  Then  find  a  Mean  Pro¬ 
portional  between  the  Length  of  the  Re&angle,  fo  de¬ 
termined,  and  that  Part  of  its  Breadth  defined  by  the 
Number  of  the  given  Points;  with  which,  as  a  Radius, 
from  the  laft  of  the  Points  Q,  R,  S,  T,  &c.  let  the 
Circumference  of  a  Circle  be  deferibed  ;  which  will  in- 
terfe£f  the  Line  MN,  in  the  Pojnt  P,  required. 

If,  inftead  of  the  Right-line  MN,  the  Circumference 
of  a  Circle  ( or  any  other  Curve-line)  given  by  Po- 
fition,  be  propounded  (wherein  the  Lines,  drawn  from 
the  given  Points,  are  required  to  meet),  the  Method  of 
Confirmation  will,  it  is  manifeft,  be  exadlly  the  fame. 

And  it  may  not  be  amifs  to  obferve  farther,  that  if 


tfX  Apz  +  bxB P12  +  c  x  CP2  +  </xDP2,  OV. 
(where  a ,  b ,  c9  d ,  &c.  reprefent  known  Quantities, 
either  Numbers  or  Lines)  be  fuppofed  ^iven,  the  Locus 
of  the  Point  P  will,  be  the  Circumference  of  a 

Circle,  determined  after  the  fame  manner,  from  the 
premifed  Lemma. 


v  ,  r  AQ  :  BO  :  :  b 
tor,  by  l  n£~. 


snaking 
this  Cafe 


byi 

in< 


QR 

,  RS 

1ST 


a 

RC  :  :  c  :  a-j-b 
DS  :  :  d  :  a-{-b~)~c 
ET  :  :  e  :  a-\-b\c-\-dy 


and  then  proceeding  as  above,  it  will  appear  that*  x  aP  5 

-f*  b  X  BPZ  -f-  c  x  CP12,  -f-  &c,  is  equal  to  a-\-b  x  AQ^ 

X  QB  -f.  a-\-b+c  x  QRx  RC  +  a-\-b-\-c-\-d  x  RS  X 

SD  -f-  a~\~b-\-c \d^-e  x  ST  x  TE  -f-  a-\-b-\-c-y- d-\-e  x 

IP2:  Whence  it  is  evident  that  TP  is  a  given 
Quantity. 


PART 


PART  HI. 


if  l  .  ;  /  \ 

WHEREIN 

The  THEORY  of  GUNNERY,  or  the 
Motion  of  Projectiles,  is  confidered. 


IT  is,  ufually,  taken  for  granted,  by  Tbofe  who 
treat  of  the  Motion  of  Projectiles,  that  the  Force 
of  Gravity  near  the  Earth’s  Surface  is  every-where 
the  fame,  and  aCts  in  parallel  Directions  ;  and  that  the 
EffeCt  of  the  Air’s  Refiflance  upon  very  heavy  Bodies, 
fuch  as  Bombs  and  Cannon  Balls,  is  too  fmall  to  be  taken 
into  Confideration. 

That  the  Error  arifmg  from  the  Suppofition  of  Gra¬ 
vity  aCting  uniformly,  and  in  parallel  Lines,  muft  be 
exceeding  fmall,  is  very  obvious ;  becaufe,  even,  the 
greateft  Diftance  of  a  ProjeCtile  above  the  Surface  of 
the  Earth,  is  inconfiderable  in  Comparifon  of  its  Di¬ 
ftance  from  the  Center,  to  which  the  Gravitation  tends: 
But  then,  on  the  other  hand,  it  is  very  certain,  that 
the  Refiftance  of  the  Air,  to  very  fwift  Motions,  is 
much  greater  than  it  has  been  commonly  reprefented. 

Neverthelefs,  if  the  Amplitude  of  the  Projection, 
anfwering  to  one  given  Elevation,  be  firft  found 
by  Experiment  (  which  our  Method  fuppofes  to  be 
done)  the  Amplitudes  in  all  other  Cafes,  where  the 
Elevations  and  Velocities  do  not  very  much  differ 
from  the  Firft,  may  be  determined,  to  a  fufEcient 
Degree  of  ExaCtnefs,  from  the  foregoing  Hypothefes  : 
Becaufe,  in  all  fuch  Cafes,  the  Effects  of  the  Re¬ 
fiftance  will  be  nearly  as  the  Amplitudes  themfelves ; 
and,  were  They  accurately  fo,  the  Proportions  of  the 

N  2  Amplitudes, 
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Amplitudes,  at  different  Elevations,  would  then  be  the 
very  fame  as  in  vacuo. 

For  this  Reafon,  and  to  avoid  having  Recourfe  to 
Principles  and  Calculations  no-ways  adequate  to  the 
Experience  and  Underftanding  of  Beginners,  for  whofe 
Ufe  this  little  TraCt  is  chiefly  intended,  I  fhall,  in 
what  follows,  conform  to  the  Method  of  other  Writers, 
fo  far,  as  to  take  no  Notice  of  the  Air’s  Refiftance ; 
but  confider  the  Motions  as  performed  in  vacuo. 

Now,  in  order  to  form  a  clear  Idea  of  the  Sub¬ 
ject  here  propofed,  the  Path  of  every  Projectile  is  to 
be  confidered  as  depending  on  two  different  Forces; 
that  is  to  fay,  on  the  impellent  Force,  whereby  the 
Motion  is  firft  began  (and  would  be  continued,  in  a 
Right-line),  and  on  the  Force  of  Gravity,  by  which  the 
ProjeCtile,  during  the  whole  Time  of  its  Flight,  is  con¬ 
tinually  urged  downwards,  and  made  to  deviate  more 
and  more  from  its  firft  Direction. 

As  whatever  relates  to  the  Track  and  Flight  of  a  Ball 
(negleCting  the  Refiftance  of  the  AirJ  is  to  be  deter¬ 
mined  from  the  ACtion  of  thefe  two  Forces,  it  will 
be  proper,  before  we  proceed  to  confider  their  joint 
EffeCt,  to  premife  fomething  concerning  the  Nature 
of  the  Motion  produced  by  Each,  when  fuppofed  to 
aCt  alone,  independent  of  the  Other ;  to  which 
End  the  two  firft,  of  the  four  following  Lemmas-,  are 
premifed. 

i  '  ■  •  ,/• 
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LEMMA  I. 

Every  Body ,  after  the  imprefs’d  Force ,  whereby  it  is  put 
in  Motion ,  ceafes  to  aft  y  continues  to  move  uniformly 
in  a  Right-line ;  unlefs  it  be  interrupted  by  fome  other 
Force  or  Impediment . 

This  is  a  Law  of  Nature,  and  has  its  Demonftration 
from  Experience  and  Matter-of-Fa£t. 

Corollary. 

It  follows  from  hence  that  a  Ball,  after  leaving  the 
Mouth  of  the  Piece,  would  continue  to  move  along  the 
Line  of  its  firft  Dire&ion,  and  defcribe  Spaces  therein 
proportional  to  the  Times  of  their  Defcription,  were 
it  not  for  the  A&ion  of  Gravity  ;  whereby  the  Di¬ 
rection  is  changed,  and  the  Motion  interrupted. 

LEMMA  II. 

The  Motion ,  or  Velocity ,  acquired  by  a  Bally  in  freely  de¬ 
fending  from  Rejly  by  the  Force  of  an  uniform  Gra¬ 
vity ,  is  as  the  Time  of  the  Defcent ;  and  the  Space 
fallen  thro\  as  the  Square  of  that  Time . 

The  firft  Part  of  the  Lemma  is  extremely  obvious : 
For,  fince  every  Motion  is  proportional  to  the  Force 
whereby  it  is  generated.  That  generated  by  the  Force 
of  an  uniform  Gravity  muft  be  as  the  Time  of  the 
Defcent ;  becaufe  the  whole  Effort  of  fuch  a  Force 
is  proportional  to  the  Time  of  it*  ACtion ;  that  is,  as 
the  Time  of  the  Defcent. 


To 
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To  demonftrate  that  the  Diftances  defcended  are  pro 
pT  -r.4  portional  to  the  Squares  of  the  Times, 
'c/  Jet  the  Time  of  falling  thro’  any  pro- 
pofed  Diftance  AB  be  reprefented  by  the 
Right-line  PQ ;  which  conceive  to  be 
divided  into  an  indefinite^  Number  of 
very  fmall,  equal,  Particles,  reprefented, 
each,  by  the  Symbol  and  let  the  Di¬ 
fiance  defcended  in  the  Firft  of  them  be 
Ac  ;  in  the  Second  ed;  in  the  Third 
de ;  and  fo  on. 

Then  the  Velocity  acquired  being 
always  as  the  Time  from  the  Begin¬ 
ning  of  the  Defcent,  it  will  at  the 
Middle  of  the  firft  of  the  faid  Particles 
be  reprefented  by  \7n\  at  the  Middle 
of  the  Second,  by  \\m>  at  the  Middle  of  the 
Third,  by  2 Which  Values  conftitute  the 


Or. 


i 


(T 
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r  •  tn 
Series  — , 
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32,  Vc. 
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But,  fince  the  Velocity,  at  the  Middle  of  any  One  of  , 
the  faid  Particles  of  Time,  is  an  exadl  Mean  between 
the  Velocities  at  the  two  Extremes  thereof,  the  corre- 
fponejing  Particle  of  the  Diftance  AB  may  be  therefore 
confidered  as  deferibed  with  that  mean  Velocity :  And 
fo,  the  Spaces  Ac,  cd ,  dey  ef,  &c.  being,  refpectively, 

equal  to  the  abovementioned  Quantities— ,  -2— , 

2  2  2 

% 

&c.  it  follows,  by  the  continual  Addition  of 

2 

Thefe,  that  the  Spaces  Ac,  Ad ,  Ac,  A/*,  &c. 
fallen  thro’  from  the  Beginning,  will  be  exprefied  by 

*,  if,  -9f,  ZSSL,  «*.  Which  are,  evi- 

2  2  2’  2  2 

dently,  to  one  another  in  proportion,  as  i,  4,  9,  16,  25, 
&V.  that  is,  as  the  Squares  of  the  Times,  4*.  E.  D. 
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Corollary. 

Seeing  the  Velocity  acquired  in  any  Number  (n) 
of  the  aforefaid,  equal,  Particles  of  Time  (meafur- 
ed  by  the  Space  that  would  be  defcribed  in  one  Tingle 
Particle)  is  reprefented  by  n  times  m ,  or  n  it  will 
therefore  be,  as  i  Particle  of  Time,  is  to  n  fuch 
Particles,  fo  is  nm9  the  faid  Diftance  anfwering  to 
the  former  Time,  to  the  Diftance,  correfponding 
to  the  Latter,  with  the  fame  Celerity,  acquired  at 
the  End  of  the  faid  n  Particles.  Whence  it  appears 

n 

71  771 

that  the  Space  - — ■  (found  above)  thro’  which  the  Bali 

2r 

falls,  in  any  given  Time  »,  is  juft  the  Half  of  That 
{r?ni)  which  might  be  uniformly  defcribed  with  the 
laft,  or  greateft.  Celerity,  in  the  fame  Time. 

'  '  1  1 

Scholium. 

It  is  found,  by  Experiment,  that  any  heavy  Body, 
near  the  Earth’s  Surface  (where  the  Force  of  Gravity 
may  be  confider’d  as  uniform)  defcends  about  16  Feet, 
from  Reft,  in  the  firft  Second  of  Time. 

Therefore,  as  the  Diftances  fallen  thro’  are  proved 
above  to '  be,  in  Proportion,  as  the  Squares  of  the 
Times;  it  follows  that,  as  the  Square  of  i  Second,  is 
to  the  Square  of  any  given  Number  of  Seconds,  fo  is 
16  Feet,  to  the  Number  of  Feet  a  heavy  Body  will 
freely  defcend  in  the  faid  given  Number  of  Seconds. 
Whence  the  Number  of  Feet  defcended  in  any  given 
Time  will  be  found,  by  multiplying  the  Square  of  the 
Number  of  Seconds  by  16. 

Thus  the  Diftance  defcended  in  2,  3,  4,  5,  tsfc. 
Seconds,  will  appear  to  be  64,  144,  256,  400  F,  &c, 
refpectivel  y. 

Moreover,  from  hence,  the  Time  of  the  Defcent 
thro’  any  given  Diftance  will  be  obtained,  by  dividing 
the  faid  Diftance,  in  Feet,  by  16,  and  extracting  the 
fquare  Root  of  the  Quotient ;  or,  which  comes  to  the 

N  4  fame 
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fame  Thing,  by  extra&ing  the  fquare  Root  of  the 
whole  Diftance,  and  then  taking  \  of  that  Root  for 
the  Number  of  Seconds  required.  Thus,  if  the  Di- 
Ifance  be  fuppofed  2640  Feet ;  then,  by  either  of  the 
two  Ways,  the  Time  of  the  Defcent  will  come  out  12, 
84  Seconds,  or  12"  :  50". 

It  appears  alfo  (from  the  Carol.)  that  the  Velocity  per 
Second  (in  Feet),  at  the  End  of  the  Fall,  will  be  deter¬ 
mined,  by  multiplying  the  Number  of  Seconds  in  the 
Fall  by  32  :  Thus  it  is  found  that  a  Ball,  at  the  End 
of  10  Seconds,  has  acquired  with  a  Velocity  of  320  Feet 

per  Second. - After  the  fame  Manner,  by  having  any 

two  of  the  four  following  Quantities,  viz.  the  Force , 
the  Time,  the  Velocity ,  and  Diftance,  the  other  Two 
may  be  determined  :  But  this  not  being  abfolutely 
neceiTary  in  what  follows  (  though  equally  ufeful  in 
other  Difquifitions)  I  fhall  put  down  the  feveral  Rules, 
or  Equations  below,  in  a  Note  *,  to  be  taken,  or 
omitted,  at  Pleafure. 

LEMMA 


*  Let  the  Space  freely  defended  by  a  Ball ,  in  the  frft 
Second  of  Time  (which  is  as  the  accelerating  Force )  be  de¬ 
noted  by  f ;  alfo  let  t  denote  the  Number  of  Seconds  wherein 
any  Diftance,  d,  is  defended ;  and  let  v  be  the  Velocity , 
per  Second,  at  the  End  of  the  Defcent :  Then  will 

c  — jrr  2d 

V  “  2ft  ~  fd  zz. - 


/  d  __  V  __ 

~f  2f  ~ 
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d  =  ftt  = 


v  v 


tv 


f  = 


jd_ 

tt 


4* 


v  v 


2t  4d 

All  which  Equations  are  very  eaftly  deduced from  the  two 
original  Ones ,  d  —  ftt,  and  v  =:  2ft,  already  demonftrat - 
ed',  the  Former  in  the  Propofition  itfelf ;  and  the  Latter , 
in  the  Corollary  to  it  5  by  which  it  appears  that  the 

Meafure 
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LEMMA  III. 


A  Ball ,  projected  in  the  Direction  of  a  Right-line  AC 
making  an  Angle  with  the  Horizon  AB,  is,  by  Means 
of  its  Gravity,  deflected  continually,  more  and  more, 
from  its  fir  (l  Direction-,  hut  the  Celerity  with  which 
it  approaches  any  Perpendicular  (BC)  to  the  Horizon,  is 
neither  increafed  nor  decreafed  by  the  Action  of  Gravity, 


For,  let  a  Line  HMQ,,  perpendicular  to  the 
Horizon,  be  con¬ 
ceived  to  move  pa¬ 
rallel  to  itfelf,  to¬ 
wards  BC,  along 
with  the  Ball  : 

Then,  as  the  Gra¬ 
vity  always  a&s  in 
this  Line,  it  can 
have  no  Effe&  in 
making  it,  either, 
move  fafter  or 
flower  towards 
BC  ;  but  is 
wholly  employ’d  in  drawing  down  the  Proje&ile 
along  the  fame,  from  its  firft  Direction  AC  5  and 
thereby  cauflng  it  to  defer  ibe  a  Curve-line  A  MB, 

Corol, 


I 


Meafure  of  the  V do  city  at  the  End  of  the  fir (l  Second  is 
2f  ;  whence  the  Velocity  (v)  at  the  End  of  t  Seconds  ?nujl 
confequently  be  expreffed  by  2f  X  t  or  2  ft. 

Having  proceeded  thus  far,I Jhall  here  take  the  Opportuni¬ 
ty  to  point  out ,  and  rectify  an  inadvertent  ExpreJJion , 
at  p.  230  of  my  Book  of  Fluxions,  relating  to  this  Sub¬ 
ject.  —  It  is  there  faid,  by  way  of  Remark,  that,  what¬ 
ever  Ratio  the  Times  have  with  Refpe£t  to  the  Diftance* 
defeended,  &c,  the  fame  alfo  will  the  Velecities  have, 

being 
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CoROLLARV. 

Hence  it  appears  that  the  Projectile,  at  the  End  of 
a  given  Time,  is  in  the  very  fame  vertical  Line  HG, 
as  it  would  be  in,  if  Gravity  was  not  to  a£t;  and  that 
the  horizontal  D,iftance  AH,  as  well  as  the  Hypothenufe 
AG,  is  proportional  to  the  Time  wherein  the  Projectile 
actually  moves  through  the  Arch  AM,  correfponding 
to  the  faid  Diftance. 


being  proportional  to  the  Times.  Which  Obfervation, 
it  is  clear  from  the  Words  themf elves,  ought  to  be  re¬ 
trained  to  thofe  Cafes ,  where  the  Velocities  are  pro¬ 
portional  to  the  'Times ;  that  is,  where  the  accelerating 
Forces  are  equal.  Therefore,  injlead  of  the  faid  Obfer¬ 
vation,  as  it  now  Jlands,  read ,  What  is  above  demon- 
llrated  with  refpeCt  to  the  Times,  holds  alfo  in  the  Ve¬ 
locities,  when  the  accelerating  Forces  are  equal. 
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lemma  IV. 

*The  Deflections  arifing  from  the  Action  of  Gravity ,  or  the 
vertical  Dijiances ,  MG,  BC,  intercepted  by  the  Path 
of  the  Ball  and  the  Line  of  Direction ,  are  in  pro¬ 
portion,  to  one  another ,  as  the  Squares  of  the  cor  ref  pond¬ 
ing  Parts  AG,  and  AC,  of  the  faid  Line  of  Direction . 


Conceive  a  Line  GML  to  be  carried  along,  parallel 
to  BC,  fo  that  its  extreme  Point  G  may  trace  out  the 


Line  of  Direction 
AC,  in  the  very 
fame  manner  as 
the  Projectile  itfelf, 
would  defcribe  it, 
were  it  not  to  be 
defleCted  therefrom 
by  the  ACtion  of 
Gravity  :  Then , 
fince,  by  the  pre¬ 
ceding  Lemma,  the 
ProjeCtile  is  always 
in  the  Line  GML, 
and  the  Force  of 
Gravity  is,  wholly, 
employ’d  in  urging 
it  downwards,  along 
that  Line  ;  the  Ef- 
feCt  produced  by  the 
faid  Force,  or  the 
Diftance  MG  of  the 
Ball  from  the  Extreme  Point  G,  at  the  End  of  any 
given  Time,  will  confequently  be  the  very  fame,  as  if 
the  Line  GML  (inftead  of  being  carry’d  uniformly  to¬ 
wards  CB)  was  to  have  continued  in  its  firft  Pofition 
AR,  and  the  Ball  fuffered  to  defcend  from  Reft  along 
that  Line  ;  the  Force  employ’d  being  the  fame  in  both 
Cafes.  But  it  is  proved,  in  Lemma  2,  that  the  Spaces  AP 
and  AR  that  would  be  defcribed  in  defending,  freely, 

from 
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from  Reft,  are  as  the  Squares  of  the  Times ;  therefore 
their  Equals  GM  and  CR  are  likewife  as  the  Squares  of 
the  fame  Times  ;  that  is,  of  the  Times  wherein  AM 
and  AMB  are  defcribed  :  Which  are  to  each  other  as 

AG)2,  to  AC f  (by  Carol,  to  Lem.  3.) 

Corol.  I. 

If  B  be  taken  as  the  Point  where  the  ProjeCtile  im¬ 
pinges  on  the  Horizon  AB,  and  in  BC  (perpendicular 
to  AB)  there  be  taken  Cl  =  GH  ;  then  a  Right-line, 
drawn  from  I  to  A,  will  cut  the  vertical  Line  HG  in  the 
very  Point  (M)  thro*  which  the  Center  of  the  Projectile 
pafleth. 

For  ACT  :  AG>  :  :  BC  :  MG,  as  above. 
and  ACT  :  AGP  :  :"BC)2  :  HG]2,  by  Jim.  Triangles . 
Theref.  BC :  MG  : :  BC)2  :  HG]2,  by  Equality  of  Ratios ; 
and  confequently  MG  x  BC  —  HG  z* 


parallel  Lines).  Whence  it  is  evident  that  HG  and 
Cl  are  equal  to  each  other,  in  all  Pofitions  of  HG : 
By  Means  whereof,  as  many  Points  in  the  Curve,  as 
you  pleafe,  may  be  determined* 


COROL, 
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COROL.  II. 

>  / 

If  GNS  be  drawn,  parallel  to  AB,  interfering 
BC  in  N,  and  meeting  the  Circumference  of  a  Semi¬ 
circle,  deferibed  upon  BC,  in  S ;  it  will  further  ap¬ 
pear,  that  the  Height  (HM)  of  the  Ball  is  every¬ 
where  a  Third-proportional  to  BC  and  NS.  For, 
fince  BC  :  HG  :  :  HG  :  MG,  it  follows,  by  Divifion, 

that,  BC  :  CN  :  :  HG  (BN)  :  HM  ,=~ = 

BC^ 1  3)-  Hence  it  is  evident  that  the  Projec- 

tile  will  be  at  its  greateft  Heighth,  when  it  has  performed, 
juft,  the  Half  of  its  Flight ;  fince  it  is  well  known  that 

j|2,  . 

NS  (and  confequently  ^  )  is  the  greateft  poftlblc 

when  it  coincides  with  the  Radius  QR. 

It  appears  moreover  that  the  Heights  hm,  HM,  of 
the  Ball,  in  any  two  vertical  Lines,  equally  diftant  from 
That  palling  thro’  the  higheft  Point  E  of  the  Trajectory, 
are  equal ;  becaufe  the  correfponding  Ordinates  ns  and 
NS  are  equal,  as  being  equally  diftant  from  the  Center 
Q_  of  the  Semi-circle.  —  Laftly,  it  is  apparent  that  the 

greateft  Altitude  DE  is  =  £  BC  ;  becaufe 


BC 


when 


NS  coincides  with  QR,  becomes 


FBC)7 

BC 


=  £  BC. 


Which  may  be  otherwife  made  out,  by  confidering, 
that,  as  AF  is  but  the  Half  of  AC,  its  Square  will  be 
only  £  of  the  Square  of  BC ;  and  therefore  FE  only 
£  of  BC  (by  the  Lem),  And  fo,  DF  being  =  \  BC  (by 
fan,  Triang.)  DE,  as  well  as  FE,  muft  be  =  £  BC. 
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The  Amplitude ,  or  horizontal  Range  of  a  Piece ,  with  a 
given  Charge  of  Powder ,  at  an  Elevation  of  45  De¬ 
grees^  being  known ,  from  Experiment ;  to  determine 
the  Elevation  fo  as  to  hit  an  ObjeSf ,  at  a  given  Di- 
Jlance ,  on  the  plane  of  the  Horizon  $  the  Quantity  of 
Power  remaining  the  fame. 


Let  PQ_be  the  given  Amplitude,  at  an  Eleyation 
(QPR)  of  45  Degrees ;  let  AB  be  the  given  Diftance 

of  the  Obje&,  and  BAD  the 
required  Elevation  :  In  AB, 
produced,  take  AO— PQ_,  with 
which  as  a  Radius,  from  the 
Center  O,  let  a  Semi-circle 
AME  be  defcribed,  and  let 
AD,  produced,  meet  the  Peri¬ 
phery  thereof  in  H  ;  join  E,  H, 
and  make  DB  and  HI  perpen¬ 
dicular  to  AE. 


Since  the  Charge  of  Powder,  or  the  Velocity  at 
both  the  Elevations  QPR  and  BAD,  is  fuppofed  to  be 
the  fame,  the  Times  of  Flight,  during  which  the  Di- 
ftances  PR  and  AD  would*  l?e  uniformly  defcribed  with 
that  Velocity,  will  therefore  be  to  each  other,  dire<Stly 

as  the  faid  Diftancesj  and  confequ^ntly  PR^  :  AD11  : : 

RQ 


1 


\ , 


the  Motion  (/'Projectiles.  iSr 

RQ  :  DB  ( by  Principles  already  explained, .  vid.  Lem . 
3  and  4)- 

But  PR?1  (==  PQj*  +  RQ }')z=z  2RQh  (becaufe  the 
Angle  P  (—  450)  =  R).  Hence  the  abov^  Proportion 

becomes  2RQ/  :  AD*1  :  :  RQj.  DB;  from  which  we 
have  AD>  zz  2RQ_x  DB  zz:  AE  x  DB,  by  Conjlrudiifrn. 

Moreover,  from  the  fimilar  Triangles  ABD  and 
AHE,  we  have  AE  :  EH  :  :  AD  :  DB  :  Whence 

EH  x  AD  =  AE  x  DB  zz  AD ’2  (p.  above )  and  confe- 
quently  EH  zz:  AD  :  And  fo,  the  Triangles  EHI  and 
ADB  being  equiangular,  it  is  plain  that  HI  is  alfo 
equal  to  AB.  Whence  follows  this  eafy 

Conftrudfion, 

With  an  Interval  equal  to  the  given  Amplitude,  at 
the  Elevation  of  45 °,  let  a  Semi-circle  AME  be  de¬ 
scribed  ;  make  OM  perpendicular  to  the  Diameter 
thereof,  in  which  take  ON  equal  to  the  given  Diitance 
AB,  and  thro’  N,  parallel  to  AE,  draw  HN£,  inter¬ 
fering  the  Circumference  in  H  and  h  ;  then  either  of 
the  Directions  AH,  or  A b9  will  anfwer  the  Conditions 
of  the  Problem.  E.  L 

CoROL.  I. 

If  OH  be  drawn,  the  Angle  EOH  will  be  zz  2EAH 
( Elem .  9.  3.)  and  it  wili  be,  as  OH  (PQ)  :  HI  (AB)  :  : 
Radius  :  Sine  EOH;  that  is,  in  Words,  as  the  given 
Amplitude,  at  45°  Elevation,  is  to  any  other  propofed 
Amplitude,  fo  is  the  Radius ,  to  the  Sine  of  twice  the 
Elevation  correfponding  to  the  Latter.  From  whence 
it  is  evident,  that  the  horizontal  Amplitudes,  at  dif¬ 
ferent  Elevations,  are  to  one  another  as  the  Sines  of  the 
Doubles  of  the  faid  Elevations ;  and  that,  the  Ampli¬ 
tude  of  the  Projection  at  an  Elevation  of  45  Degrees 
(when  HI  coincides  with  MO)  is  the  greateft  poffiblc. 

:  CoROL, 
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I 

COROL.  II. 

I  „  •  .^,1. 

Since  it  is  found  above  that  AE  x  DB  (=  AD1*)  — 

Elf  %  it  follows,  that  A]?2  :  EfT2  :  :  AE,Z  :  AE  x  DB 
: :  AE  :  DB  :  :  \  AO  ( {  AE)  :  CV  ( |  DB.  vid.  Corol, 
2.  to  Lem.  4.)  that  is,  as  the  Square  of  the  Radius ,  is 
to  the  Square  of  the  Sine  of  the  Angle  of  Elevation,  fo 
is  Half  the  greateft  Horizontal  Amplitude,  to  the  greateft 
Altitude  of  the  Proje£file. 

Hence  it  appears,  that  the  Diftance  which  the  Ball 
would  afcend,  if  projected  in  a  vertical  Direction 
(ufually  call'd  the  Impetus )  is  juft  one  Half  of  the  greateft 
Amplitude;  fince,  in  this  Cafe,  the  Sine  of  the  Ele¬ 
vation  becomes  equal  to  the  Radius . 

Therefore,  as  a  Body  ( in  vacuo )  afcends  and  defcends 
with  the  fame  Celerity ;  and  feeing  the  Diftance  AG, 
expreffing  the  perpendicular  Afcent,  is  as  the  Square 
of  the  Celerity  at  A,  (p.  Lem.  2)  ;  it  follows  that 
the  greateft  horizontal  Amplitude  AO,  being  z=:2 AG, 
is  alfo  as  the  Square  of  the  fame  Celerity. 

From  whence,  and  Corol.  1,  it  is  manifeft,  that  the 
Amplitudes,  when  both  the  Elevations,  and  the  Ve¬ 
locities,  differ,  will  be  to  each  other  in  a  Ratio  com¬ 
pounded  of  the  Ratio  of  the  Sines  of  the  Double  EIe-N 
vations,  and  the  Duplicate  Ratio  of  the  Velocities. 


1 


/ 


v 


% 


/ 
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PROPOSITION 
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PROPOSITION  II. 

The  greatejl  horizontal  Amplitude ,  and  the  Angle  of  Ele¬ 
vation  being  given  ;  to  find  at  what  Difiance  the  Piece 
ought  to  he  planted ,  to  hit  an  Ob j eft,  ivhofe  Height 
above ,  or  DepreJJion  below ,  the  Level  of  the  Piece  is 
alfo  given , 

Let  BC  be  the  perpendicular  Height,  or  Deprefliorr 
of  the  propofed  Object,  and  AB  the  required  Diftance  ; 
let  BC,  produced,  meet  the  Line  of  Direction  AD  in 
D,  and  let  P  be  the  Place  where  the  Path  of  the  Pro¬ 
jectile  (produced)  meets  the  Level  of  the  Piece :  Make 
PQ^  perpendicular  to  AP,  and  CN  parallel  to  AD. 


By  the  laft  Propofition  it  will  be,  as  Radius  :  Sin.  2  A 
;  :  the  greateft  horizontal  Amplitude,  to  the  Diftance 
AP ;  which,  therefore, 'is  known. 

Moreover,  it  appears  from  the  fourth  Proportion,  in 
Carol.  1,  to  Lem.  4,  that  PQj  BD  :  :  BD  :  CD. 

r,  „  (  PQ, :  BD  :  :  AP  :  AB  )  ,  r  ^  .  , 

BuC  \  BD  :  CD  :  :  AB  :  AN  i  h  Mdar  mangles. 

Therefore,  by  Equality  of  Ratios^ 

AP  :  AB  :  :  AB  :  AN ; 

J  • 


o 


Whence 
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Whence  AP  :  PB  :  AB  :  BN  (by  Divifion) 
and  confequently  AP  x  BN  ==  AB  x  PB. 

Let  AP  be  now  bifeCted,  in  O  ;  then  AB  x  BP  (or 

its  Equal  APx  BN)  being  zz  AO*2  c/3 , 0B)1  ( Elem.6.2 ). 

we  therefore  have  OBP  —  AO*1  _j-  AP  x  BN  =  AO  x 

AO  i  2BN  ;  whence  AB  is  likewife  known.  j^.  E .  7. 


Corollary.' 

If  the  Amplitude  AP,  the  Elevation  PAQ_,  and  the 
Diftance  AB  of  any  perpendicular  BCD  from  the 
Place  of  Projection,  A,  be  fuppofed  given ;  then  the 
Height,  or  Depreffion  of  the  Ball  in  that  Perpendicular, 
may,  from  hence,  be  found. 

For  it  is  proved  that  AP  :  BP  :  :  AB  :  BN;  from 
which  BN  is  given  :  But,  as  the  Radius ,  is  to  the 
tangent  of  BNC  (or  BAD),  fo  is  BN  to  BC. 

PROPOSITION  III. 


Having  the  greatejl  horizontal  Amplitude ,  or  Range  of 
a  Piece ,  with  the  Diftance  and  the  Height  (or  De¬ 
preffion)  of  the  Objetty  to  find  the  Angle  of  Elevation . 


Let  BC  ( in  Fig.  1  and  2)  be  the  perpendicular 
Height,  or  Depreffion  of  the  ObjeCt,  AB  the  given 

horizontal  Diftance, 
and  AH  the  required 
Direction :  Alfo  let 
PQ jFig>  3.)  be  the 
greateft  horizontal 
Amplitude,  anfwer- 
ing  to  450  of  Ele- 
vation,  ( vid.  CoroL 
1.  Prop .  1).  Draw  AC,  in  which  produced  (if  need  be) 
take  AG  zz  PQj  make  MGO  perpendicular  to  AG, 
meeting  AB  produced  (if  neceflary)  in  O;  and  from 
the  Center  O,  with  the  Interval  OA,  let  the  Circum¬ 
ference  of  a  Circle  be  defcribed,  interfering  AG  pro- 

1  duced. 
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duced,  in  E  ;  join  E,  H,  and  let  HI,  AN,  and  QR,  be 
perpendicular  to  AE, 

AO,  and  PQ_  re- 
fpe&ively,  and  let 
BC  be  produced  to  JST 
meet  AH  in  D. 

It  appears,  from 
what  has  been  al¬ 
ready  delivered,  that 

AD12  :  FIT*  :  :  DC 
*  R  Qj.  Whence, 

PR12  being  —  2PQ^2 

=  2 KG]2=i  aW,'  and  RQ  =  PQ_—  f  AE  (by  Con* 
JlruRton)  we  have  ADU  :  \  AE*2 
:  :  DC  :  {  AE  ;  and  confequently 
AD12  =  AEx  DC. 

But,  the  Triangles  ADC  and 
AEH  being  equiangular  (becaufe 
ADC  —  DAN  =  E,  and  DAC  p 
common)  we  likewife  have  AD  : 

DC  :  :  AE  :  EH  ;  and  therefore  AE  xDC  =  AD  xEH 

=  AD1*  (p.  above)  whence  EH  =  AD  ;  and  fo,  the 
Triangles  ADB  and  EHI  being  equiangular,  we  like¬ 
wife  have  HI  =  AB  ;  and  from  thence  this  eafy 

Conjlruttion . 

Having  defcribed  the  Circle  AHEF,  as  above  direct¬ 
ed,  and  drawn  MG  perpendicular  to  AE,  take  therein 
G«  equal  to  the  given  horizontal  Diftance  AB,  and 
thro’  »,  parallel  to  AE,  draw  HZ?,  cutting  the  Circum- 
ference  of  the  Circle  in  H  and  h  ;  then  either  of  the 
Directions  AH,  or  Ah,  will  anfwer  the  Conditions  of 
the  Problem. 

From  this  Conftrudtion  we  have  the  following  Cal¬ 
culation,  viz .  As  AB  :  BC  :  :  AG  (PQJ:GO;  which, 
added  to,  or  fubtra&ed  from  G?*  (AB),  gives  On. 

O  2  Then, 
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Then,  as  AG  (PQJ  :  On  :  :  Co-fine  of  OAG  :  Co¬ 
fine  H On  —  (HAZ>)  the  Difference  of  the  two  required 
Elevations :  From  which  the  Elevations  themfelves  will 
be  known:  And  from  whence,  if  BC  be  fuppofed  to 
vani/h,  the  Solution  to  Prop.  1.  will  be  obtained ;  being 
only  a  particular  Cafe  of  That  above.  E .  /. 


Corol.  I. 


Hence  the  Time  of  the  Flight  may  likewife  be  deter¬ 
mined  :  For,  S.  AHE  (ACD)  :  S,  HAE  :  :  AE  : 

(  fl*  XffE  X  HE  =  AD  (p.  above)  Which  being 

proportional  to  the  Time  of  the  Flight  (vid.  Lem.  3.) 

it  follows  that  the  faid  Time  will,  always,  be  as 

S  HAE  J 

5"~ACD 5  ^ecaufe  ^E  B  fuppofed  conftant.  There¬ 


fore,  if  the  Time 
of  the  perpendicular 
Afcent,  or  Defcent, 
thro*  the  Impetus 
AN,  be  found,  and 
denoted  by  T,  it 
is  evident  that  the 
Time  fought  will  be 
truly  reprefen  ted  by 

5-HAE— r-  that 

is,  the  Co  fine  of  the 
Obje&’s  Elevation 
above,  or  Depreffion 
below  the  Level  of 
the  Piece,  will  be  to 
the  Sine  of  the  Ele¬ 
vation  of  the  Piece 
above  the  Obje£t, 
as  twice  the  Time 
of  the  perpendicular  Afcent,  or  Defcent,  is  to  the  true 
Time  of  the  Flight. 


Corol. 
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COROL.  II. 

If  the  Elevation  of  the  Piece,  together  with  the 
Diftance,  and  the  Height  (or  Depreftion)  of  the  Ob- 
je£f,  be  given,  the  Impetus  may,  from  hence,  be 
alfo  found. 

For,  firft,  it  will  be  AB  :  BC  :  :  Radius  :  Tang. 
BAC  ;  whence  (as  BAD  is  given)  EAH  will  likewife 
be  known. 

Then,  S.  EAH  (CAD)  :  S.  AHE  (ACDJ  :  :  HE 
(AD)  :  AE.  Alfo  S.  ADC  :  Radius  :  :  AB  :  AD. 

Therefore,  by  compounding  thefe  Proportions,  we 
have  S.  CAD  x  S*  ADC  :  Rad.  x  S.  ACD  :  :  AB  : 
AE ;  which  is  4  times  the  required  Impetus  (z rid, 
Corol.  3.  to  Prop.  1). 

— 

Corol.  III. 

Moreover,  if  the  Elevation,  and  the  Impetus  be 
given,  the  Amplitude  of  the  Proje&ion  on  an  amend¬ 
ing,  or  defcending  Plane  ACE,  whofe  Inclination  is 
given,  may  from  hence  be  derived. 

For,  5.  AHE  (ACD)  :  S ..  EAH  (CAD)  :  :  AE  : 
EH  (AD).  And  S.  ACD  :  S.  ADC  :  :  AD  :  AC. 

By  the  Compofition  of  which  Proportions  we  have 
□  S.  ACD  :  S,  CAD  x  S.  ADC  : :  AE  :  ACj  whence 
AC  is  given. 

Corol.  IV. 

y  )  •  1  y  >  •  '  .  1  *  • 

Hence,  alfo,  may  the  Ratio  of  the  Amplitudes,  on 
the  fame  Plane,  at  different  Elevations,  be  deduced : 
For  the  firft  and  third  Terms,  of  the  laft  Proportion, 
continuing  invariable,  the  Ratio  of  the  2d  and  4th.  will 
likewife  be  invariable  ;  that  is,  the  Redtangle  under  the 
Sine  of  the  Elevation  above  the  Plane,  and  the  Co¬ 
fine  of  the  Elevation  above  the  Horizon,  in  any  one 
Cafe,  will  be  to  the  like  Re&angle,  in  any  Other,  as 
the  Amplitude  in  the  former  Cafe,  to  the  Amplitude  in 
the  Latter. 

o  3 


Corol. 


198  *rhe  Theory  of  Gunnery,  or 


COROL.  V. 

But,  if  the  Elevation  be  fuppofed  conftant,  and  the 
Plane’s  Inclination  to  vary;  then,  fince,  by  the  above 


Proportion,  AC  is  univerfially 


CAD  x  S.  ADC 


□  Sine  ACD 

AE  (where  AE  and  the  Angle  ADC  are  fuppofed  con* 
ftant)  it  follows  that  the  Amplitude  will  be,  barely,  as 

that  is,  inverfiely ,  as  the  fquare  of  the  Co¬ 
fine  of  the  Inclination  of  the  Plane,  apply’d  to  the  Sine 
of  the  Elevation  above  the  Plane.  —  If  both  the  Incli¬ 
nations,  and  the  Elevations,  differ,  it  will  appear,  from 
the  fame  Equation,  that,  the  Amplitude  will  be,  uni- 
k verfially ,  as  the  Re£tangle  of  the  Sine  of  the  Elevation 
above  the  Plane,  and  the  Co  fine  of  the  Elevation  above 
the  Horizon,  apply’d  to  the  Square  of  the  Co  fine  of 
the  Plane’s  Inclination.  < 

Corol.  VI. 

Since  it  is  proved  that  HI  is,  always,  equal  to  AB, 
it  is  evident  that,  when  the  Former  coincides  with 
MG,  and  thereby  becomes  a  Maximum ,  the  Latter  will 
alfo  be  a  Maximum  :  In  which  Circumftance  AC  will 
likewife  be  a  Maximum ;  and  the  Point  D  will  then 
coincide  with  M  and  H  (as  in  the  annexed  Figures)  be- 
caufe  AD  and  EH  are  always  equal  to  each  other. 
tvTVTTT  Therefore,  fince,  in  this 

’  Cafe,  the  Angle  HAE 

is  (=  E  )  =  NAH,  it 
-p  appears  that  the  Ampli- 
‘  tude,  on  any  inclin’d 
Plane,  will  be  the  great- 
eft  poftible  when  the 
3}  O  F  Line  of  Dire&ion  AH 

bife&s  the  Angle  EAN,  included  between  the  Plane 
and  the  Zenith. 


1 


Corol. 
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CoROL.  VII. 

Hence  the  greateft  Amplitude,  on  any  inclin’d 
Plane,,  with  a  given  Impetus,  may  be  determined  : 
For  the  right-angled 
Triangles  AQG  and 
HOB,  having  AO  — 

HO,  and  the  Angle 
O,  common,  are  equal 
in  all  refpefts :  There¬ 
fore  it  will  be,  as  the 
Tangent  of  AHG  (or 
BAH,  the  Piece’s  Ele¬ 
vation)  is  to  the-  Tang . 
of  CHG  (or  CAB,  the  Plane’s  Inclination)  fo  is  AG 
(twice  the  given  Impetus)  to  the  Difference  CG  be¬ 
tween  the  faid  Double  Impetus  and  the  Amplitude 
fought. 

P  CoROL.  VIII. 

Hence,  alfo,  if  the  greateft  Amplitude,  on  an  in¬ 
clin’d  Plane  be  given,  the  Impetus  may  be  found  :  For, 
it  will  be  as  the  Radius ,  is  to  the  Sine  of  the  Plane’s 
Inclination  BAC,  fo  is  the  given  Amplitude  AC  to  the 
Difference  (BCor  CG)  betwixt  it  and  twice  the  Im¬ 
petus.  Vid.  CoroL  2.  to  Prop.  I. 

COROL.  IX. 

,  -  *1 

But  if,  inftead  of  the  Plane’s  Inclination,  the  per¬ 
pendicular  Height,  or  Depreffion  of  the  Obje£t  above, 
or  below  the  Level  of  the  Piece,  be  given  ;  then,  AC 

being  =  AG  Ijl  BC,  and  Ab|2  (—  AC"k —  B(?2)  = 

AC?2  -f-  2AG  x  BC,  the  greateft  Diftance  AB,  at 
which  the  Ball  can  poffibly  hit  the  Objeft,  will  there¬ 
fore  be  =  ^  AG  x  AG  q:  2BC*.  From  which,  as  all 
the  Sides  of  the  Triangle  ABC  are  given,  the  Angle 

O  4  BAC 
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BAC  will  likewife  be  known ;  and,  from  thence,  the 
Elevation,  BAH,  by  Corol.  6. 

From  the  latter  of  the  two  Cafes  here  confider’d 
(where  the  Obje£I  is  fuppofed  below  the  Level  of  the 
Piece,  as  in  Fig.  2.)  the  greateft  Amplitude  of  a  Ball, 
projected  from  a  given  Height  above  the  Plane  of  the 

Horizon,  is  given;  being  —  ^  AG  x  AG-{~2BC,  (as 
above )  in  which  BC  denotes  the  given  Height. 

Corol. 


But,  if  the  horizontal  Diftance  AB  is  given,  and  it 
be  required  to  determine  the  greateft  Height  the  Ball 
can  poftibly  reach,  in  the  Perpendicular  BCD  ;  we 
fhall  then  have,  PIG  (AB)  :  AG  :  :  Radius  :  Fang,  of 
the  Elevation  (BAH  or  AHG)  ;  and,  as  Radius  :  Tang. 
BAC  (=  2BAH  co  90  )  :  :  AB  :  BC ;  which  therefore 

is  known.  But,  becaufe  AC  AG  -f- BC,  and  BP?2 


=  Ak?”  —  AB  %  the  Value  of  BC  will,  alfo ,  be  truly 


exprefted  by 


AG2  co  AB" 
2AG 


1 


Corol.  XI. 

Laftly,  if  there  be  given  the  perpendicular  Height, 
or  Depreftion,  of  the  Gbjedl,  and  its  horizontal  T)i- 
ifance,  in  order  to  determine  the  Elevation,  and  the 
lea  ft  Impetus,  to  hit  the  Objedf :  Then  it  will  be  as 
AB  :  BC  :  :  Radius  ;  Tang.  BAC  ;  whence  the  Ele¬ 
vation  BAH  is  alfo  known,  by  Corol.  6:  And,  as 
Radius  :  Tang.  AHG  (BAH)  :  :  HG  (AB)  :  AG  ;  the 
Half  of  which  is  the  Impetus,  by  Prop .  1.  Corol  2. 


Here 


Here  follow  the  practical  Solutions  of  the  fever al 
Cafes  depending  on  the  foregoing  Theory. 

I.  Of  Projections  made  on  the  Plane  of  the  Horizon. 

■  r  \, 

PROBLEM  I. 

Phe  great  eft  Amplitude  of  a  Piece  being  known  (from  Ex¬ 
periment)  to  find  the  Amplitude ,  at  any  propofed  Ele¬ 
vation . 

Solution. 

As  the  Radius,  is  to  the  Sine  of  double  the  pro¬ 
pofed  Elevation,  fo  is  the  given,  to  the  required.  Am¬ 
plitude  (by  Prop.  i.  Cor .  i.) 

Ex.  Let  the  gr.  Amp.  be  8000  Feet,  and  the  given 
Elev.  30°  :  16 . 

1  1 

Then,  as  Radius  — - io.  0000 

to  Sine  6oQ  :  32'  - 9.  9398 

fo  is - 8000  — - 3.  9030 

Amp.  req.  6965  F. . —  ■■*■■■  —  3.  8428 

PROBLEM  IF. 

Plot  Impetus ,  or  the  greatejl  Amplitude  (which  is  the  Double 
thereof )  being  known ,  to  find  the  Elevation ,  to  Jlrike  an 
ObjeCi  at  a  given  Di/lance, 

Solution. 

As  the  greateft  Amplitude,  is  to  the  given  Diftance; 
fo  is  the  Radius,  to  the  Sine  of  the  Double  Elevation  (by 
Prop.  1.  Corot.  1). 

Ex.  Let  the  gr.  Amp.  be  7500  F.  and  the  given 
Diftance  5620  F# 

Then, 
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Then,  as  7500 - 3.  8750 

is  to  5620  • - 3.  7497 

fo  is  Radius  1  1  - 1  — — - -  10.  0000 

to  the  fine  of  48°  :  32  ,  or  13 1°  :  28' —  9.  8747 

Therefore  240  :  16'  is  the  lower,  and  65°  :  44'  the 
higher  Elevation,  required. 

PROBLEM  III. 

The  Angle  of  Elevation ,  and  the  Dijlance  of  an  Objelf^ 
being  given }  to  find  the  Impetus ,  fo  as  to  Jlrike  the 
Object. 

Solution. 

As  the  Sine  of  twice  the  Elevation,'  is  to  the  Radius, 
fo  is  the  pittance  of  the  Object  to  twice  the  Impetus 
{by  Prop.  1). 

Ex.  Let  the  Elev.  be  320  :  12'  and  the  given  Dift. 

6500.  F. 

Then,  as  Sine  64°  :  24'  — - -  9.  9551 

is  to  Radius  . . - . .  10.  0000 

fo  is  -  6500  ■  ■  —  ■  ■  ■  3.  8129 

to - 7208  - . . —  3.  8578 

Whence  3604  is  the  Impetus  required. 

PROBLEM  IV. 

The  A?nplitude ,  at  any  one  known  Elevation  being  given , 
to  find  the  Amplitude  at  any  other  known  Elevation . 

Solution. 

As  the  Sine  of  Double  the  firft  Elevation,  is  to  the 
Sine  of  Double  the  Second,  fo  is  the  Amplitude  at  the 
Former,  to  that  at  the  Latter,  (by  Prop .  1). 

Ex.  Let  the  firft  Elev".  be  250  :  12',  the  2d.  36°  : 
15 ,  and  the  given  Amp.  5250.  F. 

*  Then, 
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Then,  as  Sine  50^  :  24'  —  Co.  Ar.  o.  1132 

to  Sine  —  720  :  30' - 9.  9794 

fo  is  —  5250  F.  . . .  3.  7201 

to  the  Amp.  req.  6498  F. - *1(3.  8127 

PROBLEM  V. 

The  Amplitude  of  the  Projection,  with  a  given  Quantity 
of  Powder ,  being  known ;  to  find  the  Requifite  of 
Powder ,  Jo  as  to  Jlrike  an  ObjeCt  at  a  given  Difiance  ; 
the  Elevation  remaining  the  fame . 

Solution. 

As  the  given  Amplitude,  is  to  the  propofed  Diflance, 
To  is  the  given  Weight,  or  Quantity  of  Powder,  to 
the  Quantity  fought,  nearly  *. 

Ex.  Suppofe  the  Requifite  of  Powder  to  throw  a 
Shot  4000  Feet,  at  450  Elevation,  to  be  16  lb.  What 
Quantity  is  neceflary,  to  ftrike  an  Obje&  at  the  Di- 
ftance  of  5000  Feet. 

Here  it  will  be,  as  4000  :  5000  : :  1 6  :  20  lb.  the 
Quantity  fought. 


*  In  this  Solution ,  the  Velocity  communicated  to  the  Ball \  is 
fuppofed  to  he  in  the  Subduplicate  Ratio  of  the  Quantity  of 
Powder  ;  which  is  not  fir  idly  true ,  efpecially  in  large  Charges  ; 
Jince  a  confiderable  Part  of  the  Powder ,  in  fiuch  Cafes ,  is  blown 
out ,  unfired:  There  aret  befidesf  other  Reafons  to  be  af- 
fignedy  why y  the  Velocity  cannot  be  exaCily  in  the  Proportion 
above  fpecified . 
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PROBLEM  VI. 

The  Dijlance  of  the  Objcdl ,  and  the  Elevation  of  the 
Piece  ,  being  given  ;  determine  the  Time  of  the  Flight . 

Solution. 

As  theRadius  is  to  the  Tangent  of  the  Elevation,  fo  is 
the  given  Diftance  of  the  Object,  in  Feet ,  to  the  Square 
of  4  times  the  Number  of  Seconds ,  required  (vid.  p.  184 
187). 

Ex.  Let  the  Elevation  be  32%  and  the  Diftance  of 
the  Objedt  5280  Feet. 

Then,  Radius - 10.  0000 

Tang.  320 - 9.  7958 

Dift.  5280 - 3.  7226 

ifo-  5184 

57.44 — — - - -  !•_ 7592 

|  of  which,  or  14s,  36,  is  the  Time  required. 

But,  when  the  Elevation  is  45  Degrees  (which  is 
commonly  the  Cafe,  in  Throwing  Bombs,  &c.)  then 
|  of  the  fquare  Root  of  the  Diftance,  in  Feet ,  will  give 
the  Number  of  Seconds  taken  up  in  the  Flight.  The 
Knowing  of  which  will  be  of  Ufe  in  adjufting  the  Fufe* 

II.  Of  Proj ett ions,  when  the  Objedl  fired  at ,  is  above y 
or  below ,  the  Level  of  the  Piece. 

PROBLEM  VII. 

The  horizontal  Dijlance ,  and  the  Angle  of  Elevation ,  or 
Deprejfton  of  an  Objetl ,  being  given ,  with  the  Ele¬ 
vation  of  the  Piece ;  to  find  the  Impetus ,  fo  as  to  bit 
the  Objetf. 

Solution. 

As  the  Redlangle  of  the  Sine  of  the  Elevation  of  the 
Piece  above  the  Objedf,  and  the  Co-ftne  of  its  Ele- 

'  ”  vatioB 
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vation  above  the  Horizon,  is  to  the  Redlangle  under 
the  Radius  and  the  Co-fine  of  the  ObjedFs  Elevation, 
or  Depreffion  ;  fo  is  |  of  the  given  horizontal  Diftance 
of  the  ObjedI,  to  the  Impetus  required  [by  Prop,  3. 

Corol,  2). 

$ 

Ex.  Let  the  horizontal  Diftance  of  the  Objedt  be 
5600  Feet,  and  its  Elevation  8°  :  15';  and  let  the  Ele¬ 
vation  of  the  Piece  be  320  :  30  ':  Then, 

240  :  15',  Co-ar.  of  its  Sine - •  o.  3865 

320  :  30',  Co-ar.  of  its  Co-f. -  o.  0740^  ^ 

Radius - - -  10.  0000  > 

8°  :  15',  its  Co-fine - 9.  9955\^ 

1400  F. - - - —  3.  1461 J  2 

4000  F.  the  Imp.  reqd. - — - — -  2I3.  602 1~~ 


PROBLEM  VIII. 

The  horizontal  Di/lance ,  and  the  Angle  of  Elevation ,  or 
Depreffion  of  an  Object,  being  given ,  together  with 
the  Impetus  ;  to  find  the  Elevation  of  the  Piece ,  to  hit 
the  Object, 

Solution. 


As  the  Radius  is  to  the  Tangent  of  the  ObjedFs  Ele¬ 
vation,  or  Depreffion,  fo  is  twice  the  Impetus  to  a 
fourth  Number  ;  which  add  to,  or  fubtradt  from,  the 
given  horizontal  Diftance,  according  as  the  Objedt  is 
elevated,  or  depreffed  :  Then  fay. 

As  twice  the  Impetus  is  to  the  Sum,  or  Remainder, 
fo  is  the  Co-fine  of  the  given  Elevation,  or  Depreffion, 
to  the  Co-fine  of  an  Angle;  which  added  to,  and  fub- 
tradled  from,  the  Angle  included  between  the  Objedi 
and  the  Zenith  (or  vertical  Point),  gives  the  Double  of 
the  Complements  of  two  different  Elevations,  whereby 
the  Ball  may  hit  the  Objedtf&tf  Prop.  3). 

Ex.  Let  the  horizontal  Diftance  of  the  Objedi  be 
5600  Feet,  and  its  Elevation  8°  :  15' ;  and  let  the  given 
Impetus  be  4000  F. 

Then, 
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Then,  as  Radius .  . .  io.  oooo 

is  to  Tang.  8°  :  15' - •  9.  1613 

fo  is  8000 - 3.  9031 

to — 1160  1  - - - -  1  [3,  0644 

This  added  to  5600  gives  6760 : 

Therefore,  as  8000  . ■■■  3.  9031 

is  to  ■■  -  6760  ■■■  — -  3.  8299 

fo  is  Co-f.  8°  :  15'  ■  ■  9.  9955 

to  the  Co-f.  33  :  15 - — -  9.  9223 


Which,  added  to,  and  fubtra&ed  from  81 0  :  45',  gives 
115°  :  00',  and  48°  :  30',  refpe&ively  :  The  Halves  of 
which  are  570  :  30',  and  240  :  15'  ;  whofe  Comple¬ 
ments  320  :  30,  and  65° :  45  ,  are  the  two  Elevations 
required. 

PROBLEM  IX. 

*Ihe  Impetus ,  and  the  Angle  of  Elevation ,  being  given ;  to 
find  at  what  Dijlance  the  Piece  ought  to  be  planted , 
to  hit  an  Objefty  whofe  Dijlance  above  >  or  belowy  the 
Level  of  t  be  Piece ,  is  alfo  given. 

Solution. 

As  the  Radius,  is  to  the  Sine  of  twice  the  given  Ele¬ 
vation,  fo  is  the  Impetus,  to  half  the  horizontal  Am¬ 
plitude,  at  that  Elevation  (by  Prop.  1). 

And,  as  the  Radius,  is  to  the  Co-tangent  of  the  Ele¬ 
vation,  fo  is  twice  the  perpendicular  Height,  or  De- 
prefiion,  of  the  Object,  to  a  Fourth-Proportional;  which 
take  from,  or  add  to,  half  the  horizontal  Amplitude, 
according  as  the  Object  is  elevated,  or  deprefled  ;  then 
find  a  Mean  Proportion  between  the  Half-Amplitude, 
and  the  Sum,  or  Remainder  ;  which,  added  to  the  faid 
Half- Amplitude,  gives  the  Diftance  fought  (by  Prop.  2). 

r  Ex.  Let  the  Impetus  be  3000  Feet,  the  Elevation 
400,  and  the  Heighth  of  the  Object  200  Feet. 

Then, 
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Then,  as  Radius  - - -  10.  0000 

to  Sine-  8o°  »  — '■  . — ■  9.  9933 

fo  is  —  3000 - — — —  3.  4771 

to - 2954  - - il3-  4704 


And,  as  Radius  •=■ 

is  to  Co-t.  40°  — 

fo  is - 400  — 

to - 477  — 


10.  OOOO 


10.  0762 

2.  602I 


2.  6783 


Now,  the  Difference  between  the  two  Numbers 
above  found  is  2477  ;  whofe  Log.  being  added  to  that 
©f  2954,  and  the  Sum  divided  by  2,  the  Quotient  will 
be  the  Log.  of  2705,  the  required  Mean  Proportional : 
Whence  the  Diftance  fought  comes  out  5659  Feet. 


III.  Of  Projections  on  Planes ,  inclin'd  to  that  of 

the  Horizon. 


PROBLEM  X. 

The  Inclination  of  the  Plane y  and  the  Elevation  and 
Impetus  of  the  Piece ,  being  known  \  to  find  the  Am¬ 
plitude  of  the  Projection. 

Solution. 

As  the  Square  of  the  Confine  of  the  Plane’s  Incli¬ 
nation  to  the  Horizon,  is  to  the  Re&angle  of  the  Sine 
of  the  Elevation  above  the  Plane  and  the  Co-fine  of 
the  Elevation  above  the  Horizon,  fo  is  4  times  the 
Impetus ,  to  the  Amplitude  of  the  Projedion  ( by  Prop ♦ 
3.  Cor.  3). 

% 

Ex.  1.  Let  the  Impetus  be  4000  Feet,  the  Elevation 
32°  :  30',  and  the  Afcent  of  the  Plane  8°  :  15 .  Then 
the  Elevation  above  the  Plane  will  be  240  :  15  *  and 
the  Operation  as  follows. 

8®  ! 
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8’ :  15’,  Co-Arith.  of  its  Co-f.  —  o.  0045  )  ^ 

The  fame  repeated  . .  ■  ■  -  - -  o.  0045  /  *0 

240  :  15'  —  its  Sine - > - 9.  6135?  £ 

32°  :  30' — itsCo-f. - 9.  9260V 

16000  F.  —  its  Log. - - - - — ■  4.  2041  )  ® 

5658  Feet  the  Amp.  reqd. - -  2(3.  7526 

Ex.  2.  Let  the  Elevation  and  Impetus  be  the  fame 
as  in  the  laft  Example;  but  let  the  Plane  in  this  Cafe 
have  a  Defcent  of  8  ’  :  15'  (inftead  of  an  equal  Afcent). 

Then  the  Operation  will  Rand  thus, 

8°  :  25%  Co-Ar.  of  its  Co-f.  — - 0.  0045  ^ 

The  Jame  repeated - o.  0045/ 

40°  :  45',  its  Sine - 9.  8147^  Z 

320  :  20',  its  Co  fine - 9.  9260^'-° 

16000  F.  its  Log.  — - — — —  4.  2Q41  J  S 

8992  F.  Amp.  reqd. - 2I3.  9538 

PROBLEM  XI. 

The  Inclination  of  the  Plane ,  the  Elevation  of  the  Piece ^ 
and  the  A?nplitude  of  the  Projection^  being  given  ; 
to  find  the  Impetus . 

Solution. 

As  the  Rectangle  of  the  Sine  of  the  Elevation  above 
the  Plane  and  the  Co-fine  of  the  Elevation  above  the 
Horizon*  is  to  the  Square  of  the  Co-fine  of  the  Plane's 
Inclination,  fo  is  the  given  Amplitude,  to  4  times  the 
required  Impetus  (by  Prop.  3.  Cor.  3). 

Ex.  Suppofe  the  Plane  to  have  an  Afcent  of  8°  :  15V 
and  that  the  Amplitude  thereon,  at  an  Elevation  of 
320  :  30,  is  5658  Feet.  Then,  the  Elevation  above 
the  Plane  being  240  :  15',  we  fhall  have, 

24" 

/ 


v 
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240  :  15'  Co-Ar.  of  its  Sine 
32 3  :  30"  Co-Ar.  of  its  Co  f. 

8 5  :  15  its  Co-f. - 

The  fa?ne - 

5658  F.  its  Log.  - —  — 

16000  F.  - — - 


•  3865,} 

•  o.*  0740 ' 

•  9-  9955 ? 
‘  9*  995  5\ 
-  3*  7526  J 
2(4.  2041 


T3 

<U 

'"O 

a 

0J> 
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|  of  which,  or  4000  Feet,  is  the  Impetus,  reqd. 


PROBLEM  XII. 

The  Inclination  of  the  Plane , .  the  Impetus ,  and  the  A?npU~ 
tude  being  given ,  to  determine  ihe  Elevation . 

Solution. 

As  the  Radius  is  to  the  Co-fine  of  the  Plane’s  Incli¬ 
nation,  fo  is  the  given  Diftance,  on  the  Plane,  to  the 
horizontal  Diftance  correfponding :  From  which,  the 
Impetus,  and  the  Plane’s  (or  Obje£Fs)  Elevation  or  De- 
preftion,  the  Elevation  of  the  Piece  may  be  found,  by 
Prob .  8. 

Ex.  Let  the  Plane  have  an  Afcent  of  8°  :  15',  and  let 
the  given  Amplitude  thereon  be  5658  Feet,  fuppofing 
the  Impetus  to  be  4000  Feet. 

Then,  as  the  Radius  - - - —  10.  0000 

is  to  the  Co-fine  of  8  ‘  :  15  —  9.  9955 
fo  is  5658  Feet - - — -  3.  7526 

to  —  5600  Feet - 1J3.  7481 

the  horizontal  Diftance  of  the  Place  where  the  Ball  im¬ 
pinges  :  As  for  the  reft  of  the  Operation,  it  is  exactly 
the  fame  as  in  the  Example  to  Prob.  8;  for  which 
Reafon  it  will  be  needlcfs  to  repeat  it  here. 
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PROBLEM  XIII. 

Having  the  Angle  of  Elevation ,  or  DepreJJion  of  the  Oh- 
jc£l,  together  with  the  Elevation ,  and  Impetus  of  the 
Piece  j  to  determine  the  Time  of  the  Flight . 

Solution. 

As  the  Co-fine  of  the  Elevation,  or  Depreflion  of  the 
Object,  is  to  the  Sine  of  the  Elevation  of  the  Piece 
above  the  Objedl,  fo  is  Half  the  fquare  Root  of  the 
Number  of  Feet  in  the  Impetus  given,  to  the  requir’d 
Number  of  Seconds  in  the  Flight. 

Ex.  Suppofe  the  Elevation  of  the  Obje£l  to  be  8°  : 
30' ;  That  of  the  Piece  45° ;  and  the  Impetus  3600  Feet. 

Then,  the  fquare  Root  of  3600  being  60,  we  have 
As  the  Co-fine  8°  :  30'  —  Co-Ar.  o.  0048 

is  to  the  Sine  36°  :  30 - 9.  7744 

fo  is  30 - 1.  4771 

to  18,04  Seconds  reqd.  - - -  i|i.  2563 

IV.  Of  the  Maxima  and  Minima,  in  the  Motion 

of  Projebliles. 

PROBLEM  XIV. 

The  greatef  horizontal  A?nplitude  being  given ,  to  fhd  the 
great  eft  Amplitude  on  a  Plane  whofe  Inclination  to  the 
Horizon  is  alfo  given . 

Solution. 

Take  half  the  Angle  included  between  the  Plane  and 
the  Zenith  ;  die  Complement  of  which  is  the  required 
Elevation  (by  Prop.  3.  Cor.  6).  Then  fay,  as  the  Tan¬ 
gent  of  the  faid  Elevation,  is  to  the  Tangent  of  the  Plane’s 
Inclination,  fo  is  the  given  Amplitude,  to  the  Difference 
between  it  and  the  Amplitude  fought  (by  Prop .  3. 
Coro l .  7). 

Ex, 
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Ex.  Let  the  greateft  horizontal  Ran°;e  be  8000  Feet, 

O  O  * 

and  the  Inclination  of  the  Plane  120  :  30 ,  defcending. 

Here  the  Angle  included  between  the  Plane  and  the 
Zenith,  or  vertical  Point,  being  1020  :  36',  the  Half 
thereof  will  be  510  :  15',  and  the  Elevation  38°  :  45  . 


Therf.  as  Tang.  38°  :  45' -  9.  9045 

is  to  Tang.  —  12°  :  30' -  9.  3457 

fo  is - —  8000  F. - -  3.  9031 

to - 2210  F.  -  3.  3443 


Which,  added  to  8coo  (becaufe  the  Plane  defcends). 
gives  1 02 10  Feet,  for  the  true  Anfwer,  in  this  Cafe. 

PROBLEM  XV. 

* 

The  greateji  Amplitude ,  on  an  inclin'd  Plane ,  being  given ^ 
to  find  the  greateji  Amplitude ,  on  the  Plane  of  the  Horizon . 

Solution. 

As  the  Radius,  is  to  the  Sine  of  the  Plane’s  Inclination, 
-fo  is  the  given  Amplitude,  to  the  Difference  between  it 
and  the  required  Amplitude  (by  Prop.  3,  Carol.  8). 

Ex.  Let  the  Inclination  of  the  Plane  be  120  :  30', 
defcending,  and  the  given  Amplitude  102 10  Feet. 

Then,  as  Radius - -  ■  — —  10.  ©000 

is  to  S.  120  :  30 - 9-  3353 

fo  is  —  —  1021 Q - 4.  0090 

to -  2210  - -  3-  3443  ' 

Which  taken  from  102 10,  gives  8000  Feet,  for  the  true 
Diftance  fought. 
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PROBLEM  XVI. 

The  Impetus,  and  the  perpendicular  Height ,  or  Deprejfion, 

of  an  Object  being  given,  to  find  the  great  eft  horizontal 

Di/lance  at  which  the  Ball  can ,  pojfibly,  hit  the  Ob - 

jeSt ,  and  alfo  the  Elevation  anfwering  thereto . 

Solution. 

Take  the  Difference  of  the  two  given  Quantities,  if 
the  Objecft  be  elevated  ;  but  otherwife,  their  Sum ; 
then  find  a  Mean  Proportional  between  the  Impetus  and 
faid  Difference,  or  Sum  ;  t)ie  Double  of  which  Will  be 
the  Diftance  fought  (by  Prop.  3.  Cor .  9). 

For  the  Elevation,  it  will  be,  as  the  Diftance  thus 
found  is  to  the  Height,  or  Depreftion  of  the  Obje<ft,  fo 
is  the  Radius  to  the  Tangent  of  an  Angle;  which  added 
to,  or  fubtra&ed  from,  90  Degrees,  refpe&ively,  gives 
the  Double  of  the  required  Elevation  ( by  Prop .  3. 
Cor .  9).  • 

Ex.  Let  the  Impetus  be  4000  Feet,  and  the  Depref- 
fion  of  the  Objedt,  below  the  Level  of  the  Piece,  2210 
Feet. 

Here  we  are  to  take  a  Mean  Proportional  between 

4000  and  6210;  which  is  =  f  4000x6210  =  4984 ; 
whofe  Double  9968  is  the  required  Diftance. 

Moreover,  we  have,  as  9968 -  3.  9986 

is  to - - 2210 -  3~ 3443 

fo  is  Radius - —  10.  0000 

to  Tang. - - 120  :  30 -  9.  3457 

whence  the  Elevation  appears  to  be  38®  :  45. 

From  this  Problem,  the  greateft  Amplitude  of  a 
Ball,  projected  from  a  given  Height  above  the  Level 
of  the  Horizon,  is  given. 
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,  *  1 

PROBLEM  XVII. 

9  *1  ,  *  '  '  *  *  4  *  y, 

Having  the  horizontal  Di/lance  of  the  Objeft,  together 
with  its  perpendicular  Height ,  or  Deprejfon ,  above  or 
below  the  Level  of  the  Piece  ;  to  determine  the  lea  ft  Im¬ 
petus,  poffible ,  whereby  the  Ball  may  reach  the  Object ; 
and  alfo  the  Elevation  correfponding . 

Solution. 

\ 

As  the  horizontal  Diftance  of  the  Obje6f  is  to  its  per¬ 
pendicular  Height  or  Depreflion,  fo  is  the  Radius  to  the 
Tangent  of  an  Angle;  which,  added  to,  or  fubtracfted 
from  90  Degrees,  gives  the  Double  of  the-  Elevation 
(by  Prop.  3.  Carol.  6). 

And,  as  the  Radius  is  to  the  Tangent  of  the  Ele¬ 
vation,  fo  is  the  given  horizontal  Diftance,  to  twice  the 
Impetus  required  (by  Prop.  3.  Carol.  11). 

Ex.  Let  the  horizontal  Diftance  be  9968  Feet,  and 
the  Diftance  of  the  Object  below  the  Level  of  the 
Piece  2210  Feet. 

1 

Then,  as  —  9968  - * -  3.  9986 

is  to - 2210 - -  3-3443 

fo  is  Rad. - — - 10.  0000 

to  Tang.  12°  :  30'  — — ■» — —  9.  3457 

Therefore  the  Elevation  is  38'  :  45' ;  and  it  will  be 

As  Radius  — * . .  10.  0000 

*  -  -  . 

is  to  Tang.  38 7  :  45"  1  9.  9945 

fo  is  -  9Q68  3.  9986 

to - 8000 - 3-  9031 

The  Half  of  which,  or  4000  Feet,  is  the  Impetus  fought. 
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PROBLEM  XVIII. 

To  find  the  great  eft  Height  a  Ball  can ,  poffibly,  reach  in 
a  Perpendicular  to  the  Ho/Izon  ;  the  Impetus ,  and  the 
Di/lance  of  the  Piece  from  the  faid  Perpendicular , 
being  given . 

Solution. 

Find  a  Third  Proportional  to  the  Impetus  and  half 
the  given  Diftance,  which  fubtra&  from  the  Impetus, 
and  the  Remainder  will  be  the  Anfwer  ( by  Prop .  3. 
Corol.  10). 

Thus,  if  the  Impetus  be  4000  F.  and  the  given  Di- 
ftance  3000  Feet,  then  it  will  be,  as  4000  :  3000  :  : 
3000  :  2250;  which  taken  from  4000,  leaves  1750 
Feet,  for  the  greateft  Height  the  Ball  can  poffibly  reach 
in  the  propofed  Perpendicular,  with  that  Impetus. 
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PART  IV. 

EXHIBITING 

A  new ,  very  comprehenfive  Method  for  ex¬ 

tracting  the  Roots  of  Equations  in  Numbers ; 
by  increafmg  the  Dimenfiens  of  the  unknown 
Quantity. 


IN  this  Method  (as  in  the  common  Method  by  con¬ 
verging  Series’s)  the  Value  fought  is,  firft  of  all,  to 
t>£  nearly  eftimated  (either  from  the  Equation  itfelf, 
or  from  the  Nature  of  the  Problem  whence  it  is  derived); 
and  fome  unknown  Quantity  (as  %)  muft  be  affirmed  to 
exprefs  the  Difference  between  that  Value  (which  we 
will  denote  by  r )  and  the  true  Value  required  :  And 
then,  by  fubftituting  rTz  inftead  of  its  Equal,  in  the 
given  Equation,  a  new  Equation  will  emerge,  affe&ed 
only  with  %  and  known  Quantities. 

The  Equation  being  thus  prepared  for  a  Solution, 
multiply  it  into  two,  or  more  fucceeding  Terms  of  the 
Series  i  -j-  Az-f"  Bzx-j-  Cz3  -f-  Dz4  &c.  (according  to 
the  Degree  of  Exa£fnefs  Neceffary)  and  let  the  Coef¬ 
ficients  of  the  homologous  Terms  of  the  new  Equation 
hence  arifing,  wherein  the  Square,  and  the  next,  higher 
Powers  of  £  are  concerned,  be  made  equal  to  Nothing  : 
By  which  Means  the  Value  of  A,  &c.  will  be  deter¬ 
mined,  and  as  many  Terms  of  the  Equation  deftroyed, 
at  the  fame  time,  as  there  are  Terms  in  the  affumed 
Multiplicator  minus  one.  And  the  Terms  involving  the 
fuperior  Powers,  which  yet  remain,  being  of  very  fmall 
Value,  may  alfo  be  rejected:  Whence  the  Equation 
will  be  reduced  to  a  Simple  One  :  From  which  the 
Value  of  z  will  be  found. 

P  4  Let 


/ 
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Ex.  i.  Let  the  Equation  propounded  be  xr  z=z  50. 

Here,  a*  being  fomething  greater  than  7,  put  7  +  z 
rr  at  ;  then  the  given  Equation  will  become  49 -pH2* 
+  zz=  50; 

or,  — 1  -f~  142  -j~z“  —  o.  This,  multiply’d 
by  1  -f  Az  4-  Bz% 

c  —  1  -f 142  +  z*  *  * 

gives  ^  *  —  Az  -f  i4Aza-f  Az3  * 

(  *  *  -  +i4Bz34-Bz\ 

Whence,  by  equating  the  Coefficients  of  the  like  Terms, 
we  have  i -j- 14A— ,B  — o,  and  A+  146  =  0: 

F rom  which  Equations  A  is  found  == - — ;  and  B 

19  7 

(=-A=_e_: 

v  14  '  197 

And,  by  fubftituting  thefe  Values  above, 

X  A-  2*^" 

we  have  —  1  -p  1 4  "I - -  xz-| - =  0. 


h° ■ 


197 


*97 


z< 


Which,  by  rejedling  the  exceeding  fmall  Quantity  , 

becomes  —  1  4-  14  4-Ajl.  X2z  o. 

197 

Hence  —  197  27722;  ~  o ; 

and  z  .  0710678,  nearly:  Which  Value  is 

2772 

true  to  tlie  laft  Decimal  Place:  And,  if  more  Terms  of 
the  Series  1  -j-  Az -}-  Cz3  &c.  had  been  taken,  the 

Conclufiori  would  have  been  ftill  exa&er  in  Proportion. 

Ex.  2.  Suppofe  the  given  Equation  (when  prepared  for 
a  Solution)  to  be  —  2  5%  —  z3  —  o. 

Here,  if  four  Terms  of  the  general  Series  1  -j-  Az  -f- 
Bzz-{~Cz'  &c.  be  taken,  and  multiply’d  by  —  2  -j-  5  2 
—  z3,  our  Equation  will  be  chang’d  into  the  following 
One, 

viz. 
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f  —  2 —  2  Az —  2Bzz~—  2CZ1  *  1 

•z^/z.  -J  *+52  -{-  sAz1  -f-  5BZ3  -f-  5CZ4  rzro. 

C  *  *  *  - -  z3  —  Az4  3 


Where,  by  comparing  the  homologous  Terms,  we  have 
2B  =  5A,  2C  —  5B  —  1,  and  5C  —  A  : 

Hence,  25B  -  5  (—  10C)  =  2A ;  but,  by  the  firft 

of  thefe  Equations,  B—  therefore • —  5  zz 

2  2 

2 A,  and  confequently  A  = 

Let  this  Value  be  now  wrote  inftead  of  A  ;  by  which 
means  our  laft  Equation  for  the  Value  of  z  (neglecting 

the  Terms  —  Bz5  —  Cz6)  is  reduced  to  —  2  +5 — -2— 

121 

x  z  —  o. 

Whence  z  comes  out : 


10 

121 


242 


5^5 


0.  414  nearly. 


Let  there  be  now  given  the  general  Equation, 

—  p  -f  az  4-  btf  +  cz 3  +  dz*  &c.  —  o. 

Then,  multiplying  by  (1  +  Az)  the  two  firft  Terms 
of  the  Series,  only. 


we 


f  —  p  _L  az  _i_  iz7,  &c.  I 
6et  1  *  — p/\z  +  aAzz  &c.  5  ~  °* 

Here,  by  making  b  -{-a A  —  °,  A  is  found 


a 


and  our  Equation  becomes  — -  ^  ~  xz  =  o  : 


a 


Whence  z  is  given  = — — ^r-. 

a  bp  aa-\-bp 


a 


The  Value  of  z,  here  determined,  taking  in  two 
Terms  of  the  given  Series,  tfz-f  bz7'  cz 3  &c,  I  call  an 
Approximation  of  the  fecond  Degree  (as  the  common 
Method  of  Converging  Series’s,  which  takes  in  the  firft 

Term 
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Term  only,  may,  by  the  fame  Rule,  be  call’d  an  Ap¬ 
proximation  of  the  Firft  Degree.) 

But  to  obtain  an  Approximation  of  the  Third  De¬ 
gree,  or  fuch  an  One  as  (hall  include  three  Terms  of  the 
original  Series,  let  the  given  Equation, 

«—  p  -f-  az  -(-  bzz  -f  cz3  &V.  —  o,  be  now  multiply’d  by 
three  Terms  of  the  afiumed  Series  i  +  Az-f-Bz2,  fcfc ; 
Whence  there  arifes  this 

r  —  P  -4-  az  -1-  bz1  4-  cz3  &c. 
new  \  *_Apz  +  Aazl+ Abz3  &C.L=o. 
Equation  £  *  /  __BpzZ  +  Baz,  $ 

Where,  by  equating  the  homologous  Terms,  we  have 
b-\-Aa —  Bp  —  o,  and  c  +  Ab-\~Ba  —  o. 

Let  the  former  of  thefe  Equations  be  multiply’d  by  ay 
and  the  Latter  by  p  j  and  then  add  the  two  Products 
together ;  fo  fhall 

ah  -f-  A  a1  pc- f-  A  bp  —  o  ;  and  confequently  A  ~  — 

Whence  z  f )  is likewife  given. 
aa  +  bp  \  a-pA.'  6 


To  have  an  Approximation  of  the  Fourth  Degree, 
four  Terms  of  the  Series  i  -}-  Az  -f-  Bz2,  &c.  muft  be 
taken,  for  a  Multiplicator :  By  which  means  the  E- 
quation  given  will  be 


i  —  P  +  az  4"  bzz  +  cz 3  +  ^z*. 

rans  \  * — hpz-\-  Aazz-f-  A£z3-j-  Acz4.  &c. 
form  d  ->  *  /  L  b pz*  +  W  +  B 

*  — Cpz 3  -f-  Ctfz4.bV. 


to 


* 

* 


* 


Here  we  have 
B 

P  P 

C  =  “L+^i+JL, 

P  P  p 

O  Ca  Bb  -f-  Ac  -f*  d. 

From  whence,  exterminating  C,  there  arifes 

Ba  A b  c  .  B b  y  Ac  .  d 

i-  r — ~r  —  +  ■ —  =o, 

t  P  p  a  a  a 


■—  o. 
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a  ,  b 
or — >4" — x 
p  a 


B  + A+JL*  A +-£-+-!  =  o. 

p  a  pa 

Which,  by  fubftituting  the  Value  of  B,  . 

K  y  ^f+A+A+lx  A  +— +A 

^  i)  a 


becomes*- 4“—  x  ^ 

p  a  p  p  P  <*  P  71 


a 

zb~~.  7  *  ,  ab  .  bb  ,  c  .  d 


.  do  ,  c  .  a 
4 — -  T — | — —  o. 
pp  ap  p  a 


,  ,  .  ,  20  ,  t  a  f 

that  is,  —4 - —  xA-f 

pp  p  a 

Multiply  the  Whole  by  apz ;  then  will  a 3  4-  +  cpp 

xA  +  rt  +  +  acp  +  42  =  ck _ 

,  aab  4-  ac4-bb  x  p  4-  dpp 

Whence  A  is  found  _  ^  +  2aip  +  cfp  5 

^n(j  %  ^  /»  the  preceding  Cafe . 

a-pA* 

By  the  fame  Method,  an  Approximation  of  any 
higher  Degree,  to  take  in  as  many  Terms  of  the  pro- 
poled  Series  as  you  pleafe,  may  be  derived. 

For,  it  is  evident,  from  above,  that  in  all  Cafes 
whatever, 

Bwillbe  =  y-+L, 

c=AM-4r+f’  -  ■ 

p  p  f 

„  Ca  ,  Bi  ,  Af  J.  d 

D=-r  "1 — — +~A^ ■+V* 

p  p  ?  P 

E=r+f+T+f+T’ 

where  the  laft  Value  is,  always,  equal  to  Nothing, 


Therefore 
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Q_= 


a 


by  making 


i 


R  gQ_+  i 

Therefore,  J  S  =  /'Vdll9±l 

^  „  P 

_  aS  +  bR  +  cQAJ 

p 

aT  4.  bS  4-  cR  +  dQ_+  t 

~~  P 

bV. 

b 

9  =  v 

P 

r__fl+c 

p 

s  —  al±hJrJ_ 
and  <(  p 

t  _ as  -j-  br  -f  eg  e 

P 

_  at-\-bs~]-cr-\-dq~\-f 

~  p 

&c. 

the  Value  of  A  will  be  determined,  by  dividing  the  laft 
of  thefe  Quantities  qy  r,  j,  /,  bV.  by  the  correfponding 
Quantity  of  the  upper  Series  Q,  R,  S,  &c.  and  changing 
the  Sign  of  the  Quotient. 


v 


Whence  we  get 


aJrp->t-~r  *+?x£- 


bV. 


©r. 


T 


a 


_+jl  _ 

P  Q.  P 


a  r 


R 


P  S 


,  for  fo  many 


different  Values  of  %  ;  whereof  each  is  more  exadb 
than  the  preceding  One. 


Thefe 
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Thefe  Equations  are  eafily  derived  from  Thofe  above, 
exprefling  the  Relation  of  the  Quantities  A,  B,  C, 
D,  &c.  '  l  . 

For,  by  writing  Q_and  y,  inftead  of  their  Equals,  in 

the  firffc  of  thofe  Equations  B  =  ~~  )it  becomes 

^  p  P  ' 

B  =  QA  q» 

Which  Value  of  B,  wrote  in  the  2rl  Equation, 

P  Ba  ,  Ab  ,  c 
c  =  “+  — gives 

C=^+^--H^  +  -£-=RA+>,  by fubftitut- 
p  P  P  p 

ing  R  and  r  in  the  Room  of  their  Equals. 


and  B,  becomes  D 


Moreover  the  third  Equation,  by  fuhftituting  for  C 

<gRA  .  ra  £QA  bq 

p  p  p 

A;+-f-=  sa+x. 

p  p 


After  the  very  fame  manner  EzrTA-f-/,  F  = 
VA  -j-  v,  &c.  And,  by  putting  all  thefe  feveral  Values, 

fucceflively,  equal  to  Nothing,  we  have  — JL, - 

/  Q.  R 

S'1'  1,  t  *  m 

— for  fo  many  different  Approximations  of 

u 

the  Value  A.  Which  being  fubftituted  in  the  general 
Equation  %  rr  —  ,  the  ver7  Exprefiions  before  given, 

for  the  Value  of  z,  are  obtained. 


It  will  be  proper,  now,  to  (hew  the  Ufe  of  the  fe~ 
veral  Approximations,  or  Theorems,  derived  above, 
by  a  few  Examples. 


In 
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In  the  firft  Place,  then,  let  the  Equation  given  be 

*3  =  10. 

This  Equation,  by  making  2  4* z  will  be  trans¬ 
formed  to  —  2  +  I2z  -f-  6zz  +  %3  =  o  :  Which  being 
compared  with  the  general  Equation 

—  p  +  az  +  bzz  +  cz 3  -f-  dz 4  &c .  —  O, 
we  have  p  =  2,  tf=:i2,  £—6,  r=i, 


Therefore  ( by  the  firft  of  the  three  Approximations, 
at^.2i7)-A^=:~  ^  is  found  =  f. 

Whence  z  1  comes  out  =  —=0.1528, 

V  a — hp  >  13 

nearly. 

But,  according  to  the  fecond  Approximation,  or 

Theorem,  the  Value  of  —  CP  j  will  be  = 

V  aa  +  bp  / 


72  +  2  _ 
144+12  78 


=-37_.  And  confequently  that  of  z 


-P. - —  0.  15445. 

—  A  cos 


A pi  5°5 

Laftly,  the  Value  of  —  A,  according  to  the  third 

a  .  u  .  (£b  +  ac-\-bb  X  p  +  dpz 

Approximation  being  =-  ^  ,  .  — r — : - — 1 — - — = 

to  tf3  +  2d£/>  +  cpp 

144  x  6  +  96  __  36x6  +  24  _  48  ^ 

144x12+144x2  +  4  36x14+1  101  * 

correfponding  Value  of  z  will  therefore  come  but  — 

=0.  154434:  Which  Number  is  true  in  all  its 
654 

Places. 


The  very  fame  Conclufions  will  likewife  be  brought 
out,  from  the  general  Solution. 


For, 
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For,  p  being  here  : 
d—  o.  (as  before), 

We  have  — -  J=  6, 


2,  <7—12,  b—6y  C 


R 


( 


tfQj-f-  12x6  +  6 


39» 


Alfo, 


&c. 

")= 


P 


-)=  *-?• 


3> 


f  ^  * 

,  p+A±/j  = 

&c/ 


Therefore  X=JL,  £=-¥,  and 

2  R  78  b  505  ioi 

— - — -— =— ,  &c.  as  before, 
a  ,  ?  6+i  13 

7+q. 


confequently 


Fora  fecond  Example,  fuppofe  102  —  js3  =  2,  or 


—  2  +  ioz — 2 


o. 


In  this  Cafe p  ==  2,  10,  o,  c— -1,  </— o,  SV. 

And  therefore,  for  an  Approximation  of  the  fourth 

r\  u  «  /  aab  ac  -j—  bb  x p  dpp\ 

Degree,  we  have  —  A  - - - — y— — — — ±-£  )  = 

\  ,  a3  cpp  / 

__  ~2- _ —  j  and  confequently  z  ) 

1000  —  4  249  -  a~p  A/ 

— ?Jt£L  =  o.  2008045  ;  which  Value  is  true  to  the 
1 240 

laft  Fignre. 


For 
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For  a  third  Example,  let  there  be  given  the  Equation 
*3+  36*2  +  432*  =  2272. 

Here  the  Value  of  x  appears  to  be  about  4;  let  there¬ 
fore  4  +  z  be  wrote  for  * ;  whence  our  Equation  is 
reduced  to 

96  -j-  76825  ~f“  48s2  -f~  — —  o» 

Which  being  compared  with 
r — p  +  az  -f-  bz*  -f  cz3  dz 4  &c.  ~  o, 

we  have,  in  this  Cafe, 

/>  —  - 96,  768,  £  =  48,  curl,  o,  &V. 


e\  P  P  p> 

&c. 


Therefore  =  —E_ ,  —1^3 —-  3^3  J 

16  R  1 27x48  6096  IT 

380  x  8  _  3040 

48385"  48385  * 


From  whence  z  z 

6096 
4  8385 
—  077 


16 


or,  z 


127  :  “  °'  i2598>  nearly; 

*  •  f  .«  4'l 

“  °*  1 259894,  more  nearly, 


or,  s 


76808  ~0,  *259894802,  /;//  nearer. 


La%, 
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Laftly,  let  there  be  given  the  Equation 

£l - + - fl— - - — o  =  — 

2  2.3.4  2. 3. 4.5. 6.  2. 3.4. 5.6.7. 8.  2 

Then,  making  z  zzzx2,  &c.  we  have 


I  +  z 


12  12x30  12x30x56 


&c,  =  o. 


12 


Here  pz=.  1,  a—  1,  , 

- J -  :  fcfr. 

12x30x56 


12x30 


*/  = 


And,  by  fubftituting  thefe  Values  in  the  third  General 
Approximation  (vid.p.  219),  we  have  —  A 


( 


aab  -f-  ac  -f-  bb  x  P  +  dpp  \ 
aaa  +  2  abp  -f-  cpp  / 


12 


’+ 


12  X  qo'H  12  X  12  *  12  X  30  X  56  


i  -—4 

12 


30x56—56 


12  x  30 

_ 140  +  1  __  *485 

10x30x56-1-56  16856 

Therefore  z  l  = — )  ~  — 

\  *-/>A  15371 

and  ^  (—  y/z  )  =  1. 04719. 


1.09661  j 


After  the  fame  manner  the  Roots  of  other  Equations 
may  be  approximated  :  But  I  {hall  here  fhew,  how  the 
general  Theorems  themfelves  may  be  rendered  more 
commodious,  for  certain  particular  Cafes,  by  Means  of 
a  proper  Transformation. 

It  is  known,  if  two  Quantities  be,  refpe&ively,  in- 
creafed,  or  decreafed  by  two  other,  fmall,  Quantities, 
nearly  in  the  fame  Ratio  with  the  two  Firft,  that 
the  Sums,  or  Differences  will  ftill  be  in  the  fame  Ratio 
with  the  two  firft  Quantities,  very  near. 


Q. 


Wherefore 


226  The  Resolution  of  Equations. 

Wherefore,  feeing  the  Numerator  of  the  Fra£tion 
ab  4-  cb 

— -7—/  -)  exprefling  the  2d.  General  Value  of  -  A.  ( vid . 
a  a  -f-  bp  °  ' 

p*  218)  is  in  proportion  to  the  Denominator,  nearly,  as 

b  to  a,  or  cp  to  let  cp  be  therefore  taken  frotn 

b 

the  Numerator,  and  — f—itom  the  Denominator;  agree- 

b 

able  to  the  above  Obfervation  :  By  which  Means  the 
Fra&ion  itfelf  will  be  transformed  to 


a  -  j- - — x  p 

V  a  b  r 


aa  -(-  bp  —  acp 
~b  " 
b 
a 


b  r  r  _  b  £ 

;  fuppofing  r  — - r. 

a-\-rp  a  b 


And,  in  the  very  fame  Manner  the  Fra&ion 

^  *  P  exprelling  the  third  Value  of 

aaa  -f-  2 abp  -\-cpp  & 

a  .  ,  j  aab  4-  ac  4-  bb  x  p 

—  A,  is  changed  to  - \ - f — ■ - r- 


aaa  -f-  2  abp  ~|-  cpp 


adpp 

~ 


'  aah  +  “  +.kt2LP.  (by  putting  )  . 

a3  +  2 abp  +  spz  V  7  r  0  b'  ) 

But  this  l  ift  Value  is  ftill  capable  of  a  further  Re¬ 
duction  :  For,  the  Ratio  of  the  Numerator  to  the  De¬ 
nominator  being  That  of— y-  to  nearly  (a$ 

appears  from  the  preceding  Cafe)  let,  therefore,  the 
former  of  thefe  Quantities  be  fubtradted  from  the 
Numerator,  and  the  latter  from  the  Denominator'; 
Whence  the  Fraction  itfelf  becomes 

bsp 


ac  bb  x p 


liif  1  1  1  bb  b$ 

- £_  cb  1  +  — - X  P 

r  a  ra 


f1^2dbp  — 


*P 


a2  4“ 


The  Resolution  ^Equations.  227 


a 


3 

ar 


—  ab  4-  e  bw  x  p  » 

—  - ! - 5  by  putting  w  ~ 

aa  -J-  b  -\-awyt p 

/ b  cb  —  ad  \ 

\  a  bb  —  ac  J 

Now,  to  exemplify  the  Ufe  of  the  Theorems  thus 
transformed,  let  the  Equation  96  -f-  7682  -j-  482s 
4*  z3  =  o  (given  at  p.  224)  be  here  refumed  : 

Then,  in  this  Cafe,  p  being  = —  96,  a  rr  768,  b~ 

48,  c—i,  d— o,  &c,  we  have  r  ( =2:—  —  L 1— JL_,  s 

\  a  b  1  24. 


(  ==  c  — )=  1,  and  w  - 

V  b  '  \  a  ar  /  32 

Whence,  according  to  the  firft  Approximation, 


-A( 


)=  48 


12 


a  -f-  rp  i  768—4  19 1 

And,  accordiag  to  the  Second, 

.  a  (—  ab-\-t\~  bw  x  p  \ _ 768  x  48  4-  if  tX  -  96 

^  aa  4-  b-\-aui  x  p  768  X  768  +  48-1-24  X-96 

by  dividing  every  Term  by  48) 


768  —  5 


768  x  16  —  72  x  2 
 763 


!2I44 

Hence  the  Value  of  z 


.) 


-  comes  out 


A 


—9-!L=  —  0,  1259894,  nearly,  or  equal  to  — 

1516  90389 

=  —  0.  1259894802,  more  nearly. 


Thefe  Conclusions  agree  with  Thofe  before  given, 
by  the  former  Method.  But  the  laft  general  Ap~ 
proxtmations,  containing  the  feweft  Dimenfions  of 
the  Quantity  p,  will  commonly  be  found  to  have 
the  Advantage,  in  point  of  Expedition,  when  the 
Value  of  that  Quantity  confifts  of  Several  Decimal 

Q^  2  Places? 


\ 


4k 
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Places,  and  alfo  when  the  Coefficients  a,  b ,  r,  d ,  of 
the  Powers  of  the  unknown  Quantity  z,  are  related  to 
each  other  according  to  fome  known  Law. 

Of  this  Kind  are  the  Coefficients  of  fuch  Series’s  as 
arife  in  extracting  the  Roots  of  pure  Powers  ;  and  in 
thefe  Cafes  the  general  Theorems,  or  Equation  them- 
felves,  are  capable  of  being  rendered  ftill  more  com¬ 
modious. 

Let  there  be  afiumed  the  Equation  xn  —k  (which  in¬ 
cludes  all  the  Cafes  of  pure,  or  fimple  Powers,  accord¬ 
ing  to  the  Value  of  the  Exponent  n). 

Then,  by  afluming  r  nearly  equal  to  x,  and  making 
rx  i+z=^,  we  fhall  have  rn  x  i-hz1*  ==  k  ; 

and  therefore  —  -A  4. 7+?n  =  o  ;  that  is 


k  ,  ,  .  n  n- 1  a  .  n  n- 1  2  , 

— - U  1  4-  nzA - x - zzA - x - x  —  z2 

ra  1  1  2  1  2  3 

&V.  =  0 ;  or  laftly  —  p  -|-  z  +  z?  4.  LzL  x 

2  2 


’Ll  z 3  4“  =  o ;  by  dividing  the  Whole  by  ny  and 

3 


putting  p  = 


k  —  rn 
nrn 


Here  (by  a  Comparifon  with  the  general  Equation 

— p  -f-  az  4-  bzz&c»z=:o)  we  have  a=zi,  bzzl—L  ,  r  7 

1 


flfx£±,  rf=2=Lx2=ix2=3, 

23  234 


&C, 


Whence, 
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Whence,  for  an  Approximation  of  the  third  Degree, 

-  A(=-J—U-t±EI _ ; 

V  a  +  rp >  1  +  n+i  x  %  p 

and  *  (-  P  )-  P+J±±Z±PL. 

\  a — A p'  1  +  2  n — 1  x|/> 

But,  for  an  Approximation  of  the  fourth  Degree, 
_  ^  r _ ab  -f-  c-\-bw  x/>  ^ _ f  XK-I-f-0-i  X  2n—  i  XT'5 p 

V  /7/7  1  -  A_L/7<7f»V  *  ^  I  Z^P 


and  z  1= 


p+Jnpp 


l  + 


27Z-I 


.  2w-i  x  n-\ 

*P  + - -  - - x  pp 


Hence  it  is  manifeft  that  the  Root  a *,  of  the  pro- 
pofed  Equation  *n  —  k ,  is  equal  to 

r  +  rPxl+~\X:it  nearly ; 

I  -f-  2« — I  X  y  p 

_ rp  X  I  +  \np 


J+^zlxp  +  Xp- 

2  12 


Or,  equal  to,  r  + 
more  nearly. 

But  both  thefe  Expreffions,  in  Cafes  where  p  is  a 
proper  Fraction,  will  be  better  adapted  to  pradtice  by 

making  — — — =  v  — *■  J,  and  fubftituting —  for  py 

its  Equal:  Whence  (after  proper  Reduction) 

x  =  r  4"  • — x  — — ! - ! - ,  nearly  5 

v  6  v-\-^n  —  2 

Or,  x  zzz  r  -j- 
more  nearly. 


r  x  2v  -\-n 


VX2V  +  2n-l  -J-  i  X  2tf— I  X 


0.3 


To 


If' 
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To  {hew  now  the  Ufe  and  great  Exa&nefs  of  thefe  laft 
Approximations,  by  an  Example,  let  it  be  propofed  to 
extract  the  fquare  Root  of  441.  Here  the  general  li¬ 
quation  xn  =  becoming  a;1  =  441,  we  have  n  =  2, 

=  /  —  'TT'i  fuppofing  r  to  be 

aflumed  =  20. 


4i 


21  + 


Therefore,  by  the  firft  Approximation, 

*  =  20  +  i!  x4ii  =  2t)  +  iZ2*l  = 

40  1682  67280 

6^280’ nearly- 

And,  by  the  Second,  xz=z  20  +JiZi?i?2_  =  zi 

2758481  / 

- — more  nearly. 

2758481 


Again,  let  there  be  given  the  Equation  x3  500: 

Then,  afluming  r  —  8,  we  have  v[  3  .Pi..!..2  - 

v  i-rn  >  -  12 

=  -  128. 


Hence,  by  the  firft  Approximation, 


x 


8 


16 


768  +  4  =  g _ 

—  768+10  3032  ' 


93700527,  nearly: 

And,  by  the  Second,  .*•  =  8 - --?■■■?-?.  3 - 

7  128x251 +  -J 

S  7-  9370052599>  more  near!y- 


All  the  different  Approximations  hitherto  delivered 
were,  originally,  derived  by  multiplying  the  given  li¬ 
quation  into  a  certain  Number  of  Terms  of  the  aflumed 
Series  1  +  Az  +  Bz4  +  Cz3  &V.  But  there  are  other 
Methods  (though,  perhaps,  none  fo  general)  by  which 
the  fecond,  third,  Dimenfions  of  the  unknown 
Quantity  may,  in  like  fort,  be  deftroyed  (without  affum- 
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ing  any  Series)  and  from  thence  Value  of  that  Quantity 
approximated,  to  what  Degree  of  Exa&nefs  you  pleafe. 

*  \  / 

Let  there,  for  Inflan ee,  be  given  the  Equation, 
2z-\-z%  =z  1,  or  zz  —  1  • —  2z : 


Then,  by  fquaring  both  Sides  thereof,  there  arifes 

2»4  “  i  —  42  4-  4zl* 

And  if,  inftead  of  the  lafl  Term  42%  its  Equal, 
1 — 22,  be  fubftituted,  you  will  have  24  —  5  —  122: 
This,  fquared,  gives  z8  —  25  —  1202  4"  H42"  2=  169 
—  4082,  by  fubflituting  for  as  before. 


Here,  reje£ling  2s  (on  Account  of  its  Smallnefs  in 
Comparifon  of  the  other  Terms)  we  have  4082  —  169, 

and  therefore  2  —  0,414212,  nearly  ;  which 

408 

is  true  to  the  lafl:  Figure,  inclufive.  But,  if  you  would 
have  the  Anfwer  ftiil  nearer  the  Truth,  let  the  above 
Equation  2 ;  =  169  -7  40825  be,  either,  multiply’d, 
again,  by  itfelf,  or  into  fome  one  of  the  preceding 
Ones.  Thus,  if  it  be  multiplied  into  z+  —  5  —  122, 
you  will  have 

Z1*  22  845  —  40682  +  4.896s1  =  5741  — x 38602 : 


Where,  211  being  rejected,  2  is  found 
22  o.  41421356, 


574r 

13860 


Again,  if  there  be  given  the  Equation  zJ  =  32  1 —  p  » 
then,  by  fquaring  both  Sides  thereof,  we  have 
z6  =  92*  —  bpz  +  pz  • 

And  therefore  z7  =  92s  —  6 pzz  4-  p^z,  z=z  —  6pzz  4- 

pp  4-  27  x  z  — i  gp  ;  by  writing  272  —  9 p  inflead  of 
its  Equal  gzl. 

Now,  to  the  triple  of  this  lad  Equation,  let  the  2L 
Equation,  multiply’d  by  2p ,  be  added  : 


0.4 


\ 


m. 
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By  which  Means  %2  will  be  exterminated,  and  you 
then  will  have  2z7~\~  2PZ*  —  81  — 9 pp  x  z  -  2fjp-\~2pi. 

Whence  (reje&ing  3Z7  -j-  2 pz6)  the  Value  of  z  is  found 

27  -  2pp  X  p  . 

— - - — ,  nearly. 

,  9  —PP*9 

\ 

Various  other  Expedients  might  be  ufed,  to  extermH 
nate  the  2d,  3d,  &c.  Powers  of  the  unknown  Quantity; 
but  what  is  already  delivered  may  fuffice. 


p  a  ft  T 


•  \ 
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PART  V. 


GIVING 

Some  Account  of  the  Nature  of  Fluxions  ; 
fogether  with  the  Invefigation  of  the  fun¬ 
damental  Rules. 


I.T  N  the  Do&rine  of  Fluxions  all  Kinds  of  Magni- 
|  tudes  are  confidered  as  generated  by  the  con¬ 
tinual  Motion  of  fome  of  their  Bounds  or  Ex¬ 
tremes  ;  as  a  Line  by  the  Motion  of  a  Point;  a  Surface 
by  the  Motion  of  a  Line ;  and  a  Solid  by  the  Motion 
of  a  Surface.  So  likewife  Time  may  be  confider’d 
as  jreprefented  by  a  Line,  increafing  uniformly  by  the 
Motion  of  a  Point :  And,  as  Quantities  of  all  Kinds 
whatever  are  capable  of  Increafe  and  Decreafe,  They 
may  be  reprefented,  in  like  manner,  by  Lines,  Surfaces, 
or  Solids,  conceived  to  be  generated  by  Motion. 

2.  Every  Quantity  thus  generated  is  call'd  a  Fluent , 
or  Flowing  Quantity  :  And  the  Magnitude  by  which  any 
Flowing  Quantity  would  be  uniformly  increafedy  in  a  given 
<Time.>  with  the  generating  Celerity  at  any  propofed  Po - 
fition ,  or  Infant  *  (was  it  from  thence  to  continue  in - 
variable )  is  the  Fluxion  of  the  Jaid  Quantity  at  that  Po - 
fition ,  or  Infant . 

3.  Thus, 


*  Some  Authors  define  the  generating  Celerity  itfielfi  ( and  not 
the  Magnitude  it  would  produce )  to  be  the  Fluxion  ;  but  ufie 
that  Magnitude  as  the  Meafiure  ofi  the  fiaid  Celerity  or  Fluxion  : 
V/hicb  is ,  in  ejfeft,  coming  to  the  fame  Thing. 
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3.  Thus,  let  a  Point  m  be  conceived  to  move  from 
A,  and  thereby  generate  a  Right-line  Am,  with  a 
Motion  any  how  regulated  ;  and  fuppofe  the  Celerity 

jYi  thereof,  at  any 

A1 -  - . . . propofed  Pofi- 

R  '  tion  R,  to  be 

fuch,  as  would ,  (was  it  to  continue  invariable  from  that 
Pofition)  be  fufficient  to  defcribe,  or  pafs  uniformly  over 
the  Diftance  Rr,  in  the  given  Time  allowed  for  the 
Fluxion  :  Then  will  the  faid  Diftance  Rr  truly  exprefs 
the  required  Fluxion  of  the  Flowing  Line  A m%  in  that 
Pofition. 

4.  It  appears  from  hence,  that,  when  the  generating 
Motion  is  uniform,  the  Fluxion,  and  the  Increment 
actually  deferibed  in  the  given  Time,  are  one  and  the 
fame  Thing :  But,  if  the  Velocity  continually  in- 
creafes,  or  decreafes,  the  Fluxion  muft  then  be  either 
lefs,  or  greater  than  the  faid  Increment,  or  the  Space 
a  dually  deferibed:  Since  an  Increafe  of  the  Velocity 
muft  necelTarily  caufe  an  Increafe  in  the  Diftance  gone 
over,  and  vice  verfd. 


Although ,  in  Forming  a  jitjl  and  difiincl  Conception  of  the 
Nature,  and  Quantity  of  a  Fluxion ,  the  Consideration  of  Time 
is,  ahfolutely,  necejfary  ( on  which,  iven,  our  Ideas  of  Velocity 
depend),  yet  in  the  Bujinefs  and  Application  of  Fluxions,  it  zs 
not  always  requijite,  that  Jome,  vulgar  ( or  common )  Meafure 
cf  Time  (as  a  Second,  Minute,  Hour,  iff  c.)  Jhould  he  propounded 
for,  the  Production  of  Fluxions  of  the  Quantities  under  Con - 
ji deration.  A  Line  generated  by  the  uniform  Motion  of  a  Point , 
it  is  ohferved  above,  may  be  taken  as  a  proper  Reprefentative,  or 
Me  a  fur e  of  Time :  And  that  Interval  of  Time  (be  it  what  it 
will )  wherein  ttye  Line,  fo  generated,  is  augmented  by  any 
Length,  or  Fluxion,  ajfgned,  may  be  taken  as  the  Time  under- 
food  in  the  Definition,  allowed  for  the  Production  of  the 
Fluxions  if  all  other  Quantities  that  have  any  Relation  to,  or 
Dependence  upon,  the  faid  uniformly-generated  Line,  And  thefe 
Fluxions  themfelves,  by  means  of  the  faid  Relation  and  the 
given  Length ,  or  Fluxion ,  may  be  alfo  truly  exhibited,  indepen¬ 
dant  of  any  particular ,  known  Meafure  of  Time  ;  as  will* 
hereafter ,  be  fully  made  to  appear . 

5.  if 
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5.  It  appears  moreover,  from  tne  above  Definition, 
that  Quantities,  which  flow,  or  increafe  together,  fo  as 
to  continue,  always ,  in  a  conftant  Ratio,  have  their 
Fluxions,  like  wife,  in  the  fame  conftant  Ratio. 

To  illuftrate  This  by  a  particular  Example,  fuppofe 
two  Lines,  Am  and  C n,  to  be  fo  generated,  by  the  uni- 
from  Motion  of  two  Points  m  and  n,  that  the  Latter  of 
them  ftiall  be  always  equal  to  the  Double  of  the  former  3 
Then,  taking  R,  S,  and  r,  s  as  cotemporary  Pofition* 
of  the  faid  generating  Points,  C  S  will  be  the  Double 
of  AR,  and  O  the  Double  of  A r,  by  fuppofition? 
whence  Sr,  the  Fluxion  of  CS,  muft  of  Confe.qu^ncc 
be  the  Double  of  Rr,  the  Fluxion  of  AR. 


r 


?7 

— y*  •  t  •  K«  «  ll  | 


1  mil  «  * 


It  is  equally  plain,  on  the  other  hand,  that  if  the 
Ratio  of  the  Fluents  Aw,  Cn  is  variable.  T  hat  of  the 
Fluxions  muft  alfo  vary. — Thus,  if,  while  the  Point 
m  continues  to  move  uniformly  on,  at  the  Rate  of 
one  Inch  (Foot,  Yard,  &c.)  in  a  Second  of  Time, 
the  Motion  of  the  other  Point  n  be  fo  regulated  that 
the  Number  of  Inches  (Feet,  Yards,  &c.)  in  the 
flowiMg  Line  C n  generated  thereby,  may  be  alw  ys  equal 
to  the  Square  of  the  Number  of  Thofe  in  Am  deferib-. 
ed  by  the  former  Points;  then,  in  this  Cafe,  it  is 
manifeft,  that  the  Ratio  of  the  Fluents  Am,  C n  is  a 
variable  One  ;  and  that  the  Ratio  of  the  Fluxions  varies 
alfo;  feeing  the  Diftances  1,  4,  9,  16,  25,  &c,  de- 
ferib^d  in  1,2,  3,  4,  5,  &c,  Seconds  of  Time,  by 
the  Point  n9  increafe  much  fafter  in  Proportion  than 
j,  2,  3,  4,  5,  isle,  the  correfponding  Diftances  gone 
ove/  by  the  other  Point  m9  moving  uniformly. 

Hitherto 


/ 
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6.  Hitherto  Regard  has  been  had  to  the  Fluxions  of 
Lines :  But  the  Fluxions  of  Superficies  and  Solids  are 
confidered  in  the  fame  manner,  and  are  compre¬ 
hended  with  equal  Facility.  Let  a  given  Right-line  mn 


he  conceived  to  move  parallel  to  itfelf,  with  an  equable 
Motion,  from  the  Pofition  AB,  and  thereby  generate 
the  flowing  Re£fongle  A/w«B  ;  let  alfo  the  Diftance 
Rr  be  taken  (as  above )  to  exprefs  the  Fluxion  of  the 
Bafe  Aw,  and  let  the  Re&angle  RrrS  be  completed: 
Then,  this  Rectangle  being  the  Space  that  is  uniformly 
defcribed  by  the  generating  Line  mn ,  in  the  Time  that 
Am  is  in  like  manner  increafed  by  Rr,  it  will  therefore 
be  the  true  Fluxion  of  the  flowing  Re£tangle  A »,  by 
the  Definition.  Art.  2. 

7.  The  Generation,  and  the  Fluxion  of  any  tri¬ 
angular,  or  curvilineal.  Space  A  SR,  are  conceived  in 

like  manner;  by  fup- 
pofing  a  Right-line  wN 
to  be  carry’d  along,  con¬ 
tinually  parallel  to  itfelf, 
fo  that  the  intercepted 
Part  Thereof  mn  (which 
is  itfelf  a  variable  Quan¬ 
tity)  may  pafs  over,  and 
thereby  generate,  the 
Space  ARS  propound¬ 
ed.  And  the  Fluxion 
of  the  Space  thus  generated,  if  Rr  be  taken  as  the 
Fluxion  of  the  Bafe  (or  Abfcifla)  Aw,  will  be  truly  ex- 
prrefled  by  the  Re&angle  (Rr)  under  Rr  and  RS ;  as  we 

(hall  have  Occafion  to  Ihew  more  at  large  hereafter. 

> 

.  8.  From 
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8.  From  what  has  been  thus  far  delivered,  it  will  not 
be  difficult  to  form  a  juft  Idea  of  the  Fluxion  of  a  Solid: 
But  it  is  time'  we  now  come  to  ftiew  the  manner  of  de¬ 
termining  the  Fluxions  of  Algebraic  Quantities;  by 
means  whereof  all  Others,  of  what  Kind  foever,  are 
explicable  :  In  order  to  which  it  will  be  requifite,  firft  of 
all,  to  premife  the  following  Obfervations. 

1.  That ,  the  final  Letters  u,  wy  xy  y,  %,  of  the 
Alphabet  are  ufually  put  for  variable  Quantities ;  and  the 
initial  Letters  ay  b,  c,  dy  b5 c.  for  invariable  Ones ; 
Thus,  the  variable  Bafe  A m  of  the  flowing  Redfangle 
Aw«B  (in  Art.  6.)  nJfy  be  reprefented  by  x9  and  the 
invariable  Altitude  mn9  by  a. 

2.  That ,  the  Fluxion  of  a  Quantity  reprefented  by  a 
Jingle  Letter  is  commonly  exprejfed  by  the  fame  Letter  with 
a  Doty  or  Full-pointy  over  it :  Thus  the  Fluxion  of  x 
is  denoted  by  at  9  and  the  Fluxion  of  y  by  j. 

3.  Thaty  the  Fluxions  of  all  Quantities  ( having  any 
Relation  to  each  other )  are  always  to  be  takeny  as  con - 
temporaneousy  or  fuch  as  may  be  generated  together ,  with 
their  refpettive  Celerities ,  in  one  and  the  fame  Time . 


PROPOSITION 
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PROPOSITION  L 

•  g.  The  Fluxion  of  any  variable  Algebraic  Quantity 
being  given ,  9tis  propofed  to  find  the  Fluxion  of  the 
Square  of  that  Quantity • 


Let  two  Points  m  and  n  be  fuppofed  to  move,  at  the 
fame  Time,  from  two  other,  fix’d.  Points  A  and  C, 
along  the  Right-line3  AB  and  CD,  in  fuch  a  manner, 
that  the  Meafure  6f  the  Diftance  Ctz,  deferibed  by  the 
Latter,  may  be,  always ,  equal  to  the  Square  of  the  Co- 
temporary  Diftance  A m  deferibed  by  the  former  Point 
my  moving  with  an  equable  Celerity. 


OC 


A 


■r 

4— 


B. 


B 


C  seS  i) 

1  "  1  *  1  n 

1  f  , 

Moreover,  let  R  and  S  be  arty  two  contemporary 
Pofitions  of  the  faid  Points ;  ana,  fuppofing  the  de¬ 
feribed  Diftances  AR  and  CS  to  be  denoted  by  x  and  y, 
let  the  Lines  x  and  y  be  taken  to  reprefent  the  Spaces  that 
would  be  uniformly  patted  over,  rn  the  fame  given  Time, 
with  the  Celerities  of  the  faid  Points  at  R  and  S :  So 
fhall  thofe  Lines  exprefs  the  Fluxions  of  the  variable 
Quantities  Am  and  C «,  when  the  generating  Points  m 
and  n  arrive  at  the  forefaid  cotemporary  Pofitions  R  and 
§  (by  the  Definition ,  Art.  2). 

Furthermore,  if  r  and  s  be  confidered  as  any  other 
correfponding  Places  of  the  propofed  Points,  and  the 
Interval  rR  be  denoted  by*/;  then,  AR  being  =rx, 
and  A r=  x — v9  we  (hall  have  CS  (r=y)  —  and 

Cr  =:  by  Hypothefu  ;  and  confequently  Sr  (=: 

CS  —  Cr)  ==  2xv  -  w 


From 
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From  which  it  appears,  that,  while  the  former  Point 
m  moves,  uniformly,  over  the  Diftance  v>  the  other 
Point  n  pafleth  over  a  Space  expreffed  by  ixv  —  vv. 

But  this  laft  Diftance,  fince  the  Velocity  of  the  gene¬ 
rating  Point  n  increafes  continually  (fee  Art.  5.)  is  lels 
than  the  Space  that  would  be  uniformly  defcribed,  in  the 
fame  Time,  with  the  Velocity  at  S  ;  and  greater  than 
That  which  would  be  defcribed  with  the  Velocity  at  s  5 
and,  therefore,  is  equal  to,  and  may  be  taken  to  ex- 
prefs,  the  Space  which  might  be  uniformly  gone  over 
by  the  Celerity  at  fome  intermediate  Point  e ,  between 
s  and  S,  in  the  fame  Time. 

Therefore,  feeing  the  Diftance  (2xv  -  w)  that  might 
be  defcribed  with  the  Celerity  at  the  faid  intermediate 
Point  is  to  the  Diftance  (v)  defcribed  by  m,  in  the 
fame  Time,  as  2x  —  v  to  Unity,  it  is  evident  that  the 
faid  (mean)  Celerity  at  e9  muft  be  to  the  Celerity  of  m , 
in  the  fame  Ratio  ;  and  confeque^tly,  that,  in  the  Time 
the  Point  m  would  move  over  the  given  Diftance  x,  the 
other  Point  »,  with  its  Velocity  at  e ,  would  defcribe 
the  Diftance  2,  xx  —  vx  :  Since  the  Spaces  defcribed  in 
equal  Times,  by  uniform  Motions,  are  known  to  be 
as  the  Velocities  of  the  faid  Motions. 

This 


'The  above  Method  of  Invefigation  hath  been  reprefented,  as 
hearing  a  near  Affinity  to  the  Method  of  Prime  and  Ultimate 
Ratios :  Again f  which  fo  many  Objections  have  been  jiarted,  by 
the  celebrated  Author  of  the  Analyfl ,  as  to  embarrafs  and  flagger 
a  great  Number  of  Perfons ;  who  are  not  well  apprized  how  far 
the  faid  Objections  are  jufifable ,  nor  wherein  their  main  Force 
conjijls .  It  is  not  my  Defgn  to  take  Fart  in  a  Difpute ,  on  which 
enough  hath  been  already  jdid by  Othtrs  :  Though,  that  the  Method 
itfelf  is  perfectly  Scientific,  I  believe  no  One ,  that  uneierfiands  it, 
will  deny  ;  but  whether  the  great  In  ventor  has  therein  expreffed 
himfelfi  with  all  the  Caution  and  Accuracy  he  was  capable 
of,  is  another  Sjuejiion.  Had  he  caWdThat  a  Limiting- 
Ratio  which  he  names  an  Ultimate- One,  the  ingenious  Author 
above  mention'd  might  not ,  perhaps ,  have  found  Room  for  his 
Ghoih  of  departed  Quantities.  However,  he  this  as  it  will. 
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This  being  determined,  let  r  be  now  fuppofed  to  co¬ 
incide  with  R,  and  5  withS,  by  means  of  the  Arrival 
of  the  generating  Points  at  R  and  S  ;  then  *?,  being  al¬ 
ways  between  s  and  S,  will  likewife  coincide  with  S; 
and  the  forefaid  Diftance  2xx  -  vx,  that  might  be  uni¬ 
formly  defcribed  with  the  Velocity  at  e  (now  at  S)  will 
become,  barely,  2xx  ;  which  (by  Art .  2)  is  equal  to  (j) 
the  Fluxion  of  C n  or  x'2'.  From  whence  it  appears, 
that  the  Fluxion  of  the  Square  of  any  variable,  or 
flowing  Quantity  is  found  by  multiplying  twice  the  Root, 
or  Quantity  itfelf,  into  its  Fluxion. 


The  fame  otherwife . 

IO-  Let  the  Diftance  A r  be  denoted  by  u ,  and  let 
other  Things  remain  as  before :  Then,  CS  being  =. 


:T 


H  \r 


■y 


A 

t- 

c 

xx9  and  C  s  —  uuf  by  Suppoftiony  the  Diftance  s  S,  de¬ 
fcribed  in  the  fame  Time  with  rR  ( ~x-u )  will  there¬ 
fore  be  truly  exprefled  by  xx  —  uu,  or  its  Equal  x  u 

Xx  —  u.  Which  Diftance,  as  the  Velocity  of  n  con¬ 
tinually  increafes,  muft  be  greater  than  That  which 
would  be  uniformly  defcribed,  with  the  Celerity  at  r, 
in  the  fame  Time.  Whence  it  is  evident,  that  the 

Velocity 


thofe  Objections  have  nothing  at  all  to  do  with  our  Method  of 
Jnvcfigation  given  above.  'The  prejjing  ( and  only )  Difficulty, 
in  the  Bujinefs  of  ultimate  Ratios,  confifs,  it  is  known, 
in  confidering  the  V alues  of  the  Quantities  compared,  in  their 
ultimate  State,  wherein  their  Ratio  is  fuppofed  to  be  taken  : 
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Velocity  at  s  is  to  the;  uniform.  Velocity  of  m,  in  a  lefs 

Ratio  than  That  of  xffiuxx — u  to  x-u,  or  of  xf-u 

to  Unity ,  or  laftly,  of  xfu  x*x  to  x  (becaufe  the 
Velocities  of  uniform  Motions  are  as  the  Spaces  de- 
fcribed  in  equal  Times).  Therefore,  fince  the  uni¬ 
form  Velocity  of  m  (meafured  by  the  Dillance  moved 
over  in  a  given  Time)  is  defined  by  *  it  is  plain  that 
the  Mekfure  of  the  Velocity  of  the  other  Point  at 
j  (or  the  Diftance  that  might  be  uniformly  defer ibed 

in  the  fame  given  Time)  will  be  lefs  than  x  4-ux  x. 
Which  Quantity  being,  itfelf,  lefs  than  2x  x  x-  (becaufe 
«-is  lefs  than  x)  the  Celerity  at  s  muft  confequently  be 
lefs  than.2A'-v,  take  the  Point  s  where  you  will  on  This- 
fidelof  S. 

Let  now  r  ■  and  s'  be  any  other  cotemporary  Pofitions 
of  the  two  Points,  on. the  other  Side  of  R  and  S,  and  let 
A r'  be  denoted  by  w:  So  fhall  the  Dilfance  Sr  ,  de¬ 
ferred  in  the  fame  Time  with  RE  (iv-x)y  be  truly  ex- 

prefTed  by  ww  —  xx,  or  its  Equal  wfxxw — x  (by 
Hypothecs)  Which  Diflance,  as  the  V elocity  of  the  de- 


For,  if  we  look  upon  them  as  real  Magnitudes ,  it  is  objected, 
treat  their  Ratio  will  not  frictly  agree  with  the  Ultimate 
Ratio  ajjigned :  And  if,  on  thl  other  hqnd}  they  be  taken  as 
mere  Nothings,  we  then  lefe.  the  very  Idea  of  Proportion.  But 
our  Invefigation,  as  is  already  olfrVed,  is  not  emhaxraffd 
with  any  fuch  Difficulty :  ■  For,  though  the  D  if  ancle  h  s 
groves,  indeed,  lefs  and  lefs,  continually ,  and  even  vanifes 
vc hen  tax  generating  Point  n  arrives' at  S  ;  yet  the  F  elocity  op 
that  Point,  which  is  the  Quantity  in  fuejtion,  neither  vanijhesy 
nor  ajfumes  a  ntvc  Lavj  ;  but  fill  continues  to  increafe  in  tree 
fame  manner  as  before.  —  It  may ,  pnffiibly,  be  objected,  that,  as 
the  Meajure  of  the  faid  Velocity  is,  originally ,  derived  by 
Means  of  the  Difance  nS,  v'e  cannot  retain  a  clear  Idea 
of  it,  voben  that  Difance  is  vani freed  cut  of  the  Equation. 
But ,  with  equal  Reafon ,  it  might  be  urged,  that,  we  can  have 
no  juf  Conception  of  the  Di  men  fans  and  true  Proportion  cf  a 
Building ,  after  the  Scaffolding  by  Means  cf  which  it  was 
raifedy  is  taken  away. 


R 


feribing 
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fcribing  Point  n  continually  increafes,  muft,  evidently, 
be  lefs  than  That  which  would  uniformly  arife  from  the 
Celerity  at  s',  in  the  fame  Time.  Whence  it  is  alfo 
plain  that  the  faid  Velocity  at  s',  is  to  the  uniform 

Velocity  of  m,  in  a  greater  Ratio  than  That  of  w-\- x  x 
w — *  to  w — x,  or  of  w-\-x  x  x  to  x.  But  the  Quan¬ 
tity  w-\-x  x  x  is,  itfelf,  greater  than  2x  x  x,  becaufe  w 
is  greater  than  ^ ;  and  fo  the  Meafure  of  the  faid  Ve- 
ocity  at  s  muft  confequently  be  greater  than  2xx, 

Therefore,  fince  the  Velocity  increafes  continually, 
from  C  to  D ;  arid  feeing  the  Meafure  Thereof,  be¬ 
fore  the  Arrival  of  the  generating  Point  at  S,  is  every¬ 
where  lefs,  and  afterwards  every-where  greater,  than 
2xx  ;  it  is  manifeft,  that,  at  S,  it  can  be  neither  lelTer 
nor  greater,  but  muft  have,  or  pafs  thro’,  the  very 
Value,  or  Degree,  exprefled  by  2xx.  Q.  E.  I# 

If  the  Line  Am  (*)  be  fuppofed  to  be  generated  with 
an  accelerated,  or  a  retarded  Motion,  inftead  of  an 
uniform  One,  it  will  readily  appear,  from  the  firft  of 
the  foregoing  Methods,  that  the  required  Fluxion  of  xz9 
fuppofing  ^  to  denote  the  Meafure  of  the  Velocity  at 
R,  will,  Jlill,  be  expounded  by  2xx. 

For  the  Spaces  rR  (v)  andrS  (2xv  —  vv)  defcribed 
in  the  fame  Time,  being  to  each  other,  in  the  Ratio  of 
i-  to  2xx — vx,  the  Mean  Celerities  of  the  generating 
Motions,  at  certain  intermediate  Points  between  the 
extreme  Ones  r,  R,  and  s,  S,  muft  be  likewife,  in 
that  Ratio :  Which  Ratio,  when  v  becomes  o,  and 
the  Points  coincide,  will  become  That  of  to  2^* 
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PROPOSITION  II. 

1 1.  The  Fluxions ,  x  and  y ,  of  two  flowing  Quantities^ 
x  and  y,  being  given  ;  ’tis  propojed  to  determine  the 
Fluxion  of  the  Rectangle ,  or  Produff ,  xy>  of  the  faid 
Quantities . 

Let  z  be,  always ,  equal  to  the  Sum  of  the  two  pro- 
pofed  Quantities  ^  andy:  Then,  the  Fluxions  of 
equal  Quantities  being  alfo  equal,  sr.  muft  be 
Moreover,  fince  %  is  =  x  y,  we  (hall  have  zz  =z 
xx  -f-  2 xy  -f- yy  ;  and  therefore  xy  ~\zz  —  \  xx  —  \ yy. 
But  the  Fluxion  of  j  zz — {xx — \ yy-  (and  confe- 
quently  That  of  its  Equal  xy)  appears,  from  the  pre¬ 
ceding  Propofition,  to  be  2%  —  xx~ yy  :  Which,  by- 
writing  xf  y,  and  in  the  Room  of  their  Equals 

z  and  z9  will  become  (xfy  x  x-\~y  —  xx  —  yy)  —  y  x 
4-  xfl  the  required  Fluxion  of  xy>  Hence  it  is  apparent 
that  the  Fluxion  of  the  Produdf,  or  Re£tangle,  of  any 
two  flowing  Quantities,  is  exprefied  by  the  Sum  of 
the  Products  arifing  from  the  Multiplication  of  each 
Quantity  into  the  Fluxion  of  the  Other. 

12.  From  the  Fluxion  of  a  Re&angle,  above  deter¬ 
mined,  the  Fluxion  of  a  Fra£Hon,  iL,  is  very  eafily 

y 

deduced. 

/  ,  %  )  , 

For,  by  putting  x  — —  (the  propofed  Fra&ion)  and 

y 

multiplying  both  Sides  of  the  Equation  by  y  we  have 
xyz=iZi  and  therefore  xy-\-yx  —  z ,  as  above ,  (the 
Fluxions  of  equal  Quantities  being,  neceflarily,  equal). 
From  this  Equation,  by  tranfpoling  xj9  and  dividing  the 

Whole  by  y,  we  get  x  - :  This,  by  writing 

y  y 

m 

in  the  Room  of  its  Equal  x ,  becomes  x  — . 

R  2  zy 
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•  -  •  • 

—2 - — . :  Which  Value  is  therefore  the  true' 

yy  yy 

iy  A 

Fluxion  of*,  or,  its  Equal, 21,  the  Fradlion  propofed. 


13.  Moreover,  from  the  Fluxion  of  a  Redlangle,  the 
Fluxion  of  the  continual  Produce  of  three,  four,  five, 
or  any  other  Number,  of  flowing  Quantities,  may  be 
determined. 

Thus,  let  the  Fluxion  of  yzu ,  where  the  Number 
of  Fadlors  is  3,  be  firft  required  :  Then,  by  putting  x* 
—  zu,  our  given  Expreflion  will  be  reduced  to  yx  ; 
and  its  Fluxion  will  be  yx  -f-  xy  (by  Prop .  2). 
But,  *x  being  —  zv,  and  therefore  x  —  z-k  4-  ^ «  (by 
tkcjcnne J,  if  thefe  Values  be  fubftituted  inyv-J-^/j  it  will 

become  y  x  zv  vz  -\-zvy  =  yzw- J-  the 

true  Fluxion  of  jtza,  required*. 

Again,  if  the  Fluxion  of yzvw,  where  the  Number 
of  Factors  is  four,  was  to  be  demanded-;*  then,  by 
making  xz^z  zvw,  the  Quantity  propofed  will  be- re*- 
duced  to  yx ;  <and  its  hluxion  will  therefore  be-  ex-^ 
prelied  by  y*-\-xj ;  which,  becaule  x  is  —  zw,  and 

X  —  zvw  -j-  %  x  w  +  ivw  ( as  appears  from  above )  will 

be  likewife  exprefled  b  y  yx  zvw-\-zi>w-\-zvw-{-  zvwjy 
or  yzvw  -fyzaw  -f-  yzvw  -\-jzvw. 

In  the  fame  manner  the  Fluxion  o fyzvws,  will  appear 

•  •  .  *» 
to  be  yzvws  yzvw s  -j-  yxiws  -F  y  -vws  fjzvws  ;  and 

fo  of  others. 


14.  From  the  Fluxions  thus  determined,  the  Fluxion 
of  any  Power  of  a  variable  Quantity  (whofe  Exponent 
is  a  whole  pofitive  Number)  is  very  readily  obtained;  - 
nothing  more  being  herein  required,  than  to  con- 
fider  all  the  Factors  as  equal  among ,  themfelves.  Thus,-, 

the 
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1 

-the  Fluxion  of  yvw  being  found  y  v  w  4*  yvw  + 
yuw ,  it  is  plain,  if  both  v  and  w  be  fuppofed  equal  to 
<y,  that  the  Fluent,  or  Quantity  propounded  will  become 
y3,  and  its  Fluxion  yyy  -f-  yyy  -f-  yyy  =  3y2j. 

Thus,  alfo,  becaufe  the  Fluxion  of  yzviv  is  yzvw 
-{-y zijw w-\-yzv w,  it  appears  that  the  Fluxion 
of  y +  will  be  truly  exprefled  by  \y3y.  And,  from  the 
given  Fluxion  of  yzvws ,  That  of  y5  will  in  like 
manner  appear  to  be  5 y*j.  'From  whence  the  Law  of 
Continuation  is  manifeft  ;  the  Fluxion  of  yp  being  uni- 
verfally  expounded  by  pyv~*y. 

15.  This  laft  General  Conclufion,  which  is  of  very 
great  Importance  in  the  Bufinefs  of  Fluxions,  being  the 
Refult  of  feveral  Deductions,  whereby  its  Truth  and 
Evidence  may,  perhaps,  lofe  a  Part  of  their  Force,  a 
more  direct  Investigation  of  the  fame  may  not  here 
be  amifs;  though  the  former  Method  will,  doubtlefs, 
appear  the  mod  eafy  and  proper  for  Beginners,  to  whom, 
the  manner  of  working  by  General  Indices,  is  not 
plain  and  familiar. 

• 

Conceive  two  Points  m  and  n  to  move,  at  the  fame 
Time,  from  two  other  Points  A  and  C,  along  the 
Right-lines  AB  and  CD;  and  let  every  Thing  be  fup- 
pofed  as  in  Prop,  r ;  only ,  let  the  Meafure  of  the  Di- 
ftance  defcribed  by  the  Point  n  be,  always ,  equal  to  the 
p  Power,  (inftead  of  the  Square)  of  That  defcribed  by 
the  other  Point  m,  moving  uniformly, 

fc  y 
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Then,  fince  by  Hypothecs,  the  Value  of  CS  is  here 
m  .vp,  and  That  of  C  s  z=l  U? ,  (See  the  fecond  So¬ 
lution  to  the  for ef aid  Prop.)  it  is  evident  that  the  Di- 
ftance  rS,  defcribed  in  the  fame  Time  with  rR  (r=r 

x-u),  will  be  truly  defined  by  #p-kp,  or  its  Equal  x-ux 

A'P'1  -f-  x?~'lu  -f-  xv~3  uz  ATp"4^3  -| - f-  u  p-i. 

Whence,  fuppofing  x  to  denote  the  Meafure  of  the 
uniform  Velocity  of  mj  it  will  appear,  by  Reafoning  as 
in  the  faid  Propofition,  that  the  Meafure  of  the  Ve¬ 
locity  of  w,  at  any  Place  s,  on  This-fide  of  S,  muft  be 

lefs  than  x  x  x?-1  -{-  x  p  :1  u  -j-  .vp'3  ux - , 

and  confequently  lefs  than  x  xpx P_I ;  feeing  each  of 
the  (p)  Terms  of  the  faid  Series  (the  Firft  only  excepted) 
is  lefs  than  x^ly  u  being  lefs  than  a*. 

z  1  % 

Again,  by  confidering  r  and  s'  as  two  other,  cotem¬ 
porary  Pofitions,  beyond  R  and  S,  and  Reafoning  in 
the  fame  manner,  the  Meafure  of  the  Velocity  at  s' 
will  appear  to  be  greater,  now,  than  the  abovefaid 
Quantity  x  x  px p‘\ 

Therefore,  as  the  Velocity  increafes  continually, 
$nd  feeing  the  Value  thereof,  before  the  Point  arrives 
at  S,  is  every-where  lefs ;  and  afterwards,  every-where 
greater,  than  x  x  px  p~ 1  (or  pxp~ 1  x)  it  is  evident,  that, 
at  S,  it  rhuft  be  neither  leffer  nor  greater,  but  exa&ly 
equal  to  px^~lx\  Which  Quantity  is  therefore  the 
true  Fluxion  of  ^p  j-  and  agrees  exactly  with  That 
determined  above. 

1 6.  In  bringing  out  the  foregoing  Fluxion  of  *p,  the 
Value  of  />,  in  both  Methods,  was  taken  as  a  Whole 
Number  :  Neverthelefs  the  Conclufion  itfelf  holds  equally 
true,  when  p  is  a  Fraction,  as  in  the  Notation  of  Roots. 

.3  ___ 

To  make  this  appear,  let  the  Quantity  x1  (  */  x3  ) 

be  propounded,  in  order  to  determine  the  Fluxion 
Thereof :  Which,  by  writing  |  for  />,  in  the  General 

Fluxion 
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Fluxion  px?~lx,  comes  out  £  xzx.  Now,  to  prove 

3 

that  this  is  the  true  Fluxion,  put  y—  x~,  the  Quan¬ 
tity  given;  and  then,  by  fquaring  both  Sides,  you 
will  have  yz  =  .v3 ;  which,  in  Fluxions,  gives  iyy  ■=: 
2*zx  (as  has  been  already  (hewn).  This,  by  fubftitut- 

ing  fory,  becomes  2x2y  —3^.  Whence,  by  Di- 

1 

vifion,  y  =z£xlx,  the  very  fame  as  before. 


But,  to  demonftrate  the  fame  Thing  in  a  General 

m 

Manner,  fuppofe  the  Fluxion  of  at72  to  be  required  (m 

m 

• 

and  n  being  any  whole  Numbers,  whatever)  Put  y~xn  5 

and  then,  by  railing  both  Sides  to  the  Power  n ,  you  will 

have  Which,  in  Fluxions,  gives  r/y^1  y  — 

mi*  j  r  1  .  m  xm~l  x  m 

mxm  lx‘y  and,coniequently, y  = —  x - —  x 

n  yn~l  n 


yx™"1.* _ m  %y  yxm~*  x _  m 

■  — — '  X  '  .  —  X 
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xn 
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Which  Value,  of  the  Fluxion  of  xn,  is  evidently  the 
very  fame,  as  That  arifing  by  expounding  p  in  the 

General  Fluxion  (px?'1  x)  by — — ;  which  was  to  be proved. 

7ft 

I  S'*.,-  *  , 


17.  Now,  from  what  has  been  thus  far  delivered, 
the  following  practical  Rules,  for  determing  the  Fluxions 
of  Algebraic  Quantities,  are  obtained. 


RULE  I. 

To  find  the  Fluxion  of  any  given  Power  of  a  flowing 

Quantity. 

Multiply  the  Fluxion  of  the  Root  by  the  Exponent  of  the 
given  Power,  and  the  Product  into  that  Power  of  the  Came 

R  4  Ro*i 
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Foot  which  arifes  hy  fubtraffig  Unity  from  the  given 
Exponent. 

The  Reafon  of  this  Rule  is  feen  above ;  the  Rule 
itfelf  being  nothing  more  than  px  (the  Fluxion  of 
xp)  expreffed  in  Words. 

RULE  II. 

To  find  the  Fluxion  of  the  Produ£I  of  feveral  variable 
Quantities,  multiplied  together. 

Multiply  the  Fluxion  of  each ,  hy  the  Product  'of  the  reft 
of  the  Quantities  ;  fo  j. hall  the  Sum  of  all  the  Products 
thus  arifing  be  the  true  Fluxion  required . 

The  Reafon  of  which  is,  likewife,  evident  from  what 
has  been  already  delivered.  See  Art .  13. 

RULE  III. 

To  find  the  Fluxion  of  a  Fra&ion,  arifing  from  the 
Divifion  of  one  variable  Quantity  by  another. 

From  the  Fluxion  of  the  Numerator ,  drawn  into  the  De¬ 
nominator ,  fuhtradi  the  Fluxion  of  the  Denominator ,  drawn 
into  the  Numerator  ;  and  divide  the  Remainder  by  the 
Square  oj  the  Denominator. 

This  appears  from  L-AlAi  ,  the  Fluxion  of—, 

•  yy  '  -  y  - 

determined  in  Art.  12. 

% 

Though  I  might  here,  with  Propriety  enough,  put 
an  End  to  this  Part,  as  my  profefied  Defign  there¬ 
in  extends  no  farther  than  Giving  the  Young  Beginner 
fome  Account  of  the  Nature,  and  Firft  Principles,  of 
Fluxions,  together  with  the  Inveftigation  of  the  Fun¬ 
damental  Rules  exhibited  above  ;  neverthelefs,  as  dif¬ 
ferent  Ways  of  bringing  out  the  fame  Truths  have  often 
a  very  good  Effe6f,  and  feeing  the  Fluxions  of  all  Quan¬ 
tities  whatever  (whether  Powers,  Fractions,  &c.)  are 
deducible  from  the  Fluxion  of  a  Rectangle,  I  fhall, 
therefore,  fubjoin  a  different  Method,  whereby  the  (aid 

Fluxion 
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JFluxion  of  a  Re&angle  (given  by  Prop.  2.)  may  be ,  in- 
yeftigated :  In  order  to  which  it  will  be  requifite,  firft 
of  all,  to  premife  the  following 


LEMMA. 


FI 


18.  The  Fluxion  of  a  curvilineal  Space  ARS,  generated  by 
the  Ordmate  RS  (or  the  intercepted  Part  of  a  Right - 
line  RT  ( moving  parallel  to  itjelfi  is  equal  to  the  Rec¬ 
tangle  (Rs)  under  the  faid  Ordinate ,  and  the  Fluxion 
(Rr)  of  the  Abftdjfa  AR. 

'For,  let  a  Right-line  mn,  of  the  fame  Length  with 
RS  in  the  propofed  Pofition  PQ^,  be  conceived  to  move 
from  thence,  parallel 
to  itfelf,  with  the 
-fame  Celerity  that 
the  generating  Line 
itfelf  has  in  that  Po¬ 
fition  :  By  which 
Means  the  Re£langle 
PrsQ  will  be  uni¬ 
formly  generated,  with 
the  very  Celerity  by 
which  it  begins  to 
be  generated,  or,  by 
which  the  Space  ARS 
is  increafed  in  the  pro- 
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pofed  Pofition  PQj  ftnce  both  the  Length,  and  Ve¬ 
locity  of  mn ,  are  the  fame  as  Thofe  of  RS  in  the  faid 
Pofition.  Hence  the  Rectangle  fo  generated  muft,  cqn- 
fequently,  be  the  true  Fluxion  of  the  Space  ARS,  Ay  the 
Definition . 


But  the  fame  Thing  may  be  otherwife  made  to  ap¬ 
pear,  from  a  different,  and  more  logical  Method  of 
Arguing ;  by  proving  that  the  required  Fluxion  can 

neither  be  greater,  nor  lefs,  than  the  faid  Re&angle. 

1  •  ■  -  :  •  *  1  ' 

Thus, 
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Thus,  if  the  Line  mn  (while  it  moves  uniformly  on 
towards  rr)be  fuppofed  to  increafe  in  Length,  the  Area 
VmnQ,  generated  thereby,  will  evidently  be  greater 

than  That  which  would 
uniformly  arife  in  the 
fame  Time,  with  the 
given  Length  at  the 
hrft  Pofition  PQ ;  fince 
the  new  Parts,  pro¬ 
duced  each  fucceeding 
Moment  (as  the  gene¬ 
rating  Line  continues 
to  lengthen)  are  greater 
and  greater. 

And,  in  the  fame 
manner,  if  the  Line 
mn9  generating  the  Fluxion,  be  fuppofed  to  decreafe, 
in  Length,  from  the  given  Pofition  PQ,,  it  is  equally 
plain  that  the  generated  Space  P*»#Q_  will  be  lefs  than 
the  cotemporary  Space  that  would,  uniformly,  arife 
with  the  given  Length  at  the  firft  Pofition  PQ. 

Therefore,  feeing  the  Fluxion  (or  the  Space  that 
would  uniformly  arife  from  the  generating  Celerity  at 
the  propofed  Pofition)  is  lefs  than  any  Space  that  can  be 
deferibed,  in  the  given  Time,  when  the  Line  mn  in- 
creafes,  and  greater  than  any  Space  that  can  be  deferr¬ 
ed,  when  the  faid  Line  decreafes  ;  it  mull  confequently 
be  equal  to  that  Space  which  will  arife,  when  the 
Length  of  the  faid  Line,  from  the  given  Pofition,  is 
fuppofed  neither  to  increafe  nor  decreafe  $  that  is,  when 
the  generated  Spaced  Pjw/zQ^  is  a  Rectangle,  as  in  the 
preceding  Figure. 


V  R  0, 
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PROPOSITION. 


ig.  To  determine  the  Fluxion  of  the  Product,  or  Re  Ft  angle s 
of  two  variable  Quantities  (x  and  y). 


Let  two  Right-lines  DE  and  FG,  perpendicular  to 
each  other,  be  conceived  to  move  from  two  other 


BC,  continually  pa¬ 
rallel  to  themfelves, 
and  thereby  generate 
the  variable  Rectangle 
DF :  Let  the  Path  of 
their  Interfe&ion,  or 
the  Place  of  the  Angle 
H,  be  the  Line  BHR, 
dividing  the  generat¬ 
ed  Rectangle  DF  in 
two  Parts,  BDH  and 
BHF  :  Moreover  let 
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Dd(x)  and  F  f  (y)  be  the  Fluxions  of  the  Sides  BD 
( x )  and  BF  (yj  ;  and  fuppofe  dm  and  fn  to  be  drawn 
parallel,  and  equal,  to  DH  and  FH,  refpedtively. 


Then,  fince,  by  the  preceding  Lemma ,  the  Fluxion  of 
the  Space  or  Area  BDH,  is  truly  exprefTed  by  the  Rec¬ 
tangle  Dm  (=zyx)  and  That  of  the  Space  or  Area  BFH, 
by  the  Rectangle  Fn  (—  xy),  it  follows,  becaufe  equal 
Quantities  have  equal  Fluxions,  that  the  Fluxion  of  the 
propofed  Redfangle  xy  (—  BDH  -p  BFH)  is  truly  ex- 
prefled  by  xy-\-  y  x,  the  very  Expreflion  before  de¬ 
termined  :  See  Art.  xi, 

r r  .  i  i  v  ;  ’  i  * 
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It  may,  perhaps,  be  expe&ed,  that  I  fhould  now 
give  fome  Inftances  of  the  Ufe  and  Application  of  the 
Theory  hitherto  explained,  in  the  Refolution  of  Pjo- 
'blems  :  But,  having  infixed  very  largely  on  this  Head 
in  my  Definite  and  Application  of  Fluxions ,  I  (hall 
take  the  Liberty  to  recommend  that  Work,  to  the 
Perufal  of  Such  as  are  defirous  of  farther  Information 
in  the  Matter.  Thofe,  for  whofe  Ufe  the  above  Ac¬ 
count  is  in  a  more  particular  Manner  defigned,  may 
have  the  Opportunity  of  being  inftru&ed  in  the  Pra&ice, 
by  proper  Examples,  without  the  Trouble  of  turning 
to  other  Books. 
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Treating  of 

*The  Valuation  of  Annuities ,  for 
fingle  and  joint  Lives . 


THE  following  Traci  being  deflgned  for  realUfe , 
and  adapted  to  the  Underftanding  of  Such  whofe 
Acquifitions,  in  the  Mathematical  Way,  extend  not 
beyond  Vulgar,  or  Decimal  Arithmetick  ;  it  therefore 
feem’d  proper  to  omit  the  Invefligation  of  feveral  Par¬ 
ticulars  therein  delivered,  depending  upon  higher  Prin¬ 
ciples.  This,  I  hope,  my  Mathematical  Readers  will 
have  the  Candour  to  excufe  ;  when  They  confider  the 
Importance  of  the  Subject  to  a  Multitude  of  Perfons, 
who  cannot  be  expelled  to  fee  into  the  Nature  and 
Ufefulnefs  of  an  Algebraical  Procefs. — Without  further 
Apology  I  (hall  therefore  proceed  now  to  my  Purpofe  ; 
which  is  to  exhibit,  in  a  plain,  eafy  manner,  by  Means 
of  proper  Tables,  the  pra&ical  Solutions  of  the  moft 
ufeful  and  neceflary  Problems  on  the  Subjedl ;  without 
any  Intermixture  of  Analytical  Operations  (whereof  the 
bare  Appearance,  to  Thofe  unacquainted  therewith, 
would  feem  to  caft  a  Darknefs  over  the  Whole')  How¬ 
ever,  for  the  fake  of  Thofe  that  are  Judges,  I  {hall, 
in  an  annex’d  Scholium,  give  the  Reafons  of  what  is 
moft  material,  and  neceflary  to  be  explained,,  - 
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TABLE!. 

Shewing  the  Probability  of  the  Duration  of  Life> 
from  Obfervations  on  the  Bills  of  Mortality  of  the 
City  of  London . 


Years. 

N°. 

|  Perfons. 

Years. 

N°. 

Perfons. 

Years'. 

N°. 

Perfons. 

Years. 

N°. 

Perfons. 

O 

iooo 

20 

360 

40 

22Q 

60 

102 

I 

68o 

21 

355 

41 

222 

6l 

97 

2 

547 

22 

35° 

42 

2  14 

62 

92 

3 

496 

23 

345 

43 

206 

63 

87 

4 

469 

24 

339 

44 

199 

64 

82 

5 

45  2 

25 

333 

45 

I92 

65 

77 

6 

440 

26 

327 

46 

i85 

66 

72 

7 

430 

27 

321 

47 

I78 

67 

67 

8 

422 

28 

3i5 

48 

171 

68 

62 

9 

4*5 

29 

308 

49 

165 

69 

58 

IO 

410 

30 

301 

50 

159 

70 

54 

ii 

405 

31 

294 

5i 

J53 

71 

50 

12 

400 

32 

287 

52 

i47 

72 

46 

i3 

395 

33 

280 

53 

141 

73 

42 

I4 

39° 

34 

273 

54 

135 

74 

39 

*5 

385 

35 

266 

55 

129 

75 

36 

16 

380 

36 

259 

56 

i23 

76 

33 

*7 

375 

37 

252 

57 

”7 

77 

30 

18 

37° 

38 

245 

58 

1 12 

78 

27 

I,9 

365 

39 

237 

59 

I07 

79 

25 
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TABLE  II. 

Exhibiting  the  Number  of  Tears  of  Life ,  which  a 
P  erf  on ,  of  a  given  Age ,  may,  upon  an  Equality 
of  Chance ,  to  enjoy  \  according  to  the 

aforefaid  Obfervations . 


<u 

W) 

< 

Oh 

X 

W 

0) 

WD 

< 

; 

Exp. 

<u 

< 

Oh 

X 

W 

<u 

< 

61 

62 

63 

64 

65 

Exp. 

1 

2 

3 

4 

5 

27.0 

22.0 

34- 0 

35- 6 

36- ° 

21 

22 

2  3 

24 

25 

28.3 
27.7 
27.2 
26.6 
26. 1 

41 

42 

43 

44 

45 

19.2 

18.8 
18.5 
18. 1 

17.8 

12.0 

1 1.6 

I  1.2 
10.8 
IO.5 

6 

36.° 

26 

25.6 

46 

17.4 

66 

IO. I 

7 

35-8 

27 

25.1 

47 

17.O 

67 

9.8 

8 

35’6 

28 

24.6 

48 

16.7 

68 

9.4 

9 

35-2 

29 

24. 1 

49 

16.3 

69 

9.I 

10 

34-8 

3° 

23.6 

5° 

16.O 

70 

8.8 

1 1 

34-3 

3 1 

23.I 

51 

15.6 

71 

8.4 

12 

33-7 

32 

22.7 

52 

I5.2 

72 

8.1 

‘3 

33- 1 

33 

22.3 

53 

14.9 

73 

7.8, 

M 

32-5 

34 

21.9 

54 

14-5 

74 

7-5 

15 

31*9 

35 

21.5 

55 

1 4*  2 

75 

7.2 

16 

31  3 

36 

21. 1 

56 

13.8 

76 

6.8 

17 

30-7 

37 

2O.7 

57 

J3>4 

77 

6.4 

18 

30.1 

38 

20.3 

58 

I3-1 

87 

6.0 

>9 

29.5 

39 

1 9*9 

59 

1 2.7 

79 

5-5 

2C 

128.9 

40 

19,6 

6c 

12.4. 

8c 

5.0 

2  $6  Of  the  Values  of Annuities  and  Reversions, 
TABLE  III. 

A  TABLE  foewing  the  prefent  Value  of 
one 'Pound,  to  be  received  at  the  end  of  any 
number  of  Years,  not  exceeding  90/-  dif- 
counting  at  the  Rates  of  5,  4,  and  3  per 
Cent,  compound  Interef. 


< 

n> 

Value 

Value 

Value 

<T> 

Value 

Value 

Value 

CO 

i  r° 

at  5  per 

at  4  per 

at  3 

P 

—s 

C/3 

at  5  per 

at  4  per 

at  3  pet 

• 

cent. 

cent . 

cent. 

cent . 

cent. 

cent. 

I 

.9524 

•9615 

•97°9 

21 

•3589 

.4388 

'•5375 

2 

.9070 

.9245 

.9426 

22 

.3418 

.4219 

.5219 

3 

.8638 

.8890 

.9151 

23 

•3255 

•4°57 

.5067 

4 

.8227 

.8548 

.8885 

24 

•3100 

•3901 

•49  IQ 

5 

•7835 

.8219 

.8626 

25 

•2953 

•3757 

.4776 

t 

6 

.7462 

•79°3 

•8375 

26 

.2812 

.3607 

•4637 

7 

•7I07 

•7599 

.813I 

27 

.2678 

.3468 

.4502 

8 

.6768 

•73°7 

.7894 

28 

•2551 

•3335 

•437 1 

9 

.6446 

.7026 

.7664 

29 

.2429 

.3206 

.4243 

10 

.6139 

.6756 

•7441 

30 

•23H 

•30S3 

.4120 

11 

.5847 

.6496*  .7224 

31 

.2204 

.2965 

.4000 

12 

.5568 

.6246 

I  *7OI4 

32 

.2099 

.2851 

•3883 

13 

•53°3 

.6006 

.6809 

33 

.1999 

.2741 

•377° 

14 

•5051 

•5775 

.6611 

34 

•I9°3 

.2636 

.3660 

15 

.4810 

•5553 

.6419 

35 

.1813 

•2534 

•3554 

16 

.4581 

•5339 

.6232 

36 

.1726 

•2437 

•3450 

•4363 

•5134 

.6050 

37 

.1644 

•2343 

•33 50 

18 

•4155 

•4936 

.5874 

38 

.1566 

•2253 

.3252 

19 

•3957 

.4746 

•5703 

39 

.1491 

.2166 

•3*58 

20 

•3769 

<4564 

•5537 

40 

.1420 

.2083 

,.3066 

for  fmgle  and  joint  Lives. 
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< 

n> 

Value 

Value 

Value 

< 

o> 

Value 

Value 

Value 

P 

L n 

at  5 

Tt  4  7^ 

at  3 

p 

•-t 

09 

at  5  4  /><?? 

at  3  per 

0  nl. 

\ 

cent. 

cent. 

cent 

cent. 

'ent „ 

41 

•1353 

.2003 

•2977 

66 

'  l 

•°399 

•°75I 

.1421 

42 

.1288 

.  1926 

.289O 

67 

.O380 

.0722 

.1380 

43 

.1227 

.1852 

.2805 

68 

,0362 

.0695 

.I34O 

44 

.1169 

.1780 

.2724 

69 

•°345 

.0668 

.13OI 

45 

*IJI3 

.1712 

.2644 

70 

.0329 

.0642 

.1263 

46 

.1060 

.  1 646 

.2567 

71 

•°313 

.0617 

.1226 

47 

.10X0 

•1583 

.2493 

72 

.0298 

.0594 

.1190 

48 

.0961 

.1522 

.2420 

73 

.0284 

.0571 

.1156 

49 

.0916 

.1463 

•2349 

74 

.0270 

.0549 

.1122 

50 

.0872 

.1407 

.228l 

75 

.0257 

.0528 

.1089 

5i 

.0830 

• 1 353 

.2215 

76 

.0245 

.0508 

.1058 

52 

.0791 

.1301 

.2150 

77 

•0233 

.0488 

.IO27 

53 

•°753 

.1251 

.2087 

78 

.0222 

.0469 

.0997 

54 

.0717 

.1203 

.2027 

79 

.0212 

.0451 

.0968 

55 

.0683 

.1156 

.I968 

80 

.0202 

•0434 

.O94O 

56 

.0651 

.1112 

.igxojSi 

•0192 

.0417 

.0912 

57 

.0620 

.1069 

.185582 

.0183 

.0401 

.0886 

5« 

.0590 

.1028 

.180183 

.0174 

.0386 

.0860 

59 

.0562 

.0989 

.1748I84 

.0166 

•°37J 

.0835 

60 

•0535 

.0951 

.1697:85 

.0158 

•°357 

.08ll 

61 

.0510 

.0914 

. 1648*86 

.0151 

•°343 

.0787 

62 

•°485 

.0879 

.160087 

.0143 

•033° 

.0764 

63 

.0462 

.0845 

* 1 553 

88 

.0136 

•03 1 7 

.0742 

64 

.0440 

.0813 

.1508  89 

.0130 

.0305 

.0720 

65 

.0419 

.078 1 

.146490 

•  0T24. 

.02Q"? 

.0600 

■  I 
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TABLE  IV. 

A  TABLE  f  jewing  the  prefent  Value  of 
an  Annuity  of  one  Pound  for  any  number  of 
Tears,  not  exceeding  go,  when  Inter  eft  is 
at  5,  4,  and  3  per  Cent. 


< 

a 

• 

Value 
at  5  per 

cent. 

Value 
at  4  per 
cent. 

Value 
at  3  per 

cent. 

1  Years. 

Value 
at  5  pc, 
cent. 

Value 

it  4  pci 
cent. 

Value 
at  3  pb 
: ent . 

1 

2 

3 
!  4 
5 

0-9^2 

1.859 

2.723 

3.546 

4-329 

O.961 

1.886 

2.775 

3-63° 

4.452 

°-97I 

I-9I3 

2.829 

3*7 1 7 

4*5^0 

21 

22 

23 

24 

25, 

12.821 

13- i63 
13.488 

1 3*799 
14.094 

14.O29 

14*451 

14.857 

15.247 

15.622 

15.415 

15*939 

16.444 

16.936 

*7-413 

6 

7 

8 

9 

10 

5.076 

5.786 

6.463 

7.108 

7.721 

5.242 

6.002 

6.733 

7-435 

8.1  ii 

5-497 

6.230 

7.020 

7.786 

8.530 

26:i4-375 

27114-643 

20  14.898 
29  15*141 
3°; 1 5*372 

15-983 

16.329 

16.663 

16.984 

17.292 

17.877 

18.327 

18.764 

19.188 

19.600 

1 1 

j  2 

*3 

J4 

I5i 

8.306 
8  863 

9-393 

9.899 
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TABLE  V. 


For  the  Valuation  of  Annuities  upon  one 

LIFE . 
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’  '  TABLE  VI. 
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Exhibiting  the  Value  of  an  Annuity  for  a  given 
‘ Term  of  Tears ,  on  the  Contingency  of  its 
ceafmg  upon  the  Extinction  of  an  ajjigned 

Life.  t  '  •:  '  -  >H, 
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TABLE  VII. 

Serving  as  a  Supplement  to  Table  VI. 
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\  TABLE  VIII. 


Shewing  the  Value  of  an  Annuity  for  two  joint  Lives 
(i.  e.  for  as  long  as  They  exifi  together ). 


for  fugle  and  joint  Lives. 
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h  TABLE  IX. 

For  the  Value  of  an  Annuity  upon  the  longeft  of  two 

given  Lives . 
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V  TABLE  X. 

J  '  »  *•  •  '  1 

For  finding  the  Value  of  an  Annuity  upon  One , 
or  more  Lives^  at  the  Rates  of  3-,  3^,  3~, 
4t>  and  4*,  per  Cent.  Interefi%  fup - 

pofing  the  Valuey  at  the  Rate  of  4  per  Cent, 
to  &  known ^  from  the  preceding  Tables . 
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PROBLEM  I. 

To  find,  the  prefent  Value  of  any  Sum  of  Money ,  to  he  re¬ 
ceived  at  the  End  of  a  given  Term  of  Tears  ;  difcount - 
ing  at  the  Rate  of  3,  4,  or  5  per  Cent,  compound 
Inter ejl , 

Solution. 

Find,  by  Tab.  III.  the  prefent  Value  of  1  /.  to  be  re¬ 
ceived  at  the  End  of  the  given  Term;  which  multiply  by 
the  Number  of  Pounds  propofed  (cutting  off  4  Figures 
from  the  Produft,  on  Account  of  the  Decimals)  thea 
the  Refult  will  be  the  Value  fought. 

Example.  Let  the  Sum  propofed  be  800  /.  the 
given  Term  7  Years,  and  the  Rate  of  Intereft,  4  per 
Cent .  Then  the  Anfwer  will  appear  to  be  .7599  mul- 
tiply’d  by  800,  or  607.9200  /.  that  is,  607/:  18  r:  ~ 
5  d,  nearly. 


PROBLEM  II. 

f.  ■*  ,  < 

To  find  the  prefent  Value  of  an  Annuity ,  certain ,  for  a 
given  Number  of  Tears  ;  according  to  any  of  the  Rates 
of  Interejl  fpecified  in  the  preceding  Proble??u 

Solution. 

Seek,  in  Tab.  IV.  the  Number  of  Year’s-Pur chafe 
anfwering  to  the  given  Term  of  Years;  which,  multi- 
ply’d  by  the  propofed  Annuity,  gives  the  Anfwer. 

Example.  Suppofe  the  Annuity  to  be  100/.  the 
Number  of  Years  7,  and  the  Rate  of  Intereft  4  perCent . 
Then  the  Value  fought  will  be  6.002  multiply ’d  by  8003 
or  600/;  4*. 


JR# 


'i 
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PROBLEM  III. 

»  \ 

'  j  '  ■  , 

To  find  (according  to  Obfervations  on  the  Bills  of  Mor¬ 
tality  of  the  City  of  London )  the  Probability ,  or  Pro- 
portion  of  Chancy  that  a  Perfon ,  of  a  given  Age>  con¬ 
tinues  in  Being  a  given  Number  of  Tears . 

Solution. 

Let  the  given  Age  be  40,  and  the  Number  of  Years 

propofed  15. 

Look,  in  Tab.  I.  againft  40  Years,  and  alfo  againft: 
55  Years,  the  Age  to  which  the  Perfon  muft  arrive,  if 
he  lives  to  the  End  of  the  given  Term  ;  correfponding 
to  which  you  will  find  the  Numbers  229  and  129,  re- 
fpe&ively ;  fhewing  that,  of  229  Perfons  who  attain  to 
the  Age  of  Forty,  only  129  reach  the  Age  of  Fifty- 
five :  Now  the  Excefs  of  229  above  129  being  too, 
it  is  evident  that  the  Odds,  or  the  Ratio  of  the  Chances, 
for  and  againft,  furviving  the  propofed  Term,  will  be  as 
129  to  100,  eras  9  to  7,  nearly:  And,  in  the  fame 
manner,  the  Anfwer  will  be  found  in  any  other  Cafe. 

Note.  Though  This,  and  the  following  Problem,  are 
not  immediately  concern’d  about  the  Buftnefs  of  An¬ 
nuities,  yet  they  are  the  Foundation  whereon  the  whole 
is  grounded  ;  and  therefore  do  not  improperly  fill  up  the 
Place  here  allotted  them. 


PROBLEM 

•  *  • 
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PROBLEM  IV. 

To  find  ( according  to  the  forefaid  Obfcrvations)  the  Num¬ 
ber  of  Tears  of  Life ,  which  a  Perfon ,  of  a  given  Agey 
may,  upon  an  Equality  of  Chance ,  expeCl  to  enjoy. 

•Solution. 

1  •  ,  i 

Seek  the  given  Age,  in  Table  II.  and  againft  it  yoU 
will  have  the  Anfwer,  in  Years  and  Decimal-Parts. 

Thus  it  will  appear  that,  a  Perfon,  30  Years  old, 
may,  upon  an  Equality  of  Chance,  expert  23.6  Years 
more,  for  his  Share  of  Life  *. 


*  By  the  Expectation,  or  Share,  of  Life,  is  not  here  to  be 
underfood,  that  particular  Period,  which  a  Perfon  hath  an 
equal  Chance  of  furviving  ;  this  lafi  being  a  different,  and  more 
Jimple  Confederation.  The  Expectation  of  a  Life  ( to  put  it  in  the 
mofi  familiar  Light )  may  be  taken  as  the  Number  of  Tears  at 
which  the  Pur  chafe  of  an  Annuity,  granted  thereon  ^without  Dif- 
count  of  Moneys  ought  to  be  valued.  Which  Number  of  Tears 
will  differ  more  or  lefs  from  the  Period  abo<ve  mention  d,  accord¬ 
ing  to  the  different  Degrees  of  Mortality  to  which  the  federal 
Stages  of  Life  are  incident. — Thus ,  it  is  much  more  than  an  equal 
Chance  ( according  to  the  Table  of  the  Probability  of  the  Du¬ 
ration  of  Life ,  p.  254)  that  an  Infant,  jufi  come  into  the  World, 
arrives  not  to  the  Age  of  10  Tears',  yet  the  Expectation ,  or 
Share  of  Life,  due  to  It,  upon  an  Average ,  is  near  20  Tears. 
The  Reafon  of  which  wide  Difference ,  is,  the  great  Excefs  of 
the  Probability  of  Mortality  in  the  firfi,  tender  Tears  of  Life ,■ 
above  That  refpeCiing  the  more  mature,  and  Jlronger  Ages.  - — > 
If  the  Numbers  that  die  at  every  Age  were  to  be  the  fame , 
the  two  Quantities  above  fpecified  would  alfo  be  equal ;  but 
when  the  faid  Numbers  become  continually  lefs  and  lefs,  the  Ex¬ 
pectation  mufi,  confequently ,  be  the  greater  of  the  Two . 


T 


PRO- 


274  Of  the  Values  of  Annuities  andReverfons , 

PROBLEM  V. 

To  find  the  Value  of  an  Annuity  for  an  ajfigned  Life . 

Solution. 

This  Problem  is  refolved  from  Tab,  V.  by  looking 
againft  the  given  Age,  under  the  propofed  Rate  of  In- 
tereft;  correfponding  to  which  you  will  have  the  Num¬ 
ber  of  Years-Purchafe  required. 

Ex.  Let  the  given  Age  be  Thirty-fix,  and  the  Rate 
of  Ir.tereft  4  per  Cent,  and  let  the  propofed  Annuity  be 
250  /.  Then  the  Value  thereof  will  appear  to  be  12.1 
Years-Purchafe,  or  12.1  times  250/.  -Therefore,  mul¬ 
tiplying  250  by  1 2. 1  (and  cutting  off  one  Figure,  upon 
account  of  the  Decimal)  the  Anfwer  comes  out  3025/. 

After  the  fame  manner  the  Anfwer  will  be  found  in 
any  other  Cafe,  falling  within  the  Limits  of  the  Table. 
But,  as  there  may  be  Occafion,  fometimes,  to  know 
the  Values  of  Lives,  computed  at  higher  Rates  of  In- 
tereft  than  any  There  exhibited,  the  two  following, 
pra&ical,  Rules  are  fubjoined  ;  by  which  the  Problem 
is  refolved,  independent  of  Tables. 

R  U  L  E  I. 

If  the  given  Age  is  not  lefs  than  45  Years  (nor 
greater  than  85)  fubtra<5t  it  from  92  ;  multiply  the 
Remainder  by  the  Perpetuity  *,  and  divide  the  Product 
by  the  faid  Remainder  added  to  2§  times  the  Per¬ 
petuity  ;  then  the  Quotient  will  be  the  Number  of 
Tears  Purchaje  required. 


*  It  may ,  perhaps ,  be  of  Ufe  to  fome  of  my  Readers ,  to  be 
informed  here ,  that ,  by  the  Perpetuity  of  an  Efate,  or  Annuity , 
is  underfood  the  Number  of  Tears-  Purchafe  of  the  Fee  Simple  ; 
found  by  dividing  1 00  by  the  Rate  per  Cent,  at  which  Interef 
is  reckoned . 


Example. 
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Example. 

Let  the  given  Age  be  50  Years,  and  the  Rate  of  In* 
tereft  io  per  Cent,  Then,  fubtradling  50  from  92, 
there  remains  42  ;  which,  multiply ’d  by  10*  the  Per* 
petuity,  gives  420;  this  divided  by  67,  the  Remainder 
increased  by  2  f  times  (10)  the  Perpetuity,  quotes  6.3 
nearly:  Therefore,  fuppofing  the  Annuity  to  be  ico /. 
its  Value,  in  prefent  Money,  will  be  630 1. 

RULE  II.  - 

If  the  given  Age  is  lefs  than  45  Tears  ( but  not  lefs  than 
10)  take  To  of  what  it  wants  of  45  ;  which  divide  by 
the  Rate  per  Gent,  increafed  by  1.2;  then ,  if  the 
Quotient  be  added  to  the  Value  of  a  Life  of  45  Tears^ 
found  by  the  preceding  Rule ,  you  will  have  the  re - 
quire  d  Number  of  Tears- Pur  chafe  in  this  Cafe, 

Example. 

Let  the  propofed  Age  be  20  Years,  and  the  Rate  of 
Intereft  5  per  Cent,  Here,  taking  20  from  45,  there  re¬ 
mains  25;  whereof  is  20  ;  which,  divided  by  6.2, 
quotes  3.2;  and  this  added  to  9.8,  the  Value  of  a  Life  of 
45  (foundby  Rule I.)  gives  1 3.0,  for  the  Number  of  Years- 
Purchafe  that  a  Life  of  Twenty  ought  to  be  valued  at. 

It  will  be  needlefs,  I  prefume,  to  offer  any  thing 
farther  by  way  of  Example  to  the  preceding  Rules; 
which  bring  out  the  Conclufions  fo  near  the  true  Values, 
computed  from  real  Obfervations,  as  feldom  to  differ 
therefrom  by  more  than  about  or  of  an  Year’s-* 
Purchafe. 

The  Obfervations  here  underftood  are  Thofe  where¬ 
on  the  foregoing  Tables  are  grounded  (as  the  moft  pro¬ 
per  Foundation  for  this  Place)  But,  if  any  Perfon  is 
defirous  of  feeing  a  fimilar  Method  of  Solution  accom¬ 
modated  to  the  Brefau  Obfervations  (publifh’d  by  Dr. 
Halley ,  in  N9  196  of  the  Philofophical  Tranfa&ions, 
which  are  confiderably  different  from  Thofe  above- 

T  2  mentioned. 
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mentioned,  deduced  from  the  Bills  of  Mortality  of  the 
City  of  London )  v/hat  follows  may,  perhaps,  anfwer 
His  Expe&ation.  The  Rule  is  thus,  Multiply  the 
Difference  between  the  given  Age  and  85  Tears  by  the 
Perpetuity ,  and  divide  the  Product  by  ■£$  of  the  faid  Dif¬ 
ference  increafed  by  twice  the  Perpetuity ;  then  the 
Quotient  will  be  the  Anfwer .  Which,  from  the  Age  of 
Eight,  to  Eighty,  will,  for  the  general  Part,  come 
within  lefs  than  \  of  an  Year’s-Purchafe  of  the 
Truth. 

PROBLEM  VI. 

To  determine  the  Value  of  an  Annuity ,  granted  for  a  given 
Term  of  Tears ,  upon  the  Contingency  of  its  ceafing  on 
the  Failing  of  a  propofed  Life ,  if  this  Jhould  happen 
before  the  Expiration  of  the  faid  given  Term . 

Solution. 

Find,  in  Tab.  VI.  Column  1.  the  Age  of  the  affigned 
Life  (or  That  neareft  it),  and  find,  in  Column  2.  the 
propofed  Term  of  Years  5  again!!  which  laft  you  will 
have  the  Anfwer. 

Example  I. 

Let  the  Age  be  10,  the  Number  of  Years  15, 
and  the  Rate  of  Intereft  5  per  Cent .  Then  it  ap¬ 
pears,  at  one  View,  that  the  Value  fought  will  be  9.4 
Years  Purchafe. 

Example  II. 

Suppofe  the  given  Age  to  be  5  Years,  the  propofed 
Term  16  Years,  and  Intereft  as  above:  In  which 
Cafe  it  appearing  that  the  Value  of  a  Term  of  15 
Years  is  9.1,  and  That  of  a  Term  of  20  Years,  10.7, 
it  is  evident  that  the  true  Anfwer  here  muft  be 
about  9.5  —  But,  that  there  may  be  no  Difficulty  in 
allowing  for  the  odd  Years  (which  is  the  harder  to  do, 

as 
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as  the  Differences  are  unequal)  the  Table  at  p.  264  is 
annexed,  as  a  Supplement  to  that  preceding  it :  To 
comprehend  the  Ufe  of  which  the  Difference  of  the 
Values,  anfwering  to  the  two  neareft  Tabular  Num¬ 
bers  to  the  given  Term  (in  Tab.  VI)  muft  be  taken ; 
which,  in  this  Cafe,  is  1.6  :  And  then,  by  entering 
Tab.  VII.  Column  i.  with  this  Difference,  you  will  find 
againft  it,  under  the  Excefs  (i)  of  the  given  Term 
above  the  next  inferior  Tabular  Number,  the  Value 
0.4  to  be  added  to  That  anfwering  to  the  faid  inferior 
Number  in  order  to  have  the  true  Conclufion.  —  After 
the  fame  manner  the  Value  correfponding  to  the  fame 
Age,  and  a  Term  of  19  Years,  will  be  found  10.4. 
But  it  may  be  proper  to  obferve,  that,  to  avoid  Trouble, 
it  will  be  fufticient,  in  moft  Cafes,  when  the  Age  given 
cannot  be  exactly  found  in  the  Table,  to  take  the 
Tabular  Number  that  comes  neareft  to  it,  whethes 
greater  or  leffer. 

PROBLEM  VII. 

To  find  the  Value  of  an  Annuity ,  for  two  affigned  joint  ~  . 

Lives,  that  A,  for  as  long  as  they  both  eontinue  in 

Being  together , 

Solution. 

1 

Seek,  in  Tab.  VIII,  Column  1.  the  Age  of  the 
youngeft  Life  (or  That  neareft  to  it),  and  find,  in 
Column  2,  the  Age  of  the  Elder  ;  againft  which  laft  you 
will  have  the  Number  of  Years-Purchafe  required. 

Example  I. 

Let  the  two  Ages  be  20,  and  35,  Years,  and  the 
Rate  of  Intereft  4  per  Cent.  Then  it  appears*,  at  one 
View,  that  the  Value  fought  will  be  9.8. 


Ex- 
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Example  II. 

Let  the  propofed  Ages  be  25,  and  37,  Years,  and 
Xntereft  as  before. 

Here,  if  the  Age  of  the  Elder  was  to  ^a^uC 

fought  would  be  j  ^  ^ 

Therefore,  when  the  Age  is  37,  it  muft  be  9.4. 


Example  III. 


Suppofe  the  given  Ages  to  be  32  and  57,  and  the 
Intereft  of  Money  at  3  per  Cent .  In  this  Cafe,  the 

Value  correfponding  to  the  Ages  {  ^5  }  anc*  1  57  }  * 
appears  to  be  |  ^  ^  Whence  That  anfwering  to  the 


given  Ages  32  and  57,  muft  be  about  7.5. 

But,  in  order  to  avoid  Trouble,  you  may,  upon 
Occafion,  add  an  Year,  or.  two,  to  one  of  the  propofed 
Ages,  and  fubtracft  as  much  from  the  Other,  when  they 
are  nearly  equal :  But,  if  One  of  them  much  exceeds 
the  Other,  it  will  then  be  fufficient  to  take  the  neareft 
Number  in  the  Table  for  the  Lefler. 


PROBLEM  VIII. 

To  find  the  Value  of  an  Annuity,  for  the  longejl  of  two  Lives  ^ 
that  is ,  for  as  long  as  either  of  them  continues  in  Being . 

Solution. 

Find,  in  Tab,  IX,  Column  1,  the  Age  of  the 
youngeft  Life  (or  That  neareft  it),  and  in  Column  2, 

_ \  find 

Note.  ‘The  Solutions  to  the  fever  at  Problems  infer  ted  in  the 
Courfe  of  this  Work  are,  pot  improperly ,  divided  into  tvjo 

different 
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find  the  Age  of  the  Elder ;  againft  which  laft  you  will 

have  the  Number  of  Years-Purchafe  required. 

/ 

Example  I. 

Let  the  given  Ages  be  15,  and  40,  Years;  and  let 
the  Rate  of  Intereft  be  4  per  Cent .  Then  it  is  apparent 
that  the  Value  of  an  Annuity  upon  the  longeft  of 
two  fuch  Lives  will  be  17.9,  or  nearly  18,  Years- 
Purchafe. 

Example  II. 

Let  the  Ages  propounded  be  25  and  62,  and  the 
Rate  of  Intereft  as  before  :  In  which  Cafe  we  have  15.5 
for  the  Value  of  the  Annuity. 

PROBLEM  IX. 

% 

To  find  the  Value  of  an  Annuity  for  [three  joint  Lives , 

A,  and  C. 

Solution. 

f  Let  A  be  the  youngeft,  and  C  the  oldeft,  of  the 
three  propofed  Lives :  Take  the  Value  of  the  two  joint 
Lives  B  and  C  (by  Tab.  VIII.)  and  find  the  Age  of 
a  fingle  Life  D,  of  the  fame  Value  (by  Tab.  V.)  then 
find  the  Value  of  the  joint  Lives  A  and  D  ;  which  will 
be  the  Anfwer. 


different  Claffes:  The  firfi  whereof  hereafter  diJUnguifl' d 
thus  *,  are  general ,  and  fir  idly  true ,  according  to  any  Table 
of  Obfer'vations ,  or  Probability  of  Life  what-fo-ever :  But 
the  fecond  Sort ,  marked  thus  j*,  are  near  Approximations 
only ,  yet  fuch  as  are  applicable,  likewife ,  to  any  Table  of 
Obfervation. 


Example 
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Example  I. 

Let  the  three  given  Ages  be  20,  35  and  44  Years ; 
and  Jet  the  Rate  of  Intereft  be  3  per  Cent .  Then,  the 
Value  of  the  two  oldeft  joint  Lives  B  and  C,  will  be 
found  9.0;  anfwering  to  a  fingle  Life  (D)  of  61 
Years:  And  the  Value  of  the  joint  Lives  A  and  D, 
which  is  7.3  Years-Purchafe,  will  be  the  Value  fought. 

Example  II. 

Suppofe  the  three  Ages  to  be  17,  23  and  38,  and  the 
Rate  of  Intereft  5  per  Cent.  Here  the  Value  of  the  joint 
Lives  B  and  C,  will  be  8.5;  agreeing  with  That  of 
a  fingle  Life  ( D )  of  55  Years;  whence  the  Value 
fought,  or  That  of  the  joint  Lives  A  and  D,  is  in  this 
Cafe  7.0,  or,  juft  7  YearsrPurchafe. 

PROBLEM  X. 

To  find  the  Value  efi  an  Annuity  for  the  longejl  of  three 

Lives ,  A,  B,  and  C. 


Solution. 

•f-  Let  A  be  the  youngeft,  and  C  the  oldeft,  of  the 
three  propofed  Lives.  Find  the  Value  of  the  joint  Lives 
B  and  C  (by  Tab.  VIH),  and  find  (by  Lab.  V)  the  Age 
of  a  fingle  Life,  D,  of  the  fame  Value:  Moreover  find 
(by  Tab.  IX)  the  Value  of  the  longeft  of  the  Lives  A 
and  B,  alfo  That  of  the  longeft  of  the  Lives  A  and  C, 
and  likewife  That  of  the  longeft  of  the  Lives  A  and  D  ; 
then  the  laft  of  thefe  three  Values,  fubtra<5fed  from  the 
Sum  of  the  two  former,  leaves  the  Value  fought. 

Example  I. 

Let  the  three  Ages  be  20,  40  and  66  Years, 

and  let  the  Rate  of  Intereft  be  4  per  Cent .  Then  the 

\  '  Value 
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Value  of  the  joint  Lives  B  and  C  will  be  found  5.8  ; 
anfwering  to  a  fingle  Life  (D)  of  73  Years:  More¬ 
over  the  Value  of  the  longeft  of  the  Lives  A  and  B  will 
be  17.2  ;  that  of  the  longeft  of  the  Lives  A  and  C 
16.0  ;  and  that  of  the  longeft  of  the  Lives  A  and  D 
15.5.  Therefore  the  Value  fought  is  17.7  Years 
Purchafe. 

Example  II. 

Let  the  given  Ages  be  15,  •  28  and  37  Years,  and 
the  Rate  of  Intereft  as  before  :  Here  (  proceeding  as 
in  Prob .  7.  Ex.  3.)  the  Value  of  the  two  oldeft  joint 
Lives  will  be  had  9.2,  equal  to  That  of  a  fingle  Life 
(D)  of  55  i  Years  (by  Lab.  V).  Hence,  the  three 
Values  fpecified  in  the  latter  Part  of  the  Rule  will, 
in  this  Cafe,  be  18.4,  18.0,  and  17.4,  refpe&ively, 
and  confequently  the  Value  fought,  juft,  19  Years 
Purchafe. 

PROBLEM  XI, 

«  1  \ 

To  find  the  Value  of  an  Annuity  granted  upon  three  Lives , 
A,  B,  C,  on  Condition  of  its  ceafing  as  foon  as  any 
two  of  them  become  extindl. 

Solution. 

f  Find,  (by  Tab .  VIII.)  the  Value  of  each  Pair  of 
joint  Lives,  viz.  of  A  and  B,  of  A  and  C,  and  of  B 
and  C  ;  then,  from  the  Sum  of  thofe  three  Values,  let 
twice  the  Value  of  the  three  joint  Lives  A,  B,  and  C, 
(found  by  Prob.  IX)  be  deducted,  and  the  Refid ue  will 
be  the  Anfwer. 


Example. 
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Example. 

Suppofe  the  given  Ages  of  A,  B  and  C  to  be  20, 
35  and  44  Years,  refpe&ively;  and  let  the  Rate  of 

Intereft  be  3  per  Cent . 

+ 

Here  the  Value  of  the  joint  Lives 

C  A  and  B  )  (  10.9  1 

i  A  and  C  r  will  be  \  9.6  r.  The  Sum  of  which 

f  B  and  C  3  L  9.0  3 

three  Numbers  is  29.5;  moreover  the  Value  of  the 
three  joint  Lives ,  A,  B  and  C  is,  in  this  Cafe, 
7.3.  (See  Prcb .  9.  Ex,  1.)  Therefore  14.9  is  the 
Value  fought. 

C  N 

PROBLEM  XII. 

The  Value  of  an  Annuity  upon  One ,  two,  or  three  Lives, 
at  the  Rate  of  4  per  Cent,  being  known  (from  the  pre¬ 
ceding  Problems) ;  to  find  the  Value  of  the  fame  Life,  or 
Lives,  at  the  Rate  of  3$,  3!:,  3!,  4^  4I,  or  4  f, 
per  Cent , 

Solution. 

f  This  Problem  is  folved  by  Means  of  Tab.  X; 
from  whence  the  Value  that  ought  to  be  added  to,  or 
fubtra&ed  from,  the  given  Value,  at  the  Rate  of  4  per 
Cent,  is  had  by  bare  Infpe&ion. 

Thus  it  will  appear  that  an  Annuity,  upon  One,  or 
more  Lives,  which  at  the  Rate  of  4  per  Cent,  is  worth 
16  Years  Purchafe,  will,  at  the  Rate  of  3^  per  Cent, 
be  worth  17  Years  Purchafe  and  three  Tenths.  This 
Method,  though  exa£t  only,  when  apply’d  to  a  fingle 
Life,  is  fufficiently  near  in  the  Cafe  of  two,  or  more. 
Lives. 


Remark. 
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Remark. 

As  it  is  cuftomary  for  an  Annuitant  to  receive  his 
Money  half-yearly  in  equal  Portions  (inftead  of  yearly) 
he  hath,  in  this,  a  double  Advantage  ;  for,  befides  the 
Ufe  of,  each,  firft-half-yearly  Payment  for  6  Months, 
he  alfo  hath  a  Chance  of  receiving  one  Half-year’s  Value 
more,  than  if  he  was  to  be  paid  yearly.  Now  the 
Value  of  both  thefe  Confiderations  put  together  (let 
the  Rate  of  Intereft  and  the  Number  of  Lives  on  which 
the  Annuity  depends  be  what  they  will)  will  always 
amount  to  {  of  a  Year’s-Purchafe.  Therefore  \  of  a 
Year’s  Purchafe  muft  be  always  added  to  the  Values 
found  by  the  foregoing  Problems,  in  order  to  have  the 
true  Anfwer,  when  the  Payments  are  made  Half-yearly. 
And,  if  the  Payments  are  to  be  made  Quarterly,  then 
|  of  a  Year’s  Purchafe  ought  to  be  added  to  the  Value 
found  by  the  preceding  Calculations. 


i 
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Of  REVERSIONS. 

‘  ’  .  '  \  * 

,  PROBLEM  XIII. 

To  find  the  Value  of  the  Reverfion  of  an  ajfigned  Life 
after  a  given  Term  of  Tears . 

Solution. 

*  From  the  Value  of  the  propofed  Life,  fubtraCt  the 
Value  of  an  Annuity  for  the  given  Term  of  Years,  on 
the  Contingency  of  its  ceafing  upon  the  Extinction  of 
the  forefaid  Life  5  the  Remainder  will  be  the  Anfwer. 

1 

Example. 

A,  aged  15  Years,  expe&s  to  enter  upon  an  Eftate 
of  500  /.  per  Annum ,  after  the  Expiration  of  10  Years  ; 
which  he  is  to  hold  thence-forward,  during  Life ;  what 
is  the  prefent  Value  of  his  Expectation,  reckoning  In- 
tereft  of  Money  at  4  per  Cent. 

Here  the  Anfwer  will  be  8.3  Years-Purchafe,  or 
4150/.  For  the  Value  of  the  whole  Life  A  being 
15.8  (by  Tab.  V),  and  That  of  the  firft  10  Years  7.5 
(by  Tab .  VI),  the  Difference  will  be  8.3,  as  above . 

PROBLEM  XIV. 

To  find  the  Value  of  the  Reverfion  of  an  Annuity ,  for  the 

Remainder  of  a  given  Term  of  Tears ,  after  an  ajfigned 

Life. 

Solution. 

*  From  the  Value  of  an  Annuity  certain  for  the 
given  Term,  fubtraCt  the  Value  of  the  Annuity  for  the 
faid  Term,  on  the  Contingency  of  its  ceafing  upon 
the  Failing  of  the  propofed  Life  5  the  Remainder  will 
be  the  Value  of  the  Reverfion. 


Example. 
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Example. 

A,  aged  Twenty-five,  who  has  the  Right  of  an  An¬ 
nuity  for  31  Years  certain,  makes  over  the  Reverfion 
thereof  to  B  and  his  Heirs,  to  enjoy  the  fame  after  his 
Deceafe,  for  the  Remainder  of  the  faid  Term.  Now, 
in  order  to  find  the  Value  of  B’s  Expectation,  the  Value 
of  an  Annuity  certain ,  for  31  Years,  is  to  be  found  ; 
which,  at  the  Rate  of  4  per  Cent,  will  be  17.58 
(by  Tab.  IV).  Moreover  the  Value  of  an  Annuity 
for  the  fame  Term,  on  the  Contingency  of  its  Failing 
on  the  Extinction  of  A,  will  appear  to  be  12.9  (by 
Tab.  VI).  Therefore  the  Value  fought,  in  this  Cafe, 
is  4.68  Years  Purchafe. 

PROBLEM  XV. 

. *  t 

To  find  the  Value  of  the  Reverfion  of  one  Life  after 

another . 

Solution. 

*  From  the  Value  of  the  Life  in  Expectation  fub- 
tract  the  Value  of  the  two  joint  Lives ;  the  Remainder 
will  be  the  required  Value  of  the  Reverfion. 

/s'  ,  1 

Example. 

Let  the  Age  of  the  Life  in  Poflefiion  be  55  ^Years* 
that  of  the  Life  in  Expectation  20  Y ears,  the  Rat£  or 
Intereft  5  per  Cent,  and  the  propofed  Annuity  1 00  L 
Then,  by  Tab.  VIII,  the  Value  of  the  two  joint  Lives 
will  be  6.9  ;  which,  fubtracted  from  13.0,  the  Value  of  ' 
the  Life  in  Expectation  (found  by  Tab.  V),  leaves 
6.1  Years-Purchafe,  for  the  Value  of  the  Reverfion. 
Which,  multiply’d  by  the  propofed  Annuity,  gives 
610  /.  its  Value  in  prefent  Money. 

Note.  In  the  Refolution  of  the  preceding  Problem, 
the  Value  that  ought  to  be  paid  for  putting  in,  or  join¬ 
ing,  a  new  Life  to  One  already  in  Pofieflion,  is  likewife 

determined 

— ■ 

/  y// 
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determined.  Thus,  for  Example,  if  A  and  his  Heirs 
hold  an  Annuity  of  ioo  /.  upon  a  fingle  Life,  of  Fifty- 
five,  and  They  would  put  in  another  Life,  of  Twenty, 
to  hold  the  Annuity  as  long  as  either  of  the  two  Lives 
continue  in  Being ;  then  the  Sum  which  ought  to  be 
paid,  as  an  Equivalent  for  that  Confideration,  is6io/. 
the  very  Value  above  exhibited. 


PROBLEM  XVI. 

To  find  the  Value  of  the  Reverfion  of  two  Lives  after 

One . 

Solution. 

*  From  the  Value  of  the  three  Lives  fubtra&  the 
Value  of  the  Life  in  Pofleffion,  the  Remainder  will  be 
the  Value  of  the  Reverfion. 

Example. 


Let  the  Age  of  the  Life  in  Pofleffion  be  40  Years, 
and  the  Ages  of  the  two  Lives  in  Expectation  20  and 
66  Years;  and  let  Intereft  be  fuppofed  at  4  perCent . 
In  which  Cafe,  the  Value  of  the  three  Lives  being 
17.7  (by  Prob .  10,  Ex.  1),  and  That  of  the  Life  in 
Pofleffion  1 1.5  [by  Tab.  V),  the  Anfwer  comes  out  6.2 
Years-Purchafe  :  So  that,  if  the  Annuity  was  to  be  500  /. 
the  Value  of  the  Reverfion  would  be  3100/.  Which 
Sum  alfo  exprefles  the  Confideration  that  ought  to  be 
allow’d  for  putting  in  two  Lives,  of  20  and  66  Years, 
to  a  Life  of  Forty,  already  in  Pofleffion. 


PROBLEM 
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PROBLEM  XVII. 

«» 

V#  find  the  Value  of  the  Rev  er ft  on  of  one  Life  after 

two  joint  Lives . 


Solution. 

/ 

*  From  the  Value  of  the  Life  in  Expectation,  fub- 
traCt  the  Value  of  the  three  joint  Lives ,  there  will  re¬ 
main  the  Value  of  the  Reverfion. 

Example. 

Suppofe  the  Age  of  the  Life  in  Expectation  to  be 
20  Years,  and  the  Ages  of  the  two  Lives  in  Pofleffion 
35  and  44  Years  j  and  fuppofe  Intereft  of  Money  to 
be  at  3  per  Cent . 

Here  the  Value  of  the  three  joint  Lives  will  be  found 
7.3  ( by  Prob.  c Ex.  1.)  which  being  deduCted  from 
17.2,  there  refts  9.9  Years-Purchafe,  for  the  Value  of 
the  Reverfion. 

PROBLEM  XVIII. 

To  find  the  Value  of  the  Reverfion  of  One  Life  after  Two . 


c 


Solution. 


*  From  the  Value  of  the  three  Lives,  fub traCt  the 
Value  of  the  two  Lives  in  Pofleffion,  there  will  re¬ 
main  the  Value  of  the  Reverfion. 

Example. 


Let  40  and  66  be  the  Ages  of  the  two  Lives  in 
Pofleffion,  and  20  That  of  the  Life  in  Expectation,  and 
let  the  Rate  of  Intereft  be  4  per  Cent. 

Then  (by  Prob.  10,  Ex.  1.)  the  Value  of  the  three 
Lives  will  be  found  17.7;  from  which  taking,  13.0,  the 
Value  of  the  two  Lives  in  Pofleffion  (found  by  Tab.  IX.) 

the 
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the  Remainder,  4.7,  will  be  the  Number  of  Years- 
Purchafe  at  which  the  Value  fought  is  to  beeftimated. 
Which,  therefore,  alfo  exprefles  the  Value  that  ought 
to  be  paid  for  putting  in,  or  joining,  a  Life  of  20  Years 
to  two  Others  of  40  and  66  Years. 

PROBLEM  XIX. 

To  find  the  Value  of  the  Reverfion  of  two  joint  Lives 

after  One . 

Solutions 

*  From  the  Value  of  the  two  joint  Lives  in  Expec¬ 
tation,  fubtraft  the  Value  of  the  three  joint  Lives,  there 
will  reft  the  Value  of  the  Reverfion. 

Example. 

Let  the  Ages  of  the  two  Lives  in  Expe&ation  be 
20  and  44  Years,  and  That  of  the  Life  in  Pofleflion 
33  Years ;  and  let  the  Rate  of  Intereft  be  3  per  Cent . 
Then,  the  Value  of  the  three  joint  Lives  being  7.3 
(by  Prob.  9,  Ex.  1.)  and  That  of  the  two  joint  Lives 
in  Expe&ation  9.6  ( by  Tab.  VIII)  the  Anfwer  in  this 
Cafe  will  be  2.3  Years- Purchafe. 

PROBLEM  XX. 

Q  jand  his  Heirs ,  as  foon  as  any  two  of  three  given  Lives 
A,  B,  C,  become  extinft,  are  to  enter  upon  an  Annuity , 
in  order  to  enjoy  the  fame ,  during  the  Life  of  the  Sur¬ 
vivor;  To  determine  the  prefent  Value  of  the  Expectation, 

Solution. 

*  To  the  Sum  of  the  Values  of  all  the  fingle  Lives, 
add  three  times  the  Value  of  the  three  joint  Lives ;  and 
from  this  Sum  deduct  twice  the  Sum  of  the  Values  of 

each 
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cacfi  Pair  of  joint  Lives  (viz.  of  A  and  B ;  A  and  C  ; 
and  B  and  C)  the  Remainder  will  be  the  Anfwer. 

Example. 

Let  the  three  given  Ages  be  20,  35,  and  44  Years, 
and  the  Rate  of  Intereft  3  per  Cent .  Then  the  Values 
of  the  three  Jingle  Lives ,  by  Tab.  V,  will  appear  to 
be  17.2,  14. 1,  and  12.5.  And*  by  Prob.  IX.  Ex.  1, 
the  Value  of  the  3  joint  Lives  is  found  7.3  :  The 
treble  of  which  Value,  added  to  the  Sum  of  the  three 
Former,  gives  65.7.  But  the  Values  of  the  three  dif¬ 
ferent  Pairs  of  joint  Lives  are  found,  by  Tab.  VIII,  to 
be  10.9,  9.6,  and  9.0  :  The  Double  of  all  which, 
taken  from  65.7,  gives  6,7  for  the  Number  of  Years- 
Purchafe  required. 

PROBLEM  XXI. 

/ 

A  and  B  enjoy  an  Annuity ,  equally ,  betwixt  them ; 
which ,  after  the  Deceafe  of  either  of  them ,  is  to  belong 
intirely  to  the  Survivor  for  Life ;  To  find  the  Value  of 
the  Right  of  Each  in  that  Annuity . 

Solution. 

*  From  the  Value  of  the  Life  A,  or  B,  fubtract 
Half  the  Value  of  the  two  joint  Lives;  the  Remainder 
will  be  the  Value  of  the  Right  of  A,  or  B,  accordingly. 

Example. 

Let  the  Age  of  A  be  25  Years,  that  of  B  40  Years, 
and  the  Rate  of  Intereft  5  per  Cent.  Then  the  Value  of 
the  two  joint  Lives  will  be  8.2  (by  Tab.  VIII.)  whereof 
the  Half  is  4.1  ;  this  taken  from  12.3,  the  Value  of  the 
Life  A,  leaves  8.2  for  the  Expectation  of  A ;  but, 
being  taken  from  10.3,  the  Remainder  6.2,  will  be 
the  Value  of  B’s  Expectation. 

I,  a*  V*»J  *  ’  '** 1  '  •  ;  ■  •  *  L*  v  ,  ,  •  t  ,  » 
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;  PROBLEM  XXII. 

A  given  Annuity ,  after  the  Deceafe  of  A,  is  to  be  divided 
equally  between  B  and  C,  during  their  joint  Lives  ; 
and  then  is  to  go  intirely  to  the  la  ft  Survivor  for  Life ; 
9 tis  propofed  to  find  the  Value  of  B’;  Expectation, 

Solution. 

*  From  the  Value  of  the  Reverfion  of  the  Life  B 
after  the  Life  A  ( found  by  P rob.  15)  fubtradf  half  the 
Value  of  the  Reverfion  of  the  joint  Lives  B  and  C  after 
the  Life  A  ( found  by  Prob .  19),  the  Remainder  will 
be  the  true  Value  of  B’s  Expedition. 

Example. 

Let  the  given  Ages  of  A,  B  and  C  be  35,  20,  and 
44  Years,  refpedtively  ;  and  let  the  Rate  of  Intereft  be 
2  per  Cent.  Then  the  Value  of  the  Life  B  after  the 
Life  A  will  appear  to  be  6.3  ;  moreover  the  Value  of 
the  joint  Lives  B  and  C  after  the  Life  A  will  come 
out  2.3  (Vid.  Ex.  to  Prob.  19).  Therefore  the  Anfwer, 
in  this  Cafe,  is  5.15  Years-Purchafe. 

-I  *  * 

PROBLEM  XXIII. 

A,  B,  and  C  Jhare  an  Annuity  equally  among fi  them  ; 
which ,  upon  the  Deceafe  of  any  One  of  the  Three,  is  to 
be  divided  equally  between  the  two  Survivors  during 
their  joint  Continuance ,  and  then  is  to  go  intirely  to  the 
lafl  Survivor  for  Life  :  To  find  the  Value  of  the  Right 
of  A  in  the  faid  Annuity . 

Solution. 

*  From  the  Value  of  the  Life  A,  take  half  the  Sum 
of  the  Values  of  the  joint  Lives  A  B,  and  the  joint 
Lives  A  C  ;  then  to  the  Remainder  add  J  of  the  Value 

of 
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of  the  three  joint  Lives  A  B  C*  and  the  Sum  refulting 
will  be  the  true  Anfwer. 

Example. 

Suppofe  the  three  Ages  to  be  17$  23,  and  38  Years$ 
refpedfively,  and  the  Rate  of  Intereft  5  per  Cent . 

Here  the  Value  of  the  Life  A  will  be  13.5  ;  alfo  that 
of  the  joint  Lives  A  and  B  will  be  10.1  (byProb.  7) 
that  of  the  joint  Lives  A  and  C,  8.6,  and  that  of  the 
three  joint  Lives  A,  B  and  C,  7.0  (by  Prob.  9,  Ex.  2 
Therefore  the  Anfwer  comes  out  6.5  Years-Purchafe. 

Of  fuccejjive  Lives ,  and  the  Renewing  cf  Leafes* 

-  PROBLEM  XXIV. 

Suppofmg  A  to  enjoy  an  Annuity  for  Life ,  and,  at  his 
Deceafe ,  to  have  the  Nomination  of  a  Succejfor ,  who  is 
likewife  to  enjoy  the  Annuity  for  his  Life ;  ’tis  propofed 
to  find  the  prefent  Value  of  the  two  fuccejjive  Lives . 

Solution. 

*  Multiply  the  Value  of  the  Life  A  by  the  Value  of 
the  Life  put  in  at  his  Deceafe,  and  divide  the  Produft  by 
the  Perpetuity;  then  let  the  Quotient  be  fubtra£fed  from 
the  Sum  of  the  faid  Values,  and  the  Remainder  will  be 
the  Anfwer. 

Example. 

Suppofe  the  Value  of  the  Life  A,  at  4  per  Cent,  to 
be  3  2  Years-Purchafe,  and  that  he  hath  the  Liberty, 
at  his  Deceafe,  to  name  a  Life  to  fucceed  him  of  the 
greateft  Value  poffible ;  which  Value,  according  to 
'Tab.  V,  is  16.4,  anfwering  to  art  Age  of  10  Years. 
Therefore,  in  this  Cafe,  the  Produdl  of  the  two  Value$ 
will  be  196.8;  which  divided  by  25,  the  Perpetuity, 
quotes  7*872  ;  this,  deduced  from  28.4,  the  Sum  of 
the  faid  Values,  leaves  20.528  Years-Purchafe  for  the 
true  Value  of  the  two  fucceflive  Lives. 

U  2, 
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PROBLEM  XXV. 

* 

To  find  the  prefient  Value  ofi  any  Number  ofi  Lives  in 

Succejfion. 

Solution. 

■*  Multiply  the  Value  of  each  Life  (confidered  in¬ 
dependent  of  the  Reft,  without  Regard  to  Time,  or 
Order  of  Succeftion)  by  the  Rate  of  Intereft,  per  Cent. 
dividing  the  Prod u £t  by  100;  fubtraif  each  Quotient 
from  Unity,  and  multiply  all  the  Remainders  con¬ 
tinually  together,  fubtradling  their  Product,  alfo,  from 
Unity ;  then  the  laft  Remainder,  multiply’d  by  the 
Perpetuity,  will  be  the  true  Value  of  all  the  fucceftive 
Lives. 

Otherwifie ,  thus . 

*  Find,  in  Tab.  IV.  the  Number  of  Years  anfwer- 
ing  to  the  Value  of  each  of  the  given  Lives  ;  then  find, 
in  the  fiame  Table ,  the  Value  of  an  Annuity  certain  for 
the  Whole  of  all  thofe  Years  added  together ;  which 
Value  will  be  the  Anfwer. 

Example. 

Suppofe  the  Number  of  Lives  to  be  Three;  whereof 
the  Values,  at  4  per  Cent,  are  8,  10  and  15  Years- 
Purchafe.  Thefe  being  multiply’d,  each,  by  4,  and 
the  Produ&s  divided  by  100,  we  have  0.32,  0.4,  and 
0.6,  refpedlively  :  Which,  fubtra&ed  feverally,  from 
Unity,  leave  0.68,  0.6,  and  0.4  ;  whereof  the  con¬ 
tinual  Produ6f  is  o.  1632  ;  This  being  alfo  taken  from 
Unity,  there  refts  0.8368  ;  which,  multiply’d  by  25, 
the  Perpetuity,  gives  20.92  for  the  true  Anfwer. 

Otherwifie ,  by  the  fiecond  Method. 

It  appears  that  the  Number  of  Years  correfponding, 
in  Tab.  IV, 

C  8  j  £  -g  g  C  9*8  1 

to  •<  10  r  S  £  )  13.0  ^whereof  the  Sum  is  46.2  ; 

1 1  t  2343 

againft  which  we  have  20.9,  the  fiame  as  before. 

PROBLEM 
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PROBLEM  XXVI. 

A  given  Sum  of  Money ,  is  to  be  received  (as  a  Legacy) , 
on  the  Deceafe  of  B,  who  is  now  of  a  given  Age : 
JVhat  is  the  Value  thereof  in  prefent  Money? 

Solution. 

*  Subtraft  the  Value  of  the  Life  B  from  the  Per¬ 
petuity  ;  then  it  will  be,  as  the  Perpetuity  is  to  the  Re¬ 
mainder,  fo  is  the  propofed  Sum,  to  its  Value  in  prefent 
Money. 

‘  7  \  *.  ,  -iViV'7  .  1  '  '  '>  -  ’  •* ' 

Example. 

Let  the  Age  of  B  be  32  Years,  the  Rate  of  Intereft 
4  per  Cent .  and  the  given  Sum  500/.  Then  the  Value 
of  the  Life  B  being  12.7,  and  the  Perpetuity  25.0,  it 
will  be,  as  25.0:  12.3  :  :  503/.  :  246/.  the  Value 


PROBLEM  XXVII. 

A  given  Sum  is  to  be  received  on  the  Extinction  of  the 
firjly  fecondy  or  third ,  of  three  affigned  Lives  ;  to  find 
the  prefent  Value  of  the  Expectation . 

Solution. 

*  Find  (by  Prob.  g,  10,  or  11)  the  Value  of  an  An¬ 
nuity  granted  upon  the  afligned  Lives,  on  Condition  of 
its  ceafing  on  the  Failing  of  the  firft,  fecond,  or  third 
of  thofe  Lives,  according  to  the  Cafe  propofed  ;  which 
Value  fubtradt  from  the  Perpetuity ,  and  then  proceed  as 
in  the  laft  Problem. 


Example. 

Let  the  given  Sum  be  1000  /.  the  Rate  of  Intereft 
3  per  Cent .  and  the  Ages  of  the  three  Lives  20 j  35  and 
44  Years.  .  7,  . ,  1 

U  3  Here 
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Here  the  Value  of  an  Annuity  to  ceafe  upon  Failing 

7  v£  t  7-37  9  7 

of  the  •)  2d  a  1  x4»9  f  2  1  xx  f  J  which  being 

1 3d  j  £  £21,3*)  p-t  c  10) 

fubtra&ed,  feverally,  from  the  Perpetuity  33*3*  there 
refts  26.0,  18.4,  and  12.0  5  whence  the  Anfwer  comes 
out  780  /.  552  /.  or  360  /.  according  to  the  three  fore- 

faid  Cafes,  refpe&ively. 

\  \ 

PROBLEM  XXVIII. 

A  pur  chafes  a  Lcafe-hold  EJiate ,  One ,  07* 

affigned  Lives ,  /ar  a  given  Sum ,  Condition  that  his 

Heirs  fill  np  the  Leafie ,  continually,  whenever  all  the 
Lives  become  vacant ,  paying  a  Jlated  Fine :  *The 
Fpuejlion  is ,  find  the  prefent  Value  of  the  whole  Pur - 

allozved  for  the  EJiate ,  with  the  Annuity ,  tfr 
Rack-renty  anfwering  thereto ;  fuppofing  the  Lives  put 
in  at  each  Renewal  tq  be  of  the  famey  given ,  Ages . 

Solution. 

*  Find  5,  8,  or  10.)  the  Value  of  the 

Life,  or  Lives,  fir  ft  propofed  ;  find  alfo  f  the  fame) 
the  Value  of  the  Life,  or  Lives,  with  which  the  Leafe 
js  to  fce,  conftantly,  renewed  ;  fubtraft  the  former  of 
Tbefe  from  the  Perpetuity ;  then  it  will  be  as  the  Latter 
is  to  the  Remainder,  fo  is  the  Fine  propofed  to  the 
prefent  Value  of  all  the  Fines:  Which  added  to  the  Sum, 
paid  at  entering,  gives  the  Value  allowed  for  the  whole 
Purchafe.  This  being  multiply’d  by  the  Rate  of  In- 
tereft,  the  Produft,  divided  by  100,  will  be  the  An¬ 
nuity,  or  Rack-rent  correfponding. 

Example. 

Let  the  Number  of  Lives  be  Three ;  whereof  the  Ages 
are  15,  28,  and  37  Years  5  let  the  given  Sum  be  2000/. 
the  Fine  1000,  and  the  Rate  of  Intereft  4. per  Cent.  Then 
the  Value  of  the  three  Lives  will  appear  to  be  19.0 

(Fid. 
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(Fid.  Ex.  2y  Prcb.  10),  which,  fubtra&ed  from  25.0., 
the  Perpetuity,  leaves  6.0  :  Therefore,  if  the  Value  of 
the  Lives  (found  in  like  manner)  with  which  the  Leafe 
is  to  be  renewed,  be  taken  at  17.7  Years -Purchafe,  we 
{hall  have  17.7  :  6  :  :  1000/.  339/.  Hence  the  whole 
Value  allowed  for  the  Purchafe  is  2339/.  and  the 
Annuity  correfponding  appears  to  be  93-56/.  or  93/. 

1 1  s.  2d. 

PROBLEM  XXIX. 

Suppofmg  A  to  purchafe  an  EJlate ,  in  Copy-hold ,  upon  any 
Number  of  ajftgned  Lives ,  for  a  given  Sum ,  on  Con¬ 
dition  that  He .  and  his  Heirs  fill  up  the  Leafe ,  con¬ 
tinually,  whenever  a  Life  becomes  vac  mt,  by  paying  a 
propofed  Fine  :  To  find  the  prefent  Value  of  the  whole 
Purchafe  allowed  for  the  Eflate ,  with  the  Annuity ,  or 
Rack-rent,  correfponding ;  fuppofing  the  Life  put  in ,  at 
each  Renewal,  to  be  of  the  fame ,  given ,  Value . 

Solution. 

*  Subtract  the  Sum  of  the  Values  of  all  the,  Tingle, 
Lives,  upon  which  the  Leafe  is  firft  granted,  from  the 
Perpetuity  multiply’d  by  the  Number  of  thofe  Lives; 
then  it  will  be,  as  the  given  Value  of  the  Life  to  be 
put  in  at  each  Renewal,  is  to  the  Remainder,  found 
above,  fo  is  the  Fine  propofed,  to  the  prefent  Value  of 
all  the  Sums  paid,  for  ever,  for  Renewing ;  which, 
added  to  the  V  alue  paid  at  firft  entering,  gives  the  total 
Value  of  the  Purchafe.  This  being  multiply’d  by  the 
Rate  of  Intereft,  the  Produ£I,  divided  by  100,  will  give 
the  Annuity  anfwering  thereto. 

i  t 

Example. 

Let  the  Number  of  Lives  be  Three,  and  their  Values 
(at  .4  per  Cent.)  10,  12,  and  15  Years*  Purchafe ;  alfo  let 
the  Sum  paid  upon  entering  be  1600/.  and  the  propofed 
Fine  400  /.  and  fuppofe  the  Purchafer  to  have  the 
Liberty  of  renewing  with  Lives  of  what  Ages  he  thinks 

U  4  proper, 
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proper,  or  moft  to  his  own  Advantage  ;  which  Ages,  ac¬ 
cording  to  our  Table  at  p.  260,  appear  to  be  between 
7  and  12  Years;  anfwering  to  16.4.  Years  Purchafe. 

'  (  herefore,  the  Sum  of  the  Values  of  the  three  firft 
Lives  being  37,  and  the  Perpetuity  25,  we  have  here 
36.4  :  38  :  :  400  :  926.8,  or  926/.  i6j.  the  pre- 
fent  Value  of  all  the  Sums  paid  for  renewing.  Hence 
the  whole  Value  allowed  for  the  Purchafe  is  2526/.  i6j. 
and  the  correfponding  Annuity  101/.  is.  5 d, 

PROBLEM  XXX. 

The  fame  bang  fuppofd  as  in  the  lajl  Problem ;  to 
find  how  much  the  Rent  Roll  of  the  firft  Proprietor' s 
Eftate  ought  to  be  increafed ,  on  account  of  the  Fines 
paid  at  Renewing , 

Solution. 

*  Multiply  the  prefent  Value  of  all  the  Sums  paid 
for  Renewing  (found  as  in  the  preceding  Problem)  by  the 
Rate  per  Cent,  aligned  ;  then  the  Produdt,  divided  by 
100,  will  be  the  Anfwer.  Which,  in  the  Cafe,  there 
propofed,  will  be  found  37/.  u. 

*  \  4  •  i.  '  4. 

PROBLEM  XXXI. 

There  is  an  Eftate ,  which ,  if  A  ( who  is  a  Minor)  hap¬ 
pens  to  die  in  a  given  Time ,  or  before  he  attains  to  a 
certain  given  Age  (fuppofe  Twenty-one)  is>  after  his 
Deceafe ,  to  go  to  B  and  his  Heirs  for  ever ;  to  find  the 
Value  of  BV  Expectation, 

Solution. 

*  Fiom  the  Perpetuity ,  fubtraft  the  Value  of  a  Life 
of  that  Age  to  which  the  Expe&ation  of  B  is  limited  ; 
multiply  the  Remainder  by  the  prefent  Value  of  1 /. 
to  be  received  at  the  End  of  the  given  Term  (found  by 
Tab,  III).  And  let  this  laft  Produdt  be,  again,  multi- 

-  f  pty’d 
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ply ’d  by  the  Number  of  Perfons,  in  Tab.  r,  arriving 
to  the  Age  above  mentioned,  dividing  the  Product 
thence  arifing  by  the  Number,  in  the  fame  Table, 
anfvvering  to  A’s  prefent  Age  ;  then  to  the  Quotient 
add  the  Value  of  the  Life  A,  and  fub trait  the  Sum 
from  the  Perpetuity  j  the  Remainder  will  be  the  true 
Value  required. 

Example. 

Let  the  Age  of  A  be  8  Years,  the  propofed  Eftate 
500 1.  per  Annum ,  and  Intereft  at  5  per  Cent.  Here 
the  Value  of  a  Life  of  Twenty-one  (the  Age  to  which 
B’s  Expectation  is  limited)  being  12.9,  and  the  Per¬ 
petuity  20,  the  Difference  will  be  7.1  ;  which  multi- 
ply’d  by  0.5303,  the  prefent  Value  of  1 /.  to  be  re¬ 
ceived  13  Years  hence  (when  A  arrives  to  the  Age  of 
21)  gives  3*76513,  or  3.76,  nearly  :  This  being  mul- 
tiply'd  by  355,  the  Product,  divided  by  422,  gives 
3.16;  to  this  adding  14.3,  the  Value  of  the  Life  A, 
and  from  the  Sum  deducting  20,  the  Perpetuity,  there 
refults  2.54,  or  2 1  Years- Purchafe,  nearly,  for  the 
required  Value  of  B’s  Expectation.  ^ 

Of  Reverfions  depending  upon  the  Probability  of  one 
particular  Life ,  in  Poff.jfion ,  fuiviving  the  Reft. 

PROBLEM  XXXII. 

v  * 

.  1  - 

B,  who  is  of  a  given  Age ,  with  if  he  lives  ’ till  the  Dc- 
ceafe  of  A,  whofe  Age  is  alfo  given ,  become  poffejfed  of 
an  E  jlate  of  a  given  Value  \  to  find  the  Worth  of  his 
Expectation  in  prefent  Money. 

Solution. 

f  Find  (by  Tab.  VIII.)  the  Value  of  an  Annuity  on 
two  equal  joint  Lives ,  whereof  the  common  Age  is 
equal  to  the  Age  of  the  older  of  the  two  propofed  Lives 
and  B;  which  Value  fubtraCt  from  the  Perpetuity ,  and 
take  Half  the  Remainder ;  then  fay,  as  the  Expectation 

of 
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of  the  Duration  of  the  younger  of  the  two  Lives  A 
and  B,  found  againjl  the  Age  correfponding,  in  Tab.  II, 
is  to  That  of  the  Elder,  fo  is  the  faid  Half-Remainder, 
to  a  fourth  Proportional  ;  which  will  be  the  Number 
of  Years- Purchafe  required,  when  the  Life  B,  in  Ex¬ 
pectation  is  the  older  of  the  Two.  But,  if  B  be  the 
younger,  then  add  the  V  alue  fo  found  to  That  of  the 
joint  Lives  A  and  B  (found  by  Tab.  VIII),  and  let  the 
Sum  be  fubtra&ed  from  the  Perpetuity ,  and  you  will, 
alfo,  have  the  Anfwer,  in  this  Cafe. 

Example  I. 

Suppofe  the  Age  of  A  to  be  Thirty,  that  of  B  Forty, 
the  Rate  of  Interest  4  per  Cent,  and  the  given  Legacy 
5000/.  or  200/.  per  Annum.  Then  the  Value  of  two 
equal  joint  Lives,,  of  Forty,  being  8.1,  and  the  Per¬ 
petuity  25,  the  Remainder,  or  Difference,  will  here 
be  16.9;  whereof  the  Half  is  8.45  :  Therefore  it  will 
be,  as  23.6  :  19.6  :  :  8.45  :  7.02,  Years-Purchafe,  or 
1404/.  the  required  Value  of  B’s  Expe&ation. 

Example  II. 

Let  the  Age  of  A  be  Forty,  and  that  of  B  Thirty, 
and  the  Reft  as  in  the  preceding  Example.  Here  the 
Value  of  the  joint  Lives  A  and  B  will  be  8.8;  which 
added  to  7.02  (found  above),  the  Sum  will  be  15.82; 
whence  the  Anfwer,  in  this  Cafe,  is  9.18  Years- 
Purchafe,  or  1836  /. 

PROBLEM  XXXIII. 

C  and  his  Heirs  are  intitled  to  an  Ejiate  of  a  given  Value , 
upon  the  Deceafe  of  B,  provided  B  furvives  A  ;  to  find 
the  Value  of  Their  Expectation  in  prefent  Money . 

Solution. 

Find  (by  Tab .  IX.)  the  Value  of  an  Annuity  upon 
the  longeft  of  two  equal  Lives,  whereof  the  common 

Age 


for  Jingle  and  joint  Lives.  299 

Age  is  That  of  the  older  of  the  Lives  A  and  B  ;  which 
V alue  fubtraft  from  the  Perpetuity ,  and  take  Half  the 
Remainder  ;  then  it  will  be,  as  the  Expectation  of 
Duration  of  the  younger  of  the  Lives  A  and  B  (found 
by  Tab .  II.)  is  to  That  of  the  older,  fo  is  the  faid  Half¬ 
remainder,  to  the  Number  of  Years -Purchafe  required, 
when  the  Life  B  is  the  older  of  the  Two  :  But,  if  B  be 
the  younger  ;  then,  to  the  Number  thus  found,  add  the 
Value  of  an  Annuity  on  the  longeft  of  the  Lives  A 
and  B,  and  fubtracf  the  Sum  from  the  Perpetuity,  for 
the  Anfwer  in  this  Cafe. 

Example. 

Let  the  Age  of  A  be  Thirty,  That  of  B  Forty,  the 
Rate  propofed  4  per  Cent,  and  the  given  Eftate  200  /. 
per  Annum. 

Here,  the  Value  of  the  longeft  of  two  Lives,  aged 
Forty  each,  will  be  found  15.05  which,  taken  from 
25,  leaves  10,  for  the  Remainder.  Therefore,  it  will 
be  23.6  :  19.6  : :  5  :  4.15,  the  Number  of  Years- 
Purchafe  required  ;  anfwering  to  830/. 

But,  if  A  had  been  Forty,  and  B  Thirty,  the  Value 
fought  would  have  been  4.95  x  200,  or  990/.  Becaufe 
the  Value  of  the  longeft  of  the  Lives  A  and  B  is  15.9 
Years-Purchafe. 

PROBLEM  XXXIV. 

C  is  to  enter  upon  a  given  Annuity ,  for  Life ,  on  the  De- 

ceafe  of  B,  in  cafe  B  furvives  A  :  To  determine  the 

Value  of  his  Expectation  in  prefent  Money, 

Solution. 

■j*  Cafe  i°.  If  the  Life  C,  in  Expectation ,  .be  older 
than  either  of  the  other  Two  :  Find,  by  Prob .  18,  the 
Value  of  the  Reverfion  of  the  Life  C  after  the  longeft 
of  the  Lives  A  and  B  5  One  Half  of  which  will  be  the 
Anfwer. 

Cafe  2°.  If  the  Life  C  be  younger  than  oney  or  both y  of 
the  Other ;  Then  find  the  Reverfion  of  the  Life  C  after 

the 
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the  longed  of  two  equal  Lives,  of  the  fame  Age  with 
the  oldeft  of  A  or  B;  which  multiply  by  the  Expec¬ 
tation  of  Duration  of  the  faid  oldeft  Life  (given  in 
Tab.  II)  and  divide  the  Produdt  by  twice  That  of  the 
Younger;  fo  fhall  the  Quotient  be  the  Anfwer,  in  Cafe 
B  is  older  than  A :  But,  if  B  be  younger  than  A,  let 
the  faid  Quotient  be  fubtradled  from  the  Value  of  the 
Reverfion  of  the  Life  C  after  the  longeft  of  the  Lives 
A  and  B,  and  the  Remainder  will  be  the  Anfwer. 

Example  I. 

Let  the  Age  of  A  be  30 ;  That  of  B,  40  ;  and  That 
of  C,  50  Years  ;  and  fuppofe  the  Rate  of Intereft  to  be 

3  per  Cent . 

Then,  according  to  Cafe  1,  the  Value  of  the  longeft 
of  the  three  Lives  will  be  found  to  be  19.6  [by  Prob.  10). 
From  which  deducting  18.4  the  Value  of  the  longeft  of 
the  two  Lives  A  and  B,  the  Remainder  1.2  will  be  the 
Value  of  the  Reverfion  of  the  Life  C  after  A  and  B  ; 
the  Half  of  which,  or  T6o  of  a  Years-Purchafe,  is  there¬ 
fore  the  Value  required. 

•  Example  II. 

;  Suppofe  the  Ages  of  A,  B,  and  C  to  be  66,  40,  and 
20,  refpedlively,  and  the  Rate  of  Intereft  4  per  Cent. 

Here,  according  to  Cafe  2,  we  are  firft  to  find  the 
Value  of  the  Reverfion  of  a  Life  of  Twenty  after  the 
longeft  of  two  equal  Lives  of  66  ;  which  (by  Prob.  18) 
will  come  out  7.0  :  This  being  multiply’d  by  10. 1, 
and  the  Product  divided  by  39.2  (vid.  Tab.  II)  there  re- 
fults  1.8  nearly.  Which,  as  B  is  here  younger  than  A, 
muft  be  fubtraefed  from  (4.7)  the  Value  of  the  Rever¬ 
fion  of  the  Life  C  after  the  longeft  of  the  Lives  A  and 
B  (found  by  Prob.  18)  whence  we  get  2.9  for  the  true 
Anfwer  in  this  Cafe. 

«  v 
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PROBLEM  XXXV. 

C  is  to  enter  upon  a  given  Annuity for  Life ,  on  the  De- 
ceafe  of  B,  provided  the  Latter  is  furvived  by  A  ;  To 
find  the  prefent  Value  of  his  Expectation. 

Solution. 

•f-  Find,  by  the  lajl  Problem ,  the  Value  of  the  Re- 
verfion  of  the  Life  C  after  the  Life  B,  on  the  Con¬ 
tingency  of  B’s  furviving  A  ;  which,  fubtracf  from  the 
ahfolute  Value  of  the  Reverfion  of  the  Life  C  after  the 
Life  B  (found by  Prob.  15) ;  the  Remainder  will  be  the 
Anfwer. 

Example. 

Let  every  Thing  be  fuppofed,  as  in  the  fecond  Ex¬ 
ample  of  the  laft  Problem :  Then  the  former  of  the 
[above  mentioned]  Reverfions  will  appear  to  be  2.9  : 
And  the  Latter  (by  taking  9  2  the  Value  of  the  joint 
Lives  B  and  C  from  14.8,  that  of  the  Life  C)  will 
be  found  5.6.  Therefore  2.7  Years-Purchafe  is  the 
V  alue  fought. 

PROBLEM  XXXVI. 

A  and  B  are  pojfejfed  of  an  Annuity  between  them ;  which , 
if  B  furvives  A,  is  afterwards  to  be  divided  equally 
between  B  and  C,  during  their  joint  Exigence  ;  and 
then  is  to  go  intirely  to  the  laft  Survivor  for  Life :  To  find 
the  Value  of  C’ i  Expectation. 

'  #  • 

Solution. 

f  Find,  by  Prob.  34,  the  Value  of  the  Reverfion  of  the 
Life  C  after  the  Life  B,  on  the  Contingency  of  B's 
furviving  A ;  to  which  add  Half  the  Value  of  the 
Reverfion  of  the  joint  Lives  B  and  C  after  the  Life 
A  (found  by  Prob.  to)  ;  the  Sum  will  be  the  Value 
fought. 
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Example. 

Suppofe  the  given  Ages  of  A,  B,  and  C,  to  be  66* 
40,  and  20  Years*  refpeCtively,  and  the  Rate  of  In- 
tereft  4  per  Cent. 

Then  the  Value  of  the  former  of  the  two  Reverfions 
above  mentioned  will  be  2.9  Years-Purchafe  (vid.  Ex. 
2,  to  Prob.  34),  and  That  of  the  Latter  (by  taking  5.2, 
the  Value  of  the  joint  Lives  A,  B,  and  G  from  9.2,  the 
Value  of  the  joint  Lives  B  and  C)  will  come  out  4.0: 
Therefore  4.9  Years-Purchafe  is  the  required  Value  of 
C’s  Expectation. 

PROBLEM  XXXVII. 

C  engages  to  pay  to  A  a  given  Annuity,  till  fuch  Time  (if 
they  both  live  fo  long)  as  the  Latter  comes  to  the  Pojfef- 
fion  of  an  Ejiate ,  which  he  is  intitlcd  to  on  the  Deceafe 
of  B:  In  confideration  whereof.  A,  on  his  Part , 
obliges  himfelf,  if  he  lives  to  enter  upon  the  faid  Ejiate, 
to  caufe  a  given  Annuity  to  he  paid  back  to  C  for  Life 
(but  if  either  C,  or  A,  happens  to  die  before  B,  then  the 
Money  advanced  by  C  is  to  be  wholly  lojl  to  his  Heirs )* 
The  Ajuejlion *  is,  to  find  the  Advantage ,  or  Difad - 
vantage  of  either  Party ,  in  fuch  a  Contrail . 

Solution. 

f  Find,  by  Prol.  9,  the  Number  of  Years-Purchafe 
of  the  three  joint  Lives  A,  B  and-C  ;  which  multiply 
by  the  Annuity  that  A  is  to  receive,  the  ProduCt  will 
be  the  Value  of  A’s  whole  Expectation  from  C. 

Find  alfo,  by  Prob.  34,  the  Value  of  the  Reverfion 
of  the  Life  C  after  the  Life  B,  on  the  Contingency  of 
B’s  furviving  A  ;  which  fubtraCt  from  the  Value  of 
the  Reverfion  of  the  Life  C  after  the  Life  B  (found  by 
Prob.  15)  ;  then  the  Remainder,  multiply ’d  by  the  An¬ 
nuity  paid  back  to  C,  will  give  the  Whole  of  C’s  Ex¬ 
pectation  from  A  :  And  the  Difference  of  the  two 
Values  thus  found  will  confequently  be  the  Anfwer. 

Example. 
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Example. 

A  young  Gentleman  (A)  aged  Twenty-five,  having 
greatly  difobliged  his  Father  (B)  a  Gentleman  of  Sixty, 
to  whom  he  is  foie  Heir,  is  forced  to  contradt  with  a 
certain  Perfon  (C)  aged  35,  for  an  Annuity  of  200/. 
(in  order  to  a  Support)  which  he  engages  to  repay,  after 
his  Father’s  Deceafe,  with  another  of  300  /.  to  con¬ 
tinue  during  the  Life  of  C;  according  to  the  Conditions 
fpecified  in  the  Problem . 

Now,  we  are  firft  to  find  the  Value  of  the  three 
joint  Lives ;  which,  at  the  Rate  of  4  per  Cent,  comes 
out  5.6  Years-Purchafe;  and  this,  multiply’d  by  200, 
gives  1120/.  for  the  whole  Value  of  A’s  Expedition. 

Moreover,  the  Value  cf  the  Reverfion  of  the  Life  C 
after  the  Life  B,  on  the  Contingency  of  B’s  furviving 
A,  will  come  out  one  Year’s  Purchafe,  very  near: 
And  the  Value  of  the  Reverfion  of  the  Life  C  after  the 
Life  B  (without  Reftridlion)  will  appear  to  be  5.8  Years- 
Purchafe  (  by  Prob.  7  ).  Hence  4.8,  multiply’d  by 
300,  which  is  1440 /.  will  be  the  total  Value  of  C’s 
Expedition :  Who,  therefore,  gains  320  /.  by  the 
Contradl. 

PROBLEM  XXXVIII. 

C,  if  he  lives  till  the  Deceafe  cf  B,  is  ta  receive  a  given 

Legacy ,  in  cafe  A  is  then  extinCf ;  to  determine  the 

Value  of  his  Expectation  in  prefent  Money . 

Solution. 

•f*  Cafe  l°.  If  the  Life  C  be  the  oldef.  of  the  'Three  : 
From  the  Value  of  an  Annuity  on  the  Life  C,  take  the 
Value  of  the  two  joint  Lives  B  and  C;  multiply  the 
Remainder  by  the  given  Sum,  or  Legacy,  and  divide 
the  Produdt  by  twice  A’s  Expectation  of  Duration  (found 
in  Tab.  II);  the  Refult  will  be  the  Value  fought. 

Cafe  2°.  If  the  Life  B  be  the  oldejl  cf  the  Three  : 
Then,  from  the  Value  of  an  Annuity,  for  as  many 

Years 
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Ye  ars  of  C’s  Life  as  are  exprefled  by  the  Double  of 
B’s  Expectation  of  Duration  (found  bv  Tab .  II  and  VI), 
fubtraCt  the  Value  of  the  two  joint  Lives  B  and  C;  mul¬ 
tiply  the  Remainder  by  the  given  Sum,  or  Legacy, 
and  divide  the  ProduCt  by  twice  the  Expectation  of  A’s 
Duration,  as  in  the  preceding  Cafe . 

Cafe  30.  If  the  Life  A  be  the  oldcji  of  the  Three : 
Then  find  the  Value  of  the  Life  C,  if  older  than  Bj 
otherwife,  find  [by  Tab.  VI.)  the  Value  of  as  many 
Years  Thereof,  as  are  exprefled  by  the  Double  of  B’s 
Expectation  of  Duration:  And,  from  the  Value  thus 
found,  let  the  Value  of  the  joint  Lives  A  and  C  be  fub- 
traCted  ;  multipy  the  Remainder  by  the  given  Legacy, 
then  the  Product,  divided  by  twice  B’s  Expectation  of 
Duration ,  will  be  the  Anfwer,  in  this  Cafe. 

(  ✓ 

Example  I. 

Let  the  Age  of  C  be  15  Years,  that  of  B  70,  and 
that  of  A  45;  and  let  the  proofed  Legacy  be  1000/. 
and  the  Rate  of  Intereft  3 per  Cent, 

This  Example,  it  is  plain,  belongs  to  Cafe  2°.  Ac¬ 
cording  to  which  we  mufl  firfl  find  B’s  Expectation  of 
Duration  (by  Tab .  II.)  which  appears  to  be  8.8,  and  the 
Double  of  it  17.6  :  Now  (by  Tab.  VI.)  the  Value  of 
27.6  Years  of  C’s  Life  is  found  1 1.9  5  and  (by  Tab.  VIII.) 
the  Value  of  the  joint  Lives  B  and  C  appears  to  be  6.0  ; 
which  laft  Value,  fubtraCt  ed  from  the  Former,  leaves 
5.9;  this  multiply’d  by  1000  (the  given  Legacy)  pro¬ 
duces  5900;  which  being  divided  by  35.6,  the  Double 
of  A’s  Expectation  of  Duration,  there  refults  165  l.  for 
the  required  Value  of  C’s  Expectation. 

Example  II. 

Suppofe  the  Age  of  C  to  be  15  Years,  that  of  B 
45,  and  that  of  A  70 >  fuppofe  alfo  the  given  Legacy 
to  be  1  goo  /.  and  the  Rate  of  Intereft  3  per  Cent. 

Here,  according  to  Cafe  30,  we  mufl:  firfl:  feek,  in 
Tab.  II.  for  B’s  Expectation  of  Duration  ;  this  appears 

to 
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to  be  17.8,  and  the  Double  thereof  35.6:  Now  the 
Value  of  35.6  Years  of  the  Life  C  {by  Tab.  VI.)  will 
be  found  16.7;  from  which  fubtra&ing  (6.0)  the  Value 
of  the  Joint  Lives  A  and  C  (found by  Tab.  VIII.)  there  re¬ 
mains  10.7;  this,  multiply’d  b y  1000,  gives  107005 
which,  divided  by  35  6,  quotes  300/.  for  the  required 
Value  of  C’s  Expectation,  in  prefent  Money. 

PROBLEM  XXXIX. 

a,  in  cafe  he  lives  till  R  and  S  are  both  extindl ,  is  to 

receive  a  Legacy  of  a  given  Value  ;  to  determine  the 

Worth  of  his  Expectation  in  prefent  Money. 

Solution. 

•j-  Find,  by  the  lad  Problem,  the  Expectation  of  Qs 
©n  the  Contingency  of  RJs  furviving  S  ;  and  alfohis  Ex¬ 
pectation,  on  the  Contingency  of  S’s  furviving  R  :  The 
Sum  of  which  Values  will,  confequently,  be  the  whole 
©f  his  Expectation,  in  the  prefent  Cafe. 

ix  AMPLE. 

*  r,  |  '  t 

Let  the  Age  of  Q^  be  15  Years,  that  of  R  45  Years, 
and  that  of  S  70 ;  alfo  fuppofe  the  given  Legacy  to  be 
1000/.  and  the  Rate  of  Intereft  3  perCent. 

Here  the  firft  Part  of  Q^s  Expectation,  depending 
on  R’s  furviving  S,  appears,  from  Ex.  2.  of  the  pre¬ 
ceding  Problem  (by  fubdituting  Q^for  C,  R  for  B,  and 
S  for  A)  to  be  300  /. 

And  the  latter  Part  of  his  Expectation,  depending  on 
S’s  furviving  R,  appears,  from  Ex.  1  (by  fubflituting 
for  C,  S  for  B,  and  R  for  A)  to  be  165  /.  There¬ 
fore  the  Anfwer  is  465  /. 


v 

PROBLEM 


X 


306  Of  theValues  of  Annuities  andReverfons , 
PROBLEM  XL. 

Q^and  R,  if  they  live  till  the  Deceafe  of  S,  are  to  re¬ 
ceive',  each  of  Them  a  given  Legacy ;  but ,  in  Cafe 
one  of  Them  dies  he  fore  Him ,  then  the  Whole  is  to  go 
to  the  Survivor :  To  determine  the  Value  of  QV 
Expectation* 

Solution. 

+  Find,  by  Prob.  32,  the  Value  of  Q^s  Expectation* 
on  the  Sum  afligned  to  himfelf  (depending  on  the 
Chance  of  his  furviving  S,  without  further  ReftriCtion) : 
Then  find,  by  Prob  38,  the  remaining  Part  of  his 
Expectation,  on  the  Sum  afligned  to  R  (depending 
on  the  Contingency  of  S’s  furviving  R:)  The  Sum 
of  the  two  Values  fo  found  will  confequently  be  th® 
Anfwer. 

Example. 

\  *  •  ‘  *  '  i  i*  ’I  ■  ‘ 

I  .  \  .  \ 

Suppofe  Q_  to  be  15  Years  of  Age,  R  45,  and  S* 
70 ;  fuppofe  alfo  the  Legacy  of  Q_  to  be  600  /.  That 
of  R  1000  /.  and  the  Rate  of  Intereft  3  per  Cent . 

In  the  firfl:  Place  we  are  to  find  the  prefent  Value 
of  600/.  (or  an  Annuity  of  18  /.)  to  be  received  (or 
enter’d  upon)  by  Q_,  at  the  Deceafe  of  S :  Which 
Value  comes  out  23.37  Years- Purchafe,  or  420/. 
Moreover,  by  Ex .  1,  to  Prob .  38,  the  latter  Part  of 
dfs  Expectation,  depending  upon  the  Chance  of  his 
Receiving  the  1000  /.  afligned  to  B,  will  appear  to  be 
165/.  So  that  the  whole  is  585  /. 
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PROBLEM  XLI. 

Q_,  R,  and  S  floarc  an  Annuity  equally  among  them  5 
which)  upon  the  Deceafe  of  any  One  of  the  Three ,  is  to 
be  divided  equally  between  the  two  Survivors ,  during 
their  joint  Continuance ;  and  then  is  to  go  intirely  to  the 
lafl  Survivor  and  his  Heirs ,  for  ever  :  To  determine 
the  V alue  of  the  Right  of  Q  in  the  faid  Annuity , 

Solution. 

f  Firft  find,  by  Prob.  39,  that  Part  of  Q^s  Expec¬ 
tation  which  depends  on  his  becoming  pofieffed  of  the 
whole  Annuity ,  on  being  the  laft  Survivor  :  To  which 
Value  add  half  the  Sum  of  the  Values  of  the  Joint 
Lives  Q_  R,  and  Q  S ;  and  from  the  Aggregate 
let  -f  of  the  Value  of  the  three  Joint  Lives  S  be 

fubtradted;  the  Remainder  will  be  the  Value  fought 

Example. 

Suppofe  Q_tobe  15  Years  of  Age,  E  45*,  and  S  70; 
fupppofe  moreover  the  Annuity  to  be  300/.  and  the 
Rate  of  Intereft  3  per  Cent,  according  to  which  the 
Value  of  the  Perpetuity  is  10000/.  Whence,  by  the 
Example  to  the  Problem  above  quoted,  the  former  Part 
of  Q’s  Expectation  will  appear  to  be  4650/.  We  are 
next  to  find  the  Values  of  the  Joint  Lives  R,  and 
S;  Thefe,  by  Tab .  VIII,  appear  to  be  9.6,  and 
6.0,  Years-Purchafe,  refpedtively :  Whereof  the  Half 
Sum  is  7.8  Years-Purchafe,  01*2340  /.  Moreover,  by 
Prob.  9,  the  Value  of  the  three  Joint  Lives  Q_  R 
S,  will  be  found  5.2  Years-Purchafe,  or  1560/.  and  4 
thereof  1040/.  And  fo,  by  adding  together  4650  and 
2340,  and  taking  1040  from  the  Sumy  the  A-nfwer 
comes  out  5950  /. 
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Wherein  the  Reafons  of  what  is  mojl  material  and  difficult 
in  the  preceding  Solutions ,  are  explained. 

The  Solutions  to  the  feveral  Problems  propofed  in  the 
foregoing  Pages  being  deliver'd  in  a  practical  manner, 
without  their  Inveftigation  ( in  order  to  render  the 
Work  as  ufeful  as  poflible,  and  acceptable  to  Thofe, 
to  whom  the  Sight  of  an  Algebraical  Procefs  would, 
at  beft,  afford  no  fatisfacftory,  or  pleafing  Idea)  and 
there  being,  in  the  Number  of  the  faid  Solutions, 
fome  few  that,  even,  the  Mathematical  Reader  (whom 
I  fhould  be  loth  to  leave  diffatisfy’d)  may  not  readily 
fee  into  the  Reafons  of ;  I  fhall  here,  according  to  my 
Promife,  put  down  the  Invention  of  what  feems  moft 
material,  and  neceffary  to  be  explained.  It  is  not,  in¬ 
deed,  my  Defign  to  infill,  in  this  Place,  on  the  firft: 
Principles  of  the  Laws  of  Chance,  and  the. general 
Methods  of  Computation  whereon  the  Subject  is  ground¬ 
ed  ;  but,  to  fuck  as  want  Information  therein,  fhall  take 
the  Liberty  to  recommend  my  Dottrine  of  Annuities , 
printed  in  1742.  Neverthelefs,  as  the  Merit  of  a 
Work  of  this  Nature,  when  apply’d  to  the  common 
Ufes  of  Life,  confifts  in  its  Conformity  with  Truth 
and  real  Obfervations,  it  is  but  reafonable  that,  for  the 
general  Satisfaction  of  Thofe  into  whofe  Hands  this 
Tract  may  happen  to  fall,  fomething  Ihould  be,  firft  of 
all,  faid  relative  to  the  Obfervations  whereon  the  fore¬ 
going  Tables  have  their  Foundation. 

The  firft  of  thefe  Tables  (fire wing  the  Probability  of 
the  Duration  of  Life)  on  which  the -Reft  depend,  was 
computed  from  10  Years  Obfervations  on  the  Bills  of 
Mortality  of  the  City  of  London ;  and  is  the  very  fame, 
in  effecft,  with  that  printed  in  my  Book  of  Annuities 
above  mentioned  ;  tho’  adapted  to  a  different  Radix. 
Both  thefe  Tables  agree  with  That  firft  of  all  publifhed- 
by  Mr.  Smart ,  whom  I  have  followed,  except  in  very 
low  Ages  5  where  it  feem’d  neceffary  to  make  fome 

Alterations 
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Alterations.  I  am  fenfible,  indeed,  that  thefe  Alterations 
have  been  condemned,  as  arbitrary  and  without  Foun¬ 
dation  :  But  that  feme  fuch  Allowance  ought  to  be 
made,  on  account  of  the  great,  and  unequal.  Afflux 
of  People,  of  different  Ages,  to  Town,  is,  I  think, 
fuffirientlv  evident,  from  the  following  Reafons. 

Firff,  it  is  to  be  obferved,  agreeable  to  what  I  have 
elfewhere  advanced,  that  the  faid  continual  Refort  of 
Strangers  to  Town,  would  no  way  influence  the  Values 
of  Annuities  deduced  from  Obfervations  on  the  Bills  of 
Mortality,  if  Thofe  arriving  and  fettling  There ,  at  the 
feveral  different  Ages  of  Life,  were  to  be  in  the  fame 
Proportion  as  the  whole  Number  of  the  Living  of  the 
fame  Ages ;  fince  it  is,  not  on  the  Greatnefs  of  the 
Numbers  that  die  at  each  particular  Age,  but  on  their 
Ratio  that  the  whole  of  the  Bufinefs  depends. 

To  render  this  as  obvious  as  may  be,  by  a  familiar 
Example ;  fuppofe  A  and  B  to  be  two  equal  Cities, 
with  regard  to  the  Number  of  their  Inhabitants,  and 
let  Half  the  Inhabitants  of  the  Former,  who  are  above 
the  Age  of  Twenty,  be  fuppofed  to  remove  to  the 
Latter ;  then  it  is  plain  that  the  Bills  of  Mortality  of 
B,  for  all  Ages  above  Twenty,  will  be  immediately  in- 
creafed  by  One  Half ;  and  fo  the  fame  Proportion  ftill 
prefer ved  :  For  the  Equimultiples  of  Quantities  are  to 
one  another  as  the  Quantities  themfelves. 

But,  with  refpeCt  to  Ages  below  Twenty,  the  Bills 
Hill  continuing  the  fame,  the  Numbers  here  cannot  be 
compared  with  Thofe  above,  in  order  to  obtain  the  true 
Ratio  of  the  Probabilities  of  Mortality  at  the  different 
Ages  of  Life ;  feeing  Thefe  laft  are  too  little  by  One 
Half. 

It  is  evident  from  hence,  that,  if  there  be  any  Part 
of  Life  wherein  the  Number  of  Thofe  that  remove  to 
Town  falls  fhort  of  the  Proportion  above  fpecified, 
the  Bills  of  Mortality,  for  that  Interval,  will  not  truly 
exhibit  the  Probability  of  Mortality  without  fome  Al¬ 
lowance  or  Correction. 

Now  it  is  certain,  from  manifold  Experience,  that 
very  few  Perfons  come  to  live  in  Town  under  the  Age 
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of  Fifteen,  in  comparifon  cf  the  Numbers  that  arrive 
There,  between  the  Ages  of  Fifteen  and  Thirty  5 
though  the  Number  of  all  the  Living  comprehended 
in  the  former  Period  is  much  greater  than  That  in  the 
Latter. 

Add  to  this,  that  the  Bills  of  Mortality,  with  Re- 
fpedt  to  fmall  Ages,  are  alfo  lower  than  they  would 
otherwife  be,  on  account  of  a  great  Number  of  Youth, 
of  the  Better  Sort,  who  are  fent  into  the  Country 
for  the  Benefit  of  Air  and  Education.  Thefe,  at 
their  Return,  together  with  the  Arrival  of  a  Multitude 
of  Working  People  (who,  after  having  ferved  an  Ap- 
prenticefhip  in  the  Country,  are  willing  to  learn  Ex¬ 
perience,  and  try  their  Fortune  in  Town)  very  much 
increafe  the  Body  of  Inhabitants  :  And  it  is  chiefly 
to  this  Confideration  that  the  great  Increafe  in  the 
Bills  of  Mortality  after  the  Age  of  Twenty,  like  a 
Rivulet  fwoln  by  a  fuduen  Rain,  is  to  be  afcribed  :  For  I 
dare  affirm,  that  there  is  Nothing  in  Man’s  Conftitution 
whereby  fo  great  a  Difproportion  during  fo  (hort  an  In¬ 
terval,  can  be,  phyfically,  accounted  for:  Nor  does  it 
feem,  in  the  leaf!:,  Reafonable  to  fuppofe  that  a  Perfon, 
of  twenty  five  Years  of  Age,  has  more  than  4  times 
a  greater  Chance  to  die  within  the  Compafs  of  an  Year, 
than  One  of  fifteen ;  and  yet  this  is  the  Cafe  according 
to  the  Table,  I  have  been  condemned  for  altering  — 
As  to  the  Reafon  of  my  Beginning  the  Table  with  the 
Number  1280  (inftead  of  1000,,  it  was  with  no  other 
Intent  than  to  avoid  Trouble  in  making,  what  I  judged, 
the  neceflary  Alterations.  Nor  does  it  at  all  fignify  what 
Number  is  made  the  Radix  of  a  Table  of  this  Kind,  pro¬ 
vided  the  fame  Proportions  are  preferved  throughout. 
However,  in  conformity  to  Cuftom,  I  have  here  been 
at  the  Pains  to  reduce  the  faid  Table  to  the  com- 
jnon  Radix.  ,  • 

Amongft  Thofe  who  have  been  fevers  on  the  above 
Alterations,  there  is  a  certain  Foreign  Gentleman, 
M.  Parcieux ,  Member  of  the  Royal  Academy  of 
Sciences  at  Paris ,  whom  I  muft  not  pafs  by  without 
a  paore  particular  Notice.  This  Gentleman,  in  a  Book 

V  .  intitled 
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intitled  Effai  fur  les  Probability  de  la  vie  humaine ,  (as 
appears  by  an  Account  given  of  it  in  the  Memoirs  of  the 
faid  Academy,  1746)  accufes  me  of  Having  ajfgned 
much  too  great  a  Probability  of  Mortality  to  the  youngejl 
Ages\  and  further  affirms  that  this  Error  (for  fuch  He 
calls  it)  arifes  from  omitting  to  include ,  in  the  Account , 
thofe  Perfons  who ,  having  efcaped  the  JVeaknefs  of  In¬ 
fancy*  g°  oui  °f  the  Bills  of  Mortality ,  and  die  elfewhere . 

Whether,  6r  no,  the  Fa£t  be  as  it  is  here  reprefented, 
this  Writer  does  not  appear  to  be  a  fufficient  Judge  :  He 
does  not  feem  to  be  appriz’d,  that  there  is  not,  perhaps,  a 
City  in  the  World  fo  fatal  to  the  Infant  State  as  the  City 
of  London  (owing,  too  much,  to  the  Intemperance  of 
Parents  and  profufe,  irregular  manner  of  Living).  Be- 
fides,  were  the  Bills  of  Mortality  of  a  Place  to  be  ever  fo 
regular,  and  well  kept,  it  ought  to  be  remembered  that 
there  can  be  no  Arriving  at  an  abfolute  Certainty,  in  Mat¬ 
ters  of  this  Nature.  Now,  were  it  for  thefe  Reafons 
alone,  I  could  not  help  looking  upon  this  Gentleman’s  Af- 
fertions  (to  view  Them  in  the  moft  favourable  Light)  as  a 
little  too  peremptory ;  efpecially  where  He  tells  the  World 
that,  I  was  not  aware ,  that ,  by  avoiding  Sir  W.  Petty’* 
Fault ,  I  my  f elf fell  into  the  contrary  Mi  fake,  I  declare, 
I  am  not  confcious  of  any  fuch  Miftake ;  nay  I  can 
pofitively  affirm,  that  the  Reafon  he  affigns  for  it,  is 
alogether  chimerical :  Nor  is  there  any  thing  I  have  faid 
in  my  Preface,  or  elfewhere,  that  can  juftify  fuch  a 
Conftru&ion.  But,  what  need  have  I  to  infift  upon 
this  !  Every  body  Here  knows  that  the  Number  of 
Thofe,  who  are  born  in  Town,  and  die  elfewhere,  is 
inconfiderable  in  comparifon  of  the  Number  of  Thofe 
who,  on  the  contrary,  leave  the  Country  and  die  in 
Town  :  So  that,  had  they  been,  actually,  difregarded, 
no  fuch  Error  as  He  fpeaks  of  could  poffibly  have  arifen 
from  thence. 

The  fecond  Tkble,  in  this  W ork,  Jhewing  the  Num¬ 
ber  of  Tears  that  a  Perfon  of  any  Age ,  may^  upon  an 
Equality  of  Chance ,  expert  to  enjoy ,  is  deduced  from  the 
Firfti  by  a  Method  of  Computation  no  way  different 

X  4  ,  from 


312  Of  the  Values  of 'Annuities  and  Reverfions% 

from  That,  for  finding  the  Value  of  an  Annuity  upon  % 
fingle  Life,  when  Money  is  fuppofed  to  bear  no  Intereft ; 
only  the  Value  of  one  Half-Year,  extraordinary,  is 
to  be  added  here-,  becaufe  an  Annuitant ,  who  receives 
his  Money  yearly,  has  an  equal  Chance  of  living  Half 
a  Year  after  the  Time  of  the  laft  Payment. 

As  to  the  Manner  of  computing  the  Tables,  for  the 
Values  of  fingle,  and  joint,  Lives  ;  this  I  have  Ihewn 
(\frith  proper  Expedients  to  facilitate  the  Trouble  of  fuch 
a  Work)  in  my  Book  of  Annuities  aforefaid,  to  which 
I  muff  beg  Leave  to  refer.  — The  hrft  eight  Problems, 
relating  only  to  the  Ufe  of  thefe  "Fables,  need  no  other 
Explanation  than  is  already  given  them. 

The  9th  Problem,  determining  the  Value  of  three  joint 
Lives ,  is  the  firft  that  feems  neceffary  to  be  taken  Notice 
others:  Whereof  the  Solution  is  not,  indeed,  ftridfly 
conformable  to  the  Table  of  Obfervations,  being  only 
an  Approximation,  but  fuch  an  One  as  anfwers  very 
near  the  Truth  ;  and  which  may  be  apply’d  with  Ad¬ 
vantage  to,  almofr,  any  Hypotnefis,  or  Table  of  Ob¬ 
fervations.  The  Reafonablenefs  of  the  Method  of  pro¬ 
ceeding  is  evident  from  the  Nature  of  the  Subject, 
without  calling  in  the  Affiffance  of  any  Kind  of  Com¬ 
putation.  And,  in  a  Number  of  Examples,  refpecling 
Lives  of  different  Ages,  I  fcarce  ever  found  the  Error 

to  exceed  £  of  an  Years-Purchafe. 

« 

»,  i  . , 

The  Solution  to  our  10th  Problem,  for  determining 
the  Value  of  the  longef  of  thrft  Lives ,  is  equally  exadt, 
and  built  upon  the  fame  Foundation,  with  the  preceding 
One.  For,  the  Value  of  the  longeft  of  three  Lives 
being  truly,  and  univerfally,  expreffed  by  A~pB~pC — * 
(AB)-(ACJ-(BC)  -f  (ABC)  j  (where  (AB),  (AC),  ant} 
(BC)  denote  the  Values  of  each  Pair  of  joint  Lives,  &c. 
Vid.  DoSl.  Ann .  p.  23) ;  it  follows  that  the  faid  Value,  if 
(according  to  Prob.  9)  a  fingle  Life  D  be  taken  equal 
in  Value  to  the  two  joint  Lives  (BC),  will  alfo  be  ex¬ 
preffed  by  A  -p  B  -p  C  —  (AB) — (AC)  —  D-f(AD) 

or 
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or  by  its  Equal  A -j-B  —  (AB)  -|-  A+C —  (AC)  — 

A-f  D  AD)  :  But  A  +  B^ISS)  is  the  Value 
of  the  longeft  of  the  two  Lives  A  and  B,  and 

A  -f  C  —  (AC),  that  of  the  longeft  of  the  Lives  A 
and  C,  OV.  Whence  the  Whole  is  manifeft. 

The  Solution  to  the  next  Problem,  and  Thofe  that 
follow’’  afterwards  on  Reverfions,  and  fucceffive  Lives, 
are  either  fuc.h  as  are  evident  from  plain  Reafoning, 
exclufive  of  Mathematical  Principles,  or  fuch,  whofe 
Demonftrations  I  have  already  given  elfewhere :  For 
which  Reafons  it  feems  needlefs  to  fay  any  Thing 
further  about  them  in  this  Place. 

But,  in  thofe  Kinds  of  Reverfions  confider’d  in  the 
Thirty-fecond,  and  the  following  Problems,  depend¬ 
ing  upon  the  Probability  of  one  particular  Life,  in 
Poffeffion,  furviving  the  Reft,  the  Reader  muft,  I  ap¬ 
prehend,  have  met  with  fome  Difficulty,  the  Rules 
there  laid  down  being  derived  by  Virtue  of  a  certain 
Hypothecs  5  which,  however,  anfwers  very  near  the 
Truth. 

In  this  Hypothecs  the  Numbers  of  the  Living  at 
each  feveral  Age,  differing  by  an,  equal,  Interval  of 
one  Year,  are  fuppofed  to  form  an  Arithmetical  Pro- 
greffion  (or  a  Series  whofe  Terms  decreafe  continually 
by  a  common  Difference).  This  Affumption  w*as  firft 
1  adopted  by  Mr.  De  Moivre ,  and  apply’d  by  him,  to 
good  Purpofe,  in  calculating  the  Values  of  Lives,  ac¬ 
cording  to  the  Brejlaw  Obfervations  ( mentioned  in  p. 
275),  with  which  it,  indeed,  much  better  agrees  than 
with  Thofe  deduced  from  the  Bills  of  Mortality  of  the 
City  of  London. 

But,  though  the  Hypothecs  aforefaid  cannot  be  ap¬ 
ply’d  with  equal  Advantage  Here,  without  fome  farther 
Confideration,  feeing  the  Differences  of  the  Numbers 
in  'Tab.  I,  are  far  from  being  the  fame  throughout ; 
yet,  by  taking  the  Mean  of  the  faid  Differences,  the 
Value  of  a  real  Life  may  be  converted  into  That 
pf  an  equal  imaginary  One,  conformable  to  the  faid 
Hypothecs.  •  _  This 
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This  is  actually  done,  in  Tab .  II.  in  which  you  have 
the  Number  of  Years  that  a  Perfon  of  any  Age,  may 
upon  an  Equality  of  Chance,  be  expected  to  enjoy : 
The  Double  whereof  is  the  Complement  of  an  equal, 
imaginary  Life,  according  to  the  faid  Hypothecs ;  where, 
by  the  Complement ,  is  to  be  underftood  the  Number  of 
Years  that  fuch  a  Life  has  a  Chance  of  continuing  in 
Being. 

Thus  it  will  appear,  that  the  Value  pf  a  real  Life,  of 
Fifty,  is  equal  to  That  of  an  imaginary  One,  whofe 
Complement  is  32  Years.  This  indeed  is  exadh,  only, 
when  Money  is  fuppofed  to  bear  no  Intereft ;  in  all 
other  Cafes,  the  Latter  is  only  an  Approximation,  but 
fo  near  as  to  come  within  a  fu fficient  Degree  of  Exa<9> 
nefs,  as  will  be  fee n  from  the  annexed  Table,  wherein 
are  exhibited  the  Values  of  Annuities  for  every  tenth 
Year  of  Life,  both  according  to  real  Obfsrvation,  and 
to  the  faid  Hypothefis. 


<u , 
W) 

< 

Value 
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cent. 
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Value 
it  5  pe 1 
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by  Hyp. 
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at  4 per¬ 
cent. 
by  Obf 

f 

V  aiue 
at  4  per 
cent. 

by  Hyp 

Value 
at  3  per 
cent. 
oy  Obi 

Value 
at  3  per 
ent. 

by  Hyp. 

IO 

14-3 
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16.4 

16.3 
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1  9.I 

20 

13.° 

I3-1 

14.8 

15.O 

17.2 

I7.2 

3° 

1 1.6 

1 1.9 

lZ'1 

13-4 

15.° 

*  5-i 

40 

10.3 

1 0.7 

II. 5 

I  1.9 

13.2 

*3-4 

50 

9.2 

0.6 

10. 1 

IO.4 

I  I.4 

11  -5 

60 

7-9 

8.1  ' 

8.4 

8  6 

9.2 

:  9-4 

70 

6.2 ' 

6.3 

6-5 

6.6 

6.0 

■s 

7* 1 

By  infpe&ing  of  which  Table  it  will  appear,  that  the 
Error  feldom  exceeds  +V  Part  of  the  whole  Value,  and 
is  the  leaft  of  all,  where  the  Intereft  of  Money  is 
loweft,  agreeable  to  what  was  before  intimated. 

But  before  I  proceed  to  the  Ufe  of  the  foregoing 
Hypothefis  in  the  Refolution  of  the  feveral  Problems 

above 
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above  mentioned,  I  {hall  put  down  the  Inveftigation  of 
a  known  Theorem,  for  finding  the  Value  of  any  pro- 
pofea  Life,  according  to  the  faid  Hypothecs  :  Which 
(being  done  without  the  Summation  of  Series’s)  may 
perhaps  appear  more  obvious  than  That  delivered,  at 
p.  15,  of  my  former  TraCt. 

Let,  therefore,  a  be  taken  to  denote  the  Complement 
of  the  propofed  Life  A  (as  above  defined ),  alfo  let  P  de¬ 
note  the  Value  of  the  Perpetuity,  and  r  the  Amount 
of  1 7.  in  one  Year:  And,  in  order  to  render  the 
Operation  as  eafy  as  may  be,  fuppofe  another  Perfon 
(QJ  and  his  Heirs  to  be  intitled  to  the  Reverfion  of 
the  Annuity,  forever,  after  the  Demife  of  A:  Then, 
if  the  Value  of  the  faid  Reverfion  be  computed,  and 
fubtraCted  from  the  Perpetuity,  the  Remainder  will, 
evidently,  be  the  required  Value  of  the  Life  A.  But, 
to  find  the  true  Value  of  this  Reverfion,  we  mull:  de¬ 
termine  the  feveral  Parts  Thereof,  which  depend  on  the 
Contingency  of  A’s  becoming  extinCl  in  the  firft, 
fecond,  third,  and  each  fucceeding  Year. 

Thus,  if  the  Life  A  fails  the  firft  Year,  whereof  the  Pro 
bability  ( according  to  the  Hypothefis)  is  -i- ,  then,  as  and 

his  Heirs  become  pofTeffed  of  the  whole  Eftate,  or  Per¬ 
petuity  (without  any  Deduction)  it  is  plain  that  the  true 
Value  of  their  Expectation,  on  the  Contingency  of  A’s 

becoming  extinCt  the  firft  Year,  will  be-L  x  P. 

Again,  if  the  Life  A  fails  the  fecond  Year,  whereof 
the  Probability  is  alfo  -L,  the  Value  of  Qjs  Expec¬ 
tation  will  be  the  Value  of  the  Perpetuity,  difcounted  for 
one  Year:  And  fo  the  Expectation  on  this  Event  is 


a  r 


And,  in  the  fame  manner,  it  will  appear,  that  the 
Expectation,  on  the  Contingency  of  A’s  dying  in  the 

3d,  4th,  5th,  Year,  will  be  reprefented  by  L  x 
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i  P 

—  x  -~ 
a  rz 


x  — refpe&ively  ;  and  con- 


i 

r“  a  r°  a  r * 

fequently,  that  the  Sum  of  all  Thefe,  or  its  Equal 

V  +  i  +  7T+7T+ - +4  .will  be  the 


rP.  t 
—  into 


total  Value  of  the  Reverfion.  But  the  Series  — +  -~- 

r  r1 

— - - f-—-  ls  ^nown  to  exPref*s  Value  of 

an  Annuity,  certain ,  for  a  Years:  Which  let  be  denoted 
by  M ;  then,  the  Value  of  the  Reverfion  being  = 

M  ( becaufe  P  z=z  --  ---  )the  Value  of 


a 


a 


r—i  / 


the  propofed  Life  A,  in  Pofleffion,  will  confequently  be 

E.  /. 


p_P-f  i  x  M 


a 


I  come  now  to  the  Invefligation  of  the  Solutions  of 
the  Thirty-fecond,  and  the  fucceeding  Problems. 

In  order  to  which  let  a  and  b  be  taken  to  reprefent 
the  Complements  of  two  imaginary  Lives,  of  the  fame 
Values  with  the  two  real  Ones  A  and  B  ( Fid,  Prob.  32). 
Moreover,  let  S  denote  the  given  Sum,  or  Legacy,  to 
be  received  on  the  Deceafe  of  A,  if  B  be  then  living  ; 
and  let  r  reprefent  the  propofed  Rate,  or  1  /.  increafed 
by  its  Interest  for  one  Year. 

Now,  to  obtain  an  Anfwer  to  the  faid  Problem,  we 
muft  find  the  Value  of  B’s  Expe&ation  on  each  par¬ 
ticular  Year,  according  to  the  Probability  he  has  of  re¬ 
ceiving  the  Legacy  (S)  at  the  End  of  . that  Year  :  And 
each  of  thefe  Values  mud  be,  again,  confider'd  in  two 
Parts,  according  to  the  Chance  of  both  the  Lives  Failing, 
or  not  Failing,  within  the  Compafs  of  the  fame  Year. 

The  Probability  that  both  A  and  B  are  extin&  at  the 

End  of  the  firft  Year  being  -i-  x  -i-  ,  the  Expe&ation 

a  b 


thereon 
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thereon  would  be  i-  x  ~  x  ~  f  or  —  ~ )  was  it  a 

a  b  r  \  a  br  f 

Certainty  that  A  would  drop  firft ;  but  as  there  is  an 
equal  Chance  for  the  Contrary  (under  the  above  Re- 
ftriftions),  the  true  Expectation  can  therefore  be  only 

- In  the  fame  manner,  the  Expectation,  on  the 

2abr 

Chance  of  both  the  Lives  failing  in  the  2d,  3d,  4th,  &V. 

Years,  will  be— ~  &c.  And  the 

2  abr  iabr3  labr* 

Sum  of  all  Thefe  J£  x  T-+  --+  ~~+  4-+  &c. 

will  confequently  be  the  whole  of  B’s  Expectation,  on 
the  Contingency  of  both  the  Lives  dropping  in  one,  and 
the  fame,  Year  :  Where  the  Series  is  to  be  continued 
to  as  many  Terms  as  are  exprefled  by  the  Complement 
b  of  the  oldeft  Life. 

But  now,  with  regard  to  the  other  Part  of  B’s  Ex¬ 
pectation,  depending  on  the  Probability  of  his  furvi- 
ving  the  Year  wherein  A  expires  (which  is,  by  far, 
the  moft  confiderable),  it  is  evident  that  the  Part  there¬ 
of  which  depends  upon  the  Chance  of  his  coming  into 
Pofleflion  at  the  End  of  any  propofed  Year,  is  com¬ 
pounded  of  the  Probability  of  his  being  then  alive,  and 
That  of  A’s  dying  within  the  Compafs  of  the  fame 
Year  (allowing  alfo  for  the  Difcompt  of  Money  to 
that  Time). 

Hence  the  Expectation  on  the  propofed  Sum  5,  on 
the  Contigency  of  receiving  it  at  the  End  of  i,  2,  3, 

4,  £sf.  Years,  will  be  exprelTed  by  ix  —  x  —  , 

bar 

b 


— 2  I  S  b — 

—  X  —  X  ~ ,  _ 
b  a  rz  b 


x  -d—  x  5  & c,  refpeClively. 

a  r3 


The  Aggregate  of  all  which  Values,  added  to  the 
former  Part  of  B’s  Expectation  (found  above)  gives 

X  ?t=l+2t-2  +2i-5.  +  jjEEj.  are.  for  the 

a  2 br  ibrz  ibr3  ibr* 

whole 
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whole  Value  required.  Where  the  Series  is  to  b£ 
continued  to  as  many  Terms  as  there  are  Units  in  b, 
the  Complement  of  the  oldeft  Life. 

Now,  feeing  the  Conclufion,  here  brought  out,  is 
not  otherwife  affeCied  by  a  th  in  its  being  a  general  Di- 
vifor  to  the  whole ,  it  is  evident  that  the  true  Value  of 
the  Expectation,  fuppofing  b  to  remain  the  fame,  will 
be  reciprocally  as  the  Complement  ( a)  of  the  younger 
Life,  and  therefore,  alfo,  as  the  Expectation  of  its  Du¬ 
ration,  which  is  the  Half  therof.  But  the  faid  Value, 
when  a~by  is  in  the  fame  Proportion  to  the  given 
Sum  S ,  as  Half  the  Reverfion  of  an  Annuity,  for  ever, 
after  two  fuch  equal  joint  Lives ,  is  to-  the  Perpetuity 
(Vid.  Dott.  Ann.  p.  76.)  Whence  the  Reafon  of  the 
Solution  to  Prob.  32  is  manifeft.  And,  by  proceed¬ 
ing  according  to  the  very  fame  Method,  the  33d  will 
alfo  appear  confpicuous. 

But,  as  to  the  34th,  the  Exegefis  will  be  fomething 
more  complex  ;  fince  we  muff,  firft  of  all*  determine 
the  Probability  that  both  A  and  B  will  be  extintl  at  the 
End  of  any  Number  of  Tears,  on  the  Contingency  of  A’s 
dying  firf. 

In  order  to  which,  let  a  and  b  be  taken  as  above' 
fpecified  ;  and  fuppofe  that  a  Sum  of  Money  S  is  to  be 
received  on  the  Deceafe  of  B  (whenever  that  happens) 
provided  A  is  then  extinCl. 

Now  (as  before)  the  Probability  of  receiving  the  Sum 
S ,  within  the  Compafs  of  any  propofed  Year,  muft  be 
conhdered  in  two  Parts,  according  to  the  Chance  of 
One,  or  both  Lives,  failing  in  that  Year. 

Thus  the  Probability  of  receiving  it  the  2d,  3dy 
or  4th,  &c.  Year,  on  the  Contingency  of  A’s  be¬ 
ing  dead  before  the  Commencement  of  that  Year, 

will  be  defined  bv — X  ,  - —  x  or  -^t~x  —  f 

aba  b  a  b 


kfc.  refpe&ively. 

And  the  Probability  of  receiving  it,  any  Year,- 
on  the  Contingency  of  both  the  Lives  failing  within 


that  Year,  will,  conflantly, 


be  exprefled  by  — 

for 
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for  as  long  as  They  both  have  a  Chance  of  con¬ 
tinuing  together. 

Hence  the  whole  Probability*  depending  on  the  ift, 
2d,  3d*  4th,  &c.  Year  (by  adding  ~  to  each  of  the 

Values  firft  found)  appears  to  be 


2  ab 


3 

2  ab9 


lab 


JJ—  &c.  refpedtively  :  Therefore  the  Sum  of  all  Thefe, 
lab 

continued  to  as  many  Terms  (n)  as  there  are  Years  pro¬ 
posed,  will,  evidently,  be  the  true  Value  of  the  Proba¬ 
bility  required.  But  the  Sum  of  n  Terms  of  the  Series* 
I,  3,  5,  7,  &c.  is  -=l  nx :  Therefore  the  required 

Probability  is  alfo  truly  exprefled  by  — 

But  here  we  mull  not  omit  to  take  Notice,  that 
this  Conclufion  holds,  only,  when  (n)  the  Number 
of  Years  is  lefs  than  the  Time  that  A  and  B  have 
a  Chance  of  living  together  :  For,  if  n  be  greater  than 
a ,  and  the  Age  of  A,  at  the  fame  time,  exceeds  That 
of  B  ;  then,  belides  the  Probability  of  Receiving  the 
Sum  5,  in  the  Time  (a)  during  which  A  hath  a  Chance 
of  living,  there  is  a  further  Chance,  or  Probability,  de¬ 
pending  on  the  Contingency  of  receiving  it,  or  of  B's 
dying,  after  the  Expiration  of  the  faid  Time  :  Which 
(as  the  Life  A  is  then  out  of  the  Queftion)  will  confe- 

quently  be  exprefled  by  ^ And  this  added  to  -—■  f 

b  iab 


found  above  (by  writing  a  for  »),  gives 


'in- a 

~~~tT 


for  the 


true  Meafure  of  the  required  Probability  in  this  Cafe, 
where  n  is  greater  than  a. 

Now,  to  apply  thefe  Concluflons  to  the  Problem  in 
Queftion*  let  c  denote  the  Complement  of  the  Life  C  : 
Then,  a^  the  Probability  of  his  receiving  the  Rent  of 
any  propofed  Year,  is  compounded  of  the  Probability  of 
his  living  till  then,  and  of  the  Probability  that  both  A 
and  B  are  extinct,  with  the  Reftri&ion  of  A’s  dying 
firft  (as  above  determined)  ;  it  is  manifeft  that  the  prefent 

Value 


/ 
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Value  of  his  Expectation  depending  on  the  i,  2,  y 

I  ^  x  c —  I 

4th,  &c.  Years  Income,  will  be  exprefied  by— * 

£*3,  gfc  refpeaively. 

2  abcrz  iabcrz  2abcr 4 

And  fo  the  whole  Expectation,  or  the  Value  fought,- 
will  be  truly  exhibited  by  the  following  Series 


iz  x  o 


4 


21  X  C- 


r  rz  rJ  r*- 

when  C  ( according  to  Cafe  1  a/'  Solution)  is  older 

1 


:+ 


3  X  £—3 


+ . 


Cz  X  C- 


than  either  A  or  B  ;  and  by 


2abc 


xl-*£=i+ 


2*  X  f-2  ■ _ ^‘Xt4  ,  b'xc-b-t  .  b'-XC—C 

when  C  is  younger  than  B,  and  older  than  A  (accord¬ 
ing  to  the  former  Part  of  Cafe  2). 

But  the  firft  of  thefe  two  Values  is  known  to  ex- 
prefs  Half  the  Value  of  the  Reverfion  of  the  Life  C 
&fter  the  longed  of  the  Lives  A  and  B. 

And,  with  regard  to  the  Second,  it  is  evident  (becaufe 


bhc 


X 


I2  X  c 


- 1  ,  2  X  C-2 


*.'J  *  ,-b  1  I 


_  rb+' 

-j - -  -  -  — — -  is  the  Value  of  the  Reverfion  of  the 

Life  C  after  the  longed  of  two  equal  Lives  B,  B) 
that  the  true  Value  Thereof  muft  be  equal  to  That 

of  the  faid  Reverfion,  multiply ’d  by  — :  Hence  the  former 

Part  of  Cafe  20  is  alfo  manifeft.  —  As  to  the  latter 
Part ,  it  is  derived  from  thence ,  by  plain  Reafoning. 
For,  fince  the  abfolute  Value  of  the  Reverfion  of  the 
Life  C  after  the  two  given  Lives  A  and  B,  may  be 
sonfidered  as  compofed  of  two  Parts,  depending  on  the 

Chance 
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Chance  of  the  Older  of  the  two  Lives  furviving  the 
Younger,  and  on  the  Chance  of  the  Younger’s  furvi¬ 
ving  the  Older  ;  it  is  very  eafy  to  perceive  that,  if  the 
former  of  thefe  Parts  be  taken  from  the  Whole,  the 
other  Part  will  remain. 

Thus  much  concerning  the  Solution  of  our  34th 
Problem  $  on  which  the  three  fucceeding  Ones,  almoft, 
intirely  depend ;  and  therefore  it  will  be  unneceflary  to 
dwell  upon  them  here. 


The  Solution  to  the  38th  may,  however,  need  fome 
fort  of  Explanation  :  In  regard  to  which  it  is  evident, 
that  the  Probability  of  the  Expectant’s  receiving  the 
propofed  Legacy  ( S )  at  the  End  of  any  particular 
Year,  is  compounded  of  the  Probability  of  his  continu¬ 
ing  alive  till  then,  and  That  of  B’s  dying  within  the 
Compafs  of  the  faid  Year,  on  the  Contingency  of  A’s 
being  extind  before.  Now  the  laft  of  Thefe  is  already 

found  to  be— L,  _ 3_,  according  as  the  ift, 

2  ab  lab  2  ab 

2d,  3d,  &c.  Year  is  afligned;  whence  it  is  plain 
that  the  Expectation,  on  the  Contingency  of  coming 
into  Pofleflion  at  the  End  of  the  firft,  fecond,  third, 


&c.  Year,  will  be 


i  x  c — i  x  S  3  x  c  —  2  x  S 


2abcr 


2abcr% 


5  x  c — 3  x  S 
labcr* 


&c.  refpe&ively ; 


and,  confequently,  that  the  Sum  of  all  Thefe, 


i  x  c — i 


3_x  7^-4. 


+ 


r  r~  r* 

will  be  the,  whole.  Value  required. 

But  this  Series  may  be  divided  into  two  Others, 


viz.  x 
abc 


I  X  c- 1  ,  2  X  c- 2 


+3x<-3+4xr-4+  {3V 


—  S  c — i 

2  abc  r 


C — 2 


3  _j_  c  4  i  c  5 


x~+^+V'  +  'Vr  + 

Y  • 


+  &c. 

And 


and 
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And  the' former  of  Thefe  may  be,  again,  refolved 


and 


v  b—1  x  c~l  »  b~ 
a  bcr 


■2XC-2  ,  b— 3x0-3 


for1 


for3 


■6V. 


whereof  the  laft  (exclufive  of  the  General  Multiplicator) 
is  known  to  exprefs  the  Value  of  the  joint  Lives  B  and 
C:  And  the  preceding  Part  (or  Series)  is  likewife 
known  to  reprefent,  either  the  Value  of  the  whole 
Life  C,  or  elfe  the  Value  of  as  many  Years  of  it  as 
are  exprefTed  by  the  Complement  of  the  oldeft  of  -the 
Lives  A  and  B,  according  to  the  different  Cafes 
fpecified  in  the  Solution  of  the  Problem :  Whence  the 

Reafon  of  the  Whole  is  apparent. — As  to  the  Series  - — r 

2  abc 


x 


- — whereof  no  Notice  is  taken 

y  y 1  Y^ 


in  the  Solution,  it  is  fo  fmall,  in  Comparifon  of  the 
other  Two,  that  to  have  embarrafs’d  the  Solution  with 
it  wTould  not  only  have  been  unnecefiary,  but  quite 
improper,  confidering  the  Nature  of  the  Subject ; 
where  an  abfolute  Exadfnefs  (for  want  of  knowing  the 
precife  Law  of  the  Decrements  of  Life)  is  impoffible. 


There  remain  yet  three  other  Solutions  to  fpeak 
of ;  but  as  Thefe  depend  intirely  on  the  38th,  and 
fome  of  the  preceding  Ones,  it  will  be  needlefs  to  fay 
any  thing  further  about  Them  in  this  Place.  I  have, 
already,  been  very  particular  on  thefe  Kinds  of  Pro' 
blems,  and  the  more  fo,  as  there  is  no  Method  yet 
publifhed  (  that  I  know  of)  by  which  They  can  be 
rightly  determined.  *Tis  true  the  Manner  of  proceeding 
by  firfl  finding  the  Probability  of  Survivorfhip  (which 
Method  is  ufed  in  my  former  Work,  and  which  a  cele¬ 
brated  Author  on  this  Subject  has  largely  infilled  on, 
in  three  fucceflive  Editions)  may  be  applied  to  good 
Advantage,  when  the  given  Ages  are  nearly  equal :  But 

then 
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then*  it  is  certain,  that  this  is  not  a  genuine  Way  of 
going  to  Work  ;  and  that  the  Concluflons  hence  de¬ 
rived  are,  at  the  beft,  but  near  Approximations.  The 
Rate  of  Intereft  that  Money  bears  mult  be  compound¬ 
ed  with  the  Probability  of  Survivorfhip,  and  the  Ex¬ 
pectation  on  each  particular  Year  muft  be  determined, 
in  order  to  have  a  true  Solution. 


I  {hall  conclude  what  I  have  to  fay  on  this  Subject  of 
Annuities  with  the  Solutions  of  two,  or  three,  of  the 
molt  ufeful  Problems,  according  to  a  Method  very 
different  from  That  whereby  They  are  ufually  in- 
vefligated. 


PROBLEM  I. 


*To  determine  the  prefent  Value  of  an  EJlate  in  Land ,  for 
a  fingle  Life  A,  of  a  given  Age ,  according  to  the 
Hypothecs  of  an  uniform  decreafe  of  the  Probability 
of  Life . 


Let  r  denote  the  Rate,  p  the  Perpetuity,  and  a  the 
Complement  of  the  propofed  Life.  Moreover  let  .v 
(confidered  as  flowing  uniformly)  be  any  Time  elapfed 
from  his  entering  into  Poflefiion :  Then  the  prefent 
Value  of  the  Expectation  on  the  next  fucceeding 


Moment  will,  evidently, 


be  exprefled 


or,  its  Equal,  xq* — IfX-^by  putting  q  =  J 

whereof  the  Fluent,  when  xzza,  will  confequently  be 
the  true  Value  required. 


But  the  Fluent  of  the  flrfl;  Term  (xqx)  is  found  =1 

— ■ and  That  of  the  Second  LLL.)— x  x - 

?n  \  a  /  ma  m 

ly  Prob.  1,  Se^t.  6,  Vol.  2,  of  my  Do&rine  and  Appli* 

cation  of  Fluxions  :  Where  m  denotes  the  Hyperbolical 

Logarithm  of  q. 


Y  2 


Thefc 
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Thefe  Fluents,  corre&ed  by  their  conftant  Quan¬ 
tities,  become  1 ~L  ,  and  £—  x  # _ A _ i 

m  ...  I 


/A, 


am 


q a — I 


and 


Which,  when  ^  is  —  a,  are  exprefled  by 

/ft 

q &  j  gi 

~m  amx  9  re^Pe<^;iveIy.  The  Difference  of  which,  or 
I  I — q a  . 

m  ~andr'i  1S  confequently  the  true  Value  of  the 


m  am 
propofed  Life. 

,X 


-  (the  Fluent  of  xqx  ),  when  x  becomes  in- 

7TL  iff 

£nite,  will  be  equal  to  the  Perpetuity,  that  is  —  -1- 

J  m 

(=HypTEogTr  ^ = ^ '  Whence,  m  being  =  , 

the  Value  found  above  will,  alfo,  be  expreffed  by  p  •— 
I  —  q*  x  or,  its  Equal,  p —  tfL;  fuppofin 


<y 

is 


M  to  be  put  for  (i — q*xp)  the  Value,  certainy  for 
the  Time  a . 

The  Value  here  brought,  it  may  be  obferved,  ex- 

^eeds^p — ^jThat  given  in  p.  316,  by 

Which  is  owing  to  the  Advantage  of  enjoying  an  Eftate 
in  Land  (by  an  a&ual  Poffeffion  to  the  laft  Moments 
of  Life)  preferable  to  an  Annuity,  where  no  Regard  is 
had  to  the  Time  elapfed  from  the  laft  Yearly-Payment 
to  the  Dropping  of  the  propofed  Life. 


PROBLEM 


3*5 
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PROBLEM  II. 


To  determine  the  Value  of  an  EJlaie  in  Land ,  to  continue 
duringthe  joint  Exijlence  of  any  Number  of  ajfigned 
Lives ,  A,  B,  C,  D,  &c.  according  to  the  aforefaid 
Hy pot  hefts ; 


Let  the  Complements  of  the  propofed  Lives  A,  B, 
C,  D,  £5* c .  be  denoted  by  a ,  b,  c.}  d ,  &c.  refpeCtively : 
Then,  fuppohng  other  Things  to  remain  as  in  the  pre¬ 
ceding  Problem,  the  Value  of  the  Expectation  on  the 


Moment  *  will,  here,  be  exprefled  by 


a-x  ^  b-x  ^  c—x 

a  ~ 


d—x  c  .  x  .  ,  x  x  x 

X - &c.  x  — ,  or  its  equal,  i  -  —  xi  — —x  I  — — 

d  rx  a  b  c 

&c.  qxx.  Which,  if  the  Sum  of  all  the  Quantities 


-I_,  -L ,  — ,  c.  be  put  =  a ;  the  Sum  of  all  their 
a  b  c 

ReCtangles  =  B ;  the  Sum  of  all  their  Solids  =7,  &c. 
will  be  reduced  to  xqx  — -xXxq*  -\-[3xxxqx —  yxzjeqx 
+  2x**q\  &c. 

Whereof  the  Fluent  (by  the  Problem  above  quoted)  will  be 

found  =  into  1  —  x  *  — —  4-  &  x  xz-— -J-_2  „ 
m  m  m  mz 


_  y  X  *3  — .  3L_  -L 

m 


6x 

mz 


is  =:  0,  becomes  =— 

m 


nr 


a. 


4 -  &V.  which,  when  x 


,  6  y  ,  24^ 


{*. 


m 


nr 


nr 


nr 


Hence  the  corrected  Fluent  (by  fubtraCting  this  laft 
Exprefiion,  and  writing  />,  inftead  of,  its  Equal,  — • 

-L-  Will  come  out  *pz  4-  ?ps, 

m  ) 

—  qxp  into  1  —  ax  x+p  +  0X  tf1,  4>  2  xp  4"  2 pz  — 

7  X  x1  4"  3 *2P  +  +  6/>3,  &c,  which,  by  taking  *• 

equal 
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equal  to  the  Complement  of  the  oldeft  Life,  gives  the 
true  Value  required. 

When  all  the  Lives  are  equal,  the  Conclufion  will  be¬ 
come  much  more  fimple :  For,  the  Fluxion  above  given, 
by  making  z  z=za — x  (—  b — xz=.c — x ,  &c.)  will  be 


znzrz 


here  transformed  to  —  ■  a-.  Whofe  Fluent,  fuppofing 


m  to  denote  the  Hyperbolical  Logarithm  of  r,  will  ap¬ 


pear  to  be 


manr a 


X  zn  — 


nz 


n-i 


m 


n,n—  i.z 
nr 


n-2. 


&C. 


Which,  when  x  =  o,  or  zz=z  a,  becomes 


ma 


na 


,n-i 


+ 


n .  n—i  . a 


n-  2- 


m  '  mm 

or  z  =  0,  it  becomes  — 


&c.  But  when  x  =  <7, 


mcfr* 


into 


.  1.  2.  3.  4  ; 

—  mn 


The  Difference  of  which  Values,  or  its  Equal, 
npz  .  n .  n- 1 .  p 3  n  .  n^i ..  n- 2  .  p * 

p  —  -— + —  - - 


a 


a 


a 


+  _  *  x  -s  confequently  the  true 

#nra 

Value  of  all  the  Joint  Lives  :  where  the  Sign  of  the  laft 
Term  muft  be  negative,  or  pofitive,  according  as  (n) 
the  Number  of  Lives  is  even  or  odd. 


PROBLEM  III. 


Suppofe  that  a  given  Sum  (S)  is  to  be  received ,  as  a 
Legacy ,  on  the  Deceafe  of  B,  in  cafe  A  is  then  extintt  ; 
To  find  its  V ilue  in  prefent  Money ,  allowing  for  that 
Contingency . 

If  ay  by  q ,  tsfc.  be  fuppofed  as  in  the  preceding 
Problems,  it  is  eafy  to  perceive  that  fhe  Expectation  on 

the  Moment  *,  will  here  be  defined  by  Lx—x 

a  b 
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$qx,  or  its  Equal,*  ~-x  But  the  Fluent  of  —  *L 

(when  *  n  is  known  to  exprefs  the  Difference  be¬ 
tween  the  Value  of  the  Life  B,  and  the  Value  (M)  of 
an  Annuity  certain ,  for  b  Years  ( Fid .  Prob.  1).  Whence 

,  §  _  L; _ _ 

it  plainly  follows,  that  —  x  HA — 5,  will  be  the  true 

a 

Value  fought ;  provided  B  is  older  than  A. 

But,  if  B  be  younger  than  A  ;  then,  befides  the  Ex¬ 
pectation  depending  on  the  Chance  0/  his  dying  within 
the  Term  (a)  to  the  End  of  which  A  has  a  Pofiibility 
of  living,  there  is  a  farther  Expectation  arifing  from  the 
Probability  of  B’s  not  dying  till  after  the  Expiration  of 
the  faid  Term.  Which  Expectation,  with  regard  to  any 
particular  Moment  x  (as  A  is  here  out  of  the  Queftion) 

will  be  reprefented  by—  x  Sqx.  Whofe  Fluent  (gene¬ 


rated  while  x  is  increafed  from  a  to  b)  is  expreffed  by 

c 

—  drawn  into  the  prefent  Value  (V)  of  an  Annuity  cer¬ 
tain^  for  the  Time  (b—a)  which  B  has  a  Chance  of 
living  after  the  greateft  Limit  of  A’s  Duration.  This, 

S  '  .  „ 

therefore,  added  to  --  x  N — A  (found  as  above,  bv 


changing  a  for  b>  A  for  B , 


and  N"  for  HA)  gives 


x 


N V — A9  for  the  whole  Value  of  the  Expectation, 
in  this  Cafe.  But  (2V)  the  Value  of  an  Annuity  certain 
for  the  Time  a9  with  (F)  the  Value  of  the  Reverfion 
Thereof  for  the  Time  b—a ,  after  the  Time  a,  is  con- 
fequently  equal  to  It’s  whole  Value  (M)  for  the  Time 

S 

b .  Therefore  our  laft  Expreffion  is  reduced  to- — x 

b 


M-A,  From  which  and  the  other  Value  found  above, 
we  have  the  following  General  Rule. 


From 


/ 
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From  the  Value  of  an  Annuity  in  Land,  certain  for 
as  many  Years  as  are  exprefled  by  the  Complement  of 
B’s  Age,  fubtraCt  the  Value  of  the  oldeft  Life  (be  it 
which  it  will)  then  fay,  as  the  Complement  of  the 
youngeft  Life,  is  to  the  Remainder,  fo  is  the  propofed 
Sum  to  its  required  Value  in  prefent  Money. 

PROBLEM  IV. 

Qand  bis  Heirs  are  intitled  to  an  Eft  ate  of  a  given  Value 
(S)  on  the  Deceafe  of  C,  in  Cafe  P  furvives  A,  and  is 
himfelf furvived  by  C  :  To  determine  the  prefent  Value 
of  Expectation, 

Here  the  Expectation  on  the  Moment  x  depends  on 
the  Probability  of  C’s  dying  in  that  Moment,  and  on 
the  Probability  that  both  A  and  B  arc  before  extinCt, 
with  the  further  ReftriCtion  of  A’s  dropping  firft. 

In  order  to  determine  the  latter  of  Thefe,  it  will  be 

proper  to  obferve,  from  the  laft  Problem,  that,  as  - 

denotes  the  Probability  of  the  Expectant’s  receiving  the 

Sum  S  in  the  Moment  x9  fo  (  JL~  )  the  Fluent  thereof 

'  'lab  ' 

muft  co^equently  exprefs  the  Probability  of  receiving 
it  during  the  Interval  ;  which  is,  evidently,  the  Pro¬ 
bability  here  required.  Hence  it  follows  that  the  Ex¬ 
pectation  on  the  Moment  *,  in  the  prefent  Cafe,  is  truly 

defined  by—  x  dL-  Sf.  Whofe  Fluent,  — {—  x 
J  c  'lab  'labcm 

xx  — ~  +  —  5  properly  corrected,  will  confequently 

m  mm 

be  the  true  Value  of  Q^s  Expectation. 

After  the  fame  manner  the  Value  fought,  in  more 
complicated  Cafes,  may  be  determined.  But  I  (hall 
here  put  down  a  general  Theorem  for  finding  the  Value 
of  an  Annuity,  granted  upon  any  Number  (n)  of  af- 
figned  Lives,  A,  B,  C,  D,  but  fo,  as  to  con¬ 
tinue, 


c 
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tinue,  only,  as  long  as  a  given  Number  (m)  of  Them 
are  in  Being. 

Let  be  the  Value  of  all  the  Joint  Lives  A,  B,  C, 
&c.  that  is,  the  Value  of  an  Annuity,  for  as  long  as 
1  hey  all  continue  in  Being  together ;  alfo  let  R  be 
the  Sum  of  the  Values  of  all  the  Joint  Lives  that  can 
arife,  by  combining  A,  B,  C,  &V.  fo  as  to  leave  out 
one  Life  at  each  Combination  ;  and  S  the  Sum  of 
all  the  Joint  Lives  that  can  arife  by  combining  the 
fame,  fo  as  to  leave  out  two  Lives  at  each  Combination, 
&c.  &c. 

Then  will  the  Value  of  the  Purchafe  be  truly  ex- 
prefTed  by x  n~^d.  x  ( n-m )  x  -  x 

x  ^  (n-m-i)  x  R  3  x  x  ii-J?  ( n-m-i) 

2  ^  j  3  x  ' 

x  5  +  ^x  x  3)  xT,  &c, 

1  2  3 

Where  the  upper,  or  the  lower,  Signs  obtain,  accord¬ 
ing  as  n-m  is  an  even,  or  an  odd,  Number;  and  where 
the  Quantities  between  the  Hooks,  exprefs  the  Number 
of  the  preceding  Fa&ors  to  be  taken  ;  with  regard  to 
which  it  is  to  be  obferved,  that  in  the  laft  Term,  where 
the  Number  of  Factors  becomes  —  o,  an  Unit  muft 
be  taken. 

This  Theorem  (which  is  ftri&ly  true  according  to 
any  Law  of  the  Decrements  of  Life)  is  the  fame,  in 
effect,  with  that  given  at  />.  26,  of  my  Doctrine  of 
Annuities,  but  rather  more  commodious. — Neverthelefs, 
as  the  Trouble  of  computing  the  Values  Q,  R,  S,  &c. 
will  Hill  be  very  great,  when  feveral  Lives  are  concern¬ 
ed,  the  following  Approximation  for  the  Value  of  the 
longeft  Life  (as  the  Annuity  is  ufually  held  thereon) 
will  alfo  be  found  qf  Ufe. 

Let  a ,  by  Cy  dy  eyfy  &c,  exprefs  the  Values  of  any  Num¬ 
ber  of  fingle  Lives  ;  of  which  Values  Lt  a  be  the  greateft, 
h  the  next,  and  fo  on;  alfo  let  m  denote  the  Ineterft  and 
tight  Tenths  of  the  Intereft  of  one  Pound  for  one  Year : 

Z  Then 


33°  Of  the  Values  of Annuities  and  Reverfons, 

Then  will  the  Value  of  all  the  Lives  be  nearly  ~a  -{- 


2 -mbxbz  >  2 -mcxc2  ,  2-Wxi4  .  2- 

T— — I — — t 


-me  xc5  ,  c. 

-+  c Sc. 


4#  '  qab  1  1 6  ahc  1  2$abcd 

Which  Theorem,  in  that  Cafe  where  all  the  Lives  are 
equal,  will  become  much  more  fimple,  being  then  re¬ 
ducible  to 


a  -f-  i-ma  x  a  x  |  4"  i  +'  I?  +  Where  as 

many  Terms  of  the  Series  \  -j-  i  +  r-z  CsV.  are  to  be 
taken,  as  are  exprefTed  by  the  Number  of  the  Lives, 
lefs  one. 


The  END . 
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